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Abstract 

Recent events in the financial and insurance markets, as well as the looming challenges of a 

globally changing climate point to the need to re-think the ways in which we measure and manage 

catastrophic and dependent risks. Management can only be as good as our measurement tools. To that 

end, this paper outlines detection, measurement, and analysis strategies for fat-tailed risks, tail dependent 

risks, and risks characterized by micro-correlations. A simple model of insurance demand and supply is 

used to illustrate the difficulties in insuring risks characterized by these phenomena. Policy implications 

are discussed. 
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The Unholy Trinity : Fat Tails, Tail Dependence,  

and Micro-Correlati ons 

Carolyn Kousky and Roger M. Cooke 

1. Introduction 

Managing potential losses is critical to the property insurance company writing 

homeowners policies, the bank underwriting mortgages, the stock market investor, and the 

federal government setting rates for the National Flood Insurance Program. If losses are 

independent and never terribly severe, managers can draw on traditional diversification 

strategies. It doesnôt take the Great Depression or Hurricane Katrina, however, to realize that 

losses are often catastrophic and dependent; our work focuses on these types of risks, which pose 

unique challenges to risk managers. 

In particular, we examine fat tails, tail dependence, and micro-correlationsðan ñunholy 

trinityò of risk management perils. These are distinct aspects of loss distributions, such as 

damages from a disaster or insurance claims. With fat-tailed losses, the probability declines 

slowly, relative to the severity of the loss. Tail dependence is the propensity of dependence to 

concentrate in the tails, such that severe losses are more likely to happen together. Micro-

correlations are negligible correlations between risks which may be individually harmless, but 

very dangerous when aggregated. These three phenomenaðtypes of catastrophic and dependent 

risksðundermine traditional approaches to risk management.  

At the heart of much risk management is aggregation. Firms hold not one insurance 

policy, or one mortgage, but a portfolio of investments. Holding such bundles offers 

diversification benefits and stabilizes losses. As we will show here, however, this traditional 

approach for managing risks can fail when loss distributions are characterized by fat tails, tail 

dependence, or micro-correlations. If one does not know how to detect these phenomena, it is not 

possible to manage them, such that firms may unwittingly court insolvency and the government 

may be exposed to losses of which they are unaware. 

                                                 
 Kousky is a fellow at Resources for the Future and Cooke is Chauncey Starr Senior Fellow at Resources for the 

Future. Address correspondence to: Carolyn Kousky, Resources for the Future, 1616 P Street, NW, Washington, DC 

20036. Email: kousky@rff.org. We would like to thank Mark Heising, Liz Simons, and the Simons Foundation for 

making this work possible.   
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While these phenomena could describe a range of risks, in this paper we focus on 

damages from natural disasters. We use three datasets to show the existence of the unholy trinity 

in disaster damages and to develop methods for their detection, measurement, and analysis. We 

then illustrate the challenges for insuring these types of risks with a simple model of the demand 

and supply of insurance. The datasets include: flood insurance claims data from the National 

Flood Insurance Program (NFIP), crop insurance indemnities paid data from the United States 

Department of Agricultureôs Risk Management Agency,
1
 and the SHELDUS database, 

maintained by the Hazards and Vulnerability Research Group at the University of South 

Carolina,
2
 which has county-level damages and fatalities from weather events.  

The next three sections of the paper describe sequentially the three phenomena of fat 

tails, tail dependence, and micro-correlations, providing examples of their importance. We use 

the above mentioned datasets to develop techniques for measuring and analyzing these three 

types of risks. Section 5 then presents a model of the demand and supply of insurance for 

catastrophic and dependent risks, demonstrating the pitfalls of insuring distributions 

characterized by the unholy trinity. Policy implications and potential remedies are discussed. 

2. Fat Tails 

Fat tails were introduced in mathematical finance in 1963 by Benoit Mandelbrot to 

describe cotton price changes (Mandelbrot 1963). Since then, evidence has accumulated that 

many types of damages, from financial losses to natural disasters, are best characterized by 

distributions with fat tails (e.g., Mandelbrot 2004; Malamud and Turcotte 2006; Latchman, 

Morgan and Aspinall 2008). The uncertainty surrounding climate change impacts may also 

generate fat tails, as in Weitzmanôs (2008) analysis, where updating a non-informative prior 

yields a fat-tailed posterior damage distribution. The precise mathematical definition of tail 

obesity is rather subtle (Resnick 2007), but a working notion is that damage variable X has a fat 

tail if, for sufficiently large values x, the probability that X exceeds x is kx
-

, for some constants 

, k > 0. The variable Ŭ is referred to as the tail index or tail parameter.  

                                                 
1 We would like to thank Ed Pasterick and Tim Scoville for providing the NFIP data and Barbara Carter for 

providing the crop data. 

