
Control Theory as a Modeling Tool in

Physiology
F. Kappel

Institute for Mathematics and Scientific Computing

University of Graz

Atlantic Coast Symposium on the Mathematical Sciences in Biology and Biomedicine, April 24 – 26, 2008, Raleigh, NC – p. 1/23



Contents

I. Cardiovasculat-respiratory modeling

a) The basic model

b) Lower body negative pressure (LBNP)

II. Modeling the control loops via control theory

1. The linear-quadratic regulator problem

2. Receding horizon control

3. Other possibilities

III. Some results
Atlantic Coast Symposium on the Mathematical Sciences in Biology and Biomedicine, April 24 – 26, 2008, Raleigh, NC – p. 2/23



The basic model

Problem: Reaction of the CVS to an ergometric
work-load (bicycle ergometer, 75 Watt for 10 min.)

Focus: Control loops

Data: Heart rate (every 2 sec.),

mean arterial systemic pressure (every 2
sec., Finapress)

cardiac output of the left ventricle (irregu-
larly, Doppler-echocardiography)

F. K. and R. O. Peer, A mathematical model for fundamental regulation processes in the

cardiovascular system, J. Math. Biology 31(1993), 611–631
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The basic model

Model structure:
compartmental model
non-pulsatile flow
autoregulation
barorezeptor-loop
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The basic model
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Model equations

cas ˙Pas = Qℓ − Fs, Qℓ=H
cℓPvpaℓ(H)Sℓ

aℓ(H)Pas+kℓ(H)Sℓ

cvsṖvs = Fs − Qr, kℓ(H)=e−(cℓRℓ)
−1td(H), aℓ(H)=1−kℓ(H)

cap ˙Pap = Qr − Fp,

cvp ˙Pvp = Fp − Qℓ,

S̈ℓ + γℓṠℓ + αℓSℓ = βℓH,

S̈rr + γrṠr + αrSr = βrH,

Ṙs =
1

K

(

Apesk
(

FsCa,O2
− M

)

− (Pas − Pvs)
)

,

Ḣ = u(t) . . . baroreceptor loop !

ẋ(t) = F(x(t), q) + Bu(t)
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Baroreceptor-loop
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Pas
ḟb = g(Pas),

(ḟs, ḟp)
T = F (fb),

Ċac = −τacCac + fp(t) (acetylcholine),

Ċna = −τnaCna + fs(t) (noradrenaline),

Ḣ = h(Cac, Cna)

S̈ℓ + γℓṠℓ + αℓSℓ = βℓfs, S̈r + γrṠr + αrSr = βrfs

F.K., S. Lafer & R. O. Peer, A model for the cardiovascular
system under an ergometric workload,Surveys on
Mathematics for Industry 7 (1997), 239 - 250
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LBNP

Lower body negative pressure:

Abdomen Thorax

hips ribs

Lower Limbs

LBNP

M. Fink, J.J. Batzel & F. K., Aspects of control of the cardiovascular-respiratory system during

orthostatic stress induced by lower body negative pressure, Math. Biosciences 206 (2007),

273–308
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LBNP-block diagram
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LBNP model
Cardiovascular part:

cas,upṖas,up = Qℓ − Fa − Fs,up,

cas,loṖas,lo = Fa − Fs,lo − cas,loṖLBNP,

cvs,loṖvs,lo = Fs,lo − Fv − cvs,loṖLBNP

− ċvs,lo(Pvs,lo + PLBNP) − V̇u, (ribs case)

cvs,upṖvs,up = Fv − Qr + Fs,up − V̇u, (hips case)

capṖap = Qr − Fp,

cvpṖvp = Fp − Qℓ.

Capacitance . . . V = f(P ), Compliance . . . c = f ′(P )

unstressed volume . . . Vu = f(0)

Special case: V = cP + Vu
Atlantic Coast Symposium on the Mathematical Sciences in Biology and Biomedicine, April 24 – 26, 2008, Raleigh, NC – p. 10/23



LBNP model

Respiratory part:

VA,CO2
Ṗa,CO2

= 863Fp
(

Cv,CO2
− Ca,CO2

)

+ V̇A
(

Pi,CO2
− Pa,CO2

)

,

VA,O2
Ṗa,O2

= 863Fp
(

Cv,O2
− Ca,O2

)

+ V̇A
(

Pi,O2
− Pa,O2

)

,

VT,CO2
Ċv,CO2

= MRCO2
+ Fs

(

Ca,CO2
− Cv,CO2

)

,

VT,O2
Ċv,O2

= −MRO2
+ Fs

(

Ca,O2
− Cv,O2

)

,
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LBNP controls

Ḣ = u1(t),

V̈A = u2(t),

V̇u = u3(t),

Ȧpesk = u4(t).

−→ Vu. . . unstressed volume

−→ Rs = ApeskCv,O2
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Optimal control (basic model)

Choose u(t) such that:

J(u(·), xrest) =

∫

∞

0

(

q2

as(Pas(t) − P exer
as )2 + u(t)2

)

dt → min

x(0) = xrest

=⇒ u(t)= K(x(t) − xexer), K = −BTX,

XA+ATX − XBBTX + CTC = 0,

where A = (∂F/∂)(xexer, q), B = col(0, . . . , 1),
C = (qas, 0, . . . , 0).

u(t) is the optimal control for the linearized system

ẋ(t) = Ax(t) + Bu(t), y(t) = Cx(t).
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Optimal controls (LBNP)

∫ ∞

0

(

qa

(
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as,up

)2
+ qv

(

Pvs,up(t) − P f
vs,up

)2

+ qCO2

(

Pa,CO2
(t) − P f

a,CO2

)2
+ qO2

(

Pa,O2
(t) − P f

a,O2

)2

+ q1u1(t)
2 + q2u2(t)

2 + q3u3(t)
2 + q4u4(t)

2
)

dt

−→ 0
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Receding horizon control
Choose tstart < tend and consider the problem:

min
u

J (x, u) =

tend
∫

tstart

(

q2
as

(

Pas(t) − P exer
as

)2
+ u(t)2

)

dt

+
αc

2

(

Pas(tend) − P exer
as

)2

subject to

ẋ(t) = F (x(t), u(t)) , t ∈ (tstart, tend),

x(tstart) = x0,

Choose new tstart and tend, where in general tnew
start < told

start.
M. Mutsaers, M. Bachar, J. J. Batzel, F. K. & S. Volkwein, Receding horizon controller for the

baroreceptor loop in a model for the cardiovascular system, Cardiovascular Eng. 8 (2007)
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A nonlinear feedback law

ẋ(t) = f(x(t)) + g(x(t))u(t), t ≥ 0,

x(0) = 0,

y(t) = h(x(t)).

A nonlinear, stabilizing feedback law:

u(t) = F (x(t))

A. Isidori: Nonlinear Systems Theory, 3rd ed., Springer Verlag, Berlin 1995.
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Neural network

Neural network:
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Results for LQR
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Measurements (dot-dashed) for Pas, H, Qℓ and model-output (solid). Parameter identification
was done only with measurements for Pas and h.
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Results for LQR
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Measurements (dot-dashed) for Pas, H, Qℓ and model-output (solid). Parameter identification
was done with all measurements.
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Results for nonlinear feeback
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Measurements (dot-dashed) for Pas, H, Qℓ and model-output (solid). Parameter are the same as
those obtained for LQR using all measurements.
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Results for receding horizon control
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Simulation results of transition with parameters after estimation
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Results – hips case
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Results – ribs case
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