2 Information on SHELDUS is available online: http://webra.cas.sc.edu/hvri/products/SHELDUS.aspx. The damage 

and fatality estimates in SHELDUS are minimum estimates as the approach to compiling the data always takes the 

most conservative estimates (for further discussion, see: Cutter, Gall and Emrich 2008).  

http://webra.cas.sc.edu/hvri/products/sheldus.aspx
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From this definition, it is clear that there are degrees of tail fatness. The m-th moment is 

infinite if  Җ m. If Ŭ   1, we say the tail is ñSuper Fatò and the mean or first moment is infinite. 

Of course, on N samples from such a distribution, the average of the N sample values will be 

finite, but it increases with N. ñReally Fatò tails, with 1 <   2, have a defined mean, but an 

infinite variance. The sample mean for these distributions also has infinite variance no matter 

how many samples are drawn.  

 When either the mean or the variance is infinite, two types of problems emerge for risk 

managers: (1) historical data will be a poor guide for the future, and (2) the tails of aggregations 

are also fat. To illustrate (1), suppose an insurance company wishes to assess the risk of flood 

damage to property in Dade County, Florida. They might look to the historical record and tally 

the total claims divided by the total value insured or the total number of policies. Any such 

method presumes that the historical average gives a good estimate of the risk. If the loss 

distribution is really fat, however, they must contend with the fact that the historical average 

itself has infinite variance, no matter how many years are averaged, and will thus not be stable. 

For problem (2), consider that a (re-)insurer may traditionally diversify his risk by combining 

insurance policies from multiple geographic locations. If the losses per area per year are drawn 

independently from a loss distribution with finite variance, then the sum of many such losses will 

tend to be normal, and thus thin-tailed, according to the central limit theorem. However, if the 

loss distributions have infinite variance, then the central limit theorem does not apply; instead the 

sums converge to a stable law which has the same tail behavior as the summands. Aggregation 

does not yield thinner tails. We will elaborate further on these points below.  

Measuring tail obesity in loss distributions presents challenges. The best-known approach 

is the Hill estimator, which estimates the tail parameter, Ŭ, of a Pareto distributed variable, X, or 

any variable whose tail beyond some threshold xk follows a Pareto distribution. If XiéXn are 

independent versions of X, the Hill estimator based on xk from a sample {x1,éxn} is the 

maximum-likelihood estimator of 1/Ŭ given by (see: Resnick 2007): 

 

(1)    (×i; xi > xk log(xi) ï log(xk)) / #[i | xi > xk] . 

 

This works well if the data are indeed drawn from a Pareto distribution. If the data are not 

Pareto, but still fat-tailed, the behavior of the Hill estimator is notoriously unstable for large 

thresholds (Brielant et al. 2005; Resnick 2007), rendering its use in practical risk management 

problematic. This is seen when using the Hill estimator on property damage data for all natural 
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hazards in the United States over the years 1960 to 2007. Damages are from the SHELDUS 

database in constant 2007 dollars. Figure 1 shows a Hill plot of this data. The tail index 

estimated from the top n order statistics is plotted against n (order 0 is the largest). Is this tail 

Super Fat or only Really Fat? This Hill index is inconclusive. Bierlant et al. (2005) review 

attempts to improve the Hill estimator. 

Figure 1: Hill plot for US property damages from natural disasters 

 

 

Another diagnostic of tail obesity are mean excess plots. If variable X has cumulative 

distribution function F then the mean excess curve for X is defined as: 

 

(2)  G(x0) = E(X ï x0 | X > x0).                        

 

It is well known that the mean excess curve for the Pareto distribution is linear, G(x0) = 

(x0+k)/(Ŭï1) (McNiel, Frey and Embrechts 2005). Note that G(x0) is not defined for Ŭ=1. For a 

finite ordered sample, x1 < x2 ,é< xn, the sample mean excess plot gives the values: 

 

(3)  { xi , g(xi)} ;  g(xi) =  j = i,...n-1 (xj+1-xi)/(n-i); i =  1,én-1; g(xn) = 0. 
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Evidently for any constant c, g(cxi) = cg(xi); it is therefore convenient to standardize such plots 

by dividing all xiôs by the largest, so that  xn=1 (g is also invariant under shifts of location, but 

these are not considered here).  

Whereas the theoretical mean excess curve for a Pareto variable is a straight line, the 

empirical mean excess plot is not. Figure 2 shows standardized, sample mean excess plots for 

Super Fat, Really Fat, and Meso-Fat (infinite third moment) Paretos, where the xiôs are obtained 

by inverting uniformly spaced percentiles:  

 

(4)  Pr{X > xj}  = (1+xj)
-

 = 1 ï j / 1001; j = 1,é1000.               

 

Evidently, these plots are not linear. For instance, a Pareto with tail index of 2 does not have a 

sample mean excess plot that is linear with slope 1 as the mean excess curve would be (middle 

plot in Figure 2). The mean excess curve for a Pareto with a tail index of 1 has infinite slope, but 

of course the sample mean excess plot will not (far right plot of Figure 2). Figure 2 quickly 

disabuses us of the idea that tail obesity can be measured by eyeballing a sample mean excess 

plot. 

Figure 2: Standardized mean excess plots for inverse percentiles of Pareto variables, 
with tail index Ŭ =3 (left), 2 (center), 1 (right) 

 

Weôve noted that whether a tail has infinite variance is of key concern for risk managers 

as this determines whether the tail will thin under aggregation. As such, a simple diagnostic for 

whether data comes from a distribution with infinite variance would be useful. Drawing on the 

behavior of sums of fat-tailed variables, we propose looking at the speed of collapse of the mean 

excess plot as variables are aggregated. Suppose we draw 5,000 samples from a Pareto 
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distribution with tail index  = 1. The slope of the theoretical mean excess plot is infinite, but the 

sample mean excess plot will look like a noisy version of the right-most plot in Figure 2. 

Suppose we now form random groups of ten distinct samples and sum the samples in each group. 

We call this operation ñaggregation by 10.ò Since independent sums of these variables converge 

to a stable law with the same tail index (Resnick 2007), we might expect that the mean excess of 

the aggregation by 10 should resemble the original mean excess. Indeed it does. Figure 3 

compares this standardized mean excess plot for =1 with aggregations by 10 and by 50, for 

Paretos with tail index =1,2,3, and also exponential variables. Sums of independent 

exponentials converge quickly to a normal with a descending mean excess plot; indeed for 

aggregation by 50, the aggregandsô values are less disperse. Index =2 is the highest index with 

infinite variance. Of course the finite sample has finite variance and aggregation by 50 produces 

a descending mean excess plot. For =3, aggregation by 10 largely eliminates the positive slope.  

Figure 3: Standardized mean excess plots, with aggregations by 10 and 50, for Pareto 

distributions with = 1,2, 3 and for the exponential distribution 
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This same approach can be used to examine the tail behavior of actual loss data. We look 

at crop indemnities paid per county and National Flood Insurance Program claims by county for 

the years 1980 to 2006. Over this time period, there has been substantial growth in exposure to 

flood risk, particularly in coastal counties. To remove the effect of growing exposure, we divide 

the claims by personal income estimates from the Bureau of Economic Accounts (BEA).
3
 Thus, 

we study flood claims per dollar income, by county and year.
4
 The crop loss claims are not 

exposure adjusted, as a proxy for exposure is not obvious, and exposure growth is less of a 

concern.  

Figure 4: Mean excess plots for US crop loss (above)  
and exposure corrected flood claims (below) 

 

Note: The vertical axis gives mean excess loss, given loss at least as large as the horizontal axis. The upper right 

picture shows crop payment mean excess for random aggregations of 10 counties. The lower right picture shows 

flood claims mean excess for random aggregations of 50 counties. 

 

                                                 
3 Income data was not avilable for Guam, Puerto Rico, or St. Croix, so these are dropped from our dataset. Further, 

the income data for some counties in Virigina was for aggregations of counties. These are also dropped as they 

cannot match cleanly with our flood claims data. 

4 This arguably may not be the most appropriate normalization. The purchase of flood policies has grown over time, 

for instance, and this is not accounted for here. The mean excess plot for inflation-adjusted claims paid divided by 

the number of claims in each county, however, shows a similar mean excess plot to the one in Figure 4. 
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Figure 4 shows each county-year as a realization of a single random variable. The left 

graphs depict mean excess plots for crop (above) and exposure adjusted flood insurance claims 

(below). This data is not standardized, and the unit slope lines have been added. Whereas the 

sample mean excess plot for crop payments suggests a slope less than 1, the sample mean excess 

plot for flood claims suggests an infinite variance. The mean excess plot of a random aggregation 

by 10 for crop losses in Figure 4 (upper right) shows a decreasing slope. Compare this with 

Figure 4 (lower right) showing the mean excess of a random aggregation by 50 of exposure 

adjusted flood losses. Here, aggregation does not thin the tail significantly; the mean excess plot 

is self similar. The same picture emerges in when looking again at the SHELDUS data for all 

natural disasters in the U.S. (Figure 5).  

Figure 5: Self similarity under aggregation of US property damage mean excess plots 

 

Figures 4 and 5 suggest that the behavior of loss data under random aggregation gives 

valuable insight into tail obesity. In particular, the speed with which the mean excess curve 

collapses under random aggregation appears to be a useful indicator of whether the data come 

from a distribution with infinite varianceðthe most critical information for risk managers. 

Unlike the Hill estimator, this indicator is not an estimate of behavior at infinity, but depends 

only on the finite sample we have before us, making it much more useful in practice. Moreover, 

it is not an estimate of a parameter in a theoretical model of the data, but a feature of the data 

itself.  

While these tools are useful, applying them to appropriately corrected exposure data is 

critical. Risk is damage per unit exposure. Naïve examinations of risk will ignore exposure, but 

changes in exposure can alter risk assessments, sometimes fundamentally. As a simple 

illustration, Figure 6 shows the mean excess plot of deaths per county-year from natural disasters 


