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Spring-mass system

Without external forces the displacemst) is described by
my+cy+ky =0
the solution is of the form
y(t) = Ae~ ! sin(wt + ¢)

where the constants and¢ are determined by the initial conditions,

andw = /k/m.
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Without external forces the displacemst) is described by
my+cy+ky =0
the solution is of the form
y(t) = Ae~ ! sin(wt + ¢)

where the constants and¢ are determined by the initial conditions,
andw = /k/m.

Question: What if we don’t known, ¢ or k in advance?
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Forward Problem vs Inverse problem

Consider the following model
y = F(x,b)
whereb is the model parametex,is the input variable, andis the

output variable.

o Forward problem:
Given the parametdr, what is the value of for x?
@ |nverse problem:
Having data(x, y), how to calculate or estimate the paraméx@r

In some sense, we need to find the invdtsé
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Linear Inverse Problem

If the functionF is alinear function inb, then given datéx, y) to
solve for the model parametbyis alinear inverse problem.

Example:
y = bx

y=hp+ bix+ bzX2
y = bg + by cog(x) + bosin(x?) + bze*

y = b + bix1 + boxo + . .. bh_1Xn—1 + bnXn
bo
b1
=(1 x ... %) )

bn



Multidimension

In generalp andy can be vectors.

Suppose there arenumber of parametets, by, . . ., b,, andm
number of observatiog, Yo, . . ., Ym,

y1 = Xubg + xgobo + ..o xanbn
Yo = Xo1bg + Xoobp + ... Xonby

Ym = Xmib1 + X22b2 + .. Xynbn



Linear Model

Y1 X11 ... X1n bl
Y2 | | xa Xon 07}
Ym Xmi ... Xmn bn

In general, the linear model can be written as
y = Xb

whereX is am x n matrix,bis an x 1 vector, and/is am x 1 vector.



Example

by 4+2b, =3

b1 +2b, =3
by — 30y = —1

b1 +2b, =3
by — 30y = —1
30y —2b, =4



Linear System of Equations

y=Xb
whereX is am x n matrix,bis an x 1 vector, and/is am x 1 vector.

o If m < n, underdetermined system
usually have infinite many solution.
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Linear System of Equations

y=Xb
whereX is am x n matrix,bis an x 1 vector, and/is am x 1 vector.

o If m < n, underdetermined system
usually have infinite many solution.

o If m=n, Xis a square matrix. K is nonsingular, then
b=X"1ly

o If m> n, overdetermined system
usually have no exact solution.
Question: Can we find some solution in a proper sense?
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Transpose of a matrix

Thetranspose of a matrixX is denoted byX", whose rows are the
columns ofX.

For example,

It has the following properties:

(AT =A (A+B)T=AT+B", (AB)T =B'AT



Inner product

In general,

by
(17 27 3) b2

= by + 2by, + 3bs
bs

by n

:Zaibi

san) |
by i=1

(8.1,...

<ab>=alb



Inverse of a matrix

An n x nsquare matrixX is nonsingular (invertible) if there exists a
matrix X1 such thaiXX—1 = X~1X = I, wherel is the identity
matrix.

Theorem:X is nonsingular if and only iflet(X) # 0.

If X = ( f:‘ b > thendet(X) = ad — b,

d
1 d -b
_1_
X _ad—bc<—c a)

In Matlab, we can use the commaimg(X) to computexX .
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Solve linear system of equation

Xb=y=XXb=X1ly=b=X1y
for example,

In Matlab, we have two ways to solve this problem:
@ inv(X) xy

o X\y



\Vector norm

The vector norm is a positive valued function to measurdehgth of
a vector.

In Euclidean spac®?, the Euclidean norm of a vector= (x,y) is

defined by
IVl = vx*+¥y



\Vector norm

The vector norm is a positive valued function to measurdehgth of
a vector.

In Euclidean spac®?, the Euclidean norm of a vector= (x,y) is
defined by
IVl = V> +y?
In general, the 2- norm of mx 1 vectory € R" is defined by
n
Iyl = (3_¥D)?
i=1

SO N
IyE=>Y ¥ =yy=<yy>
i=1



Matrix norm

The 1-norm of an x n matrix X € R™" is defined by

[X[l1 = max Z X

1<j<n

= the Iargest absolute column sum

Similarly, we can define the 2-norm et-norm of a matrixX.

In Matlab, we use the command
norm(X, 1)

to compute the matrix 1-norm.
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ill-conditioned system

Example:
0.835 Q667 b1 \ [ 0.168 . by
0.333 0266 b, /) \ 0.067 by

0.835 0667 by \ ([ 0.168 _ by
0.333 0266 b, )\ 0.066 by
You will notice major difference here! Why?
det(X) = 10°°

A system isill-conditioned if some small perturbation in the system

causes a relatively large change in the exact solution.



Error estimate and condition number

Theorem:
Let be be the solution oKb =y, and leth; be the solution of
(X+ dX)b =y + dy, then we have

[lbe —bef| _
kel

[OX][ [yl
X[ [l

We see the relative error depends|ogj||[X~2||, which is defined as
the condition number of the nonsingular matriX.

< Ity X Tioir

cond(X) = [|X||[X |



Error estimate and condition number

Theorem:
Let be be the solution oKb =y, and leth; be the solution of
(X+ dX)b =y + dy, then we have

[lbe —bef| _
kel

[OX][ [yl
X[ [l

We see the relative error depends|ogj||[X~2||, which is defined as
the condition number of the nonsingular matriX.

< Ity X Tioir

cond(X) = [|X||[X |

A matrix X is
o ill-conditioned: If condX) is large.
@ well-conditioned: If con@X) is small.



Example for overdetermined linear system

Consider an overdetermined linear system Xb, which has more
columns than rowsn§ > n), for example

NO exact solution!!!



Least Square Solution

For an overdetermined linear systgm- Xb with X € R™" and
m > n, we want to minimize the sum of squared errors (SSE),

min ly — Xb|3
The solutionb is called the least square solution of the system.
In the previous example, we want to minimize

SSE= (2 — by — 2bp)? + (83— 12)? + (4 — 3by)?



Vector- partial derivative

Result: Letaandb ben x 1 vectors, then

8aTb_a ob'a
ob ob

Proof: note thata™b = agly + agbp + ... +anby = > ; aby. So

(6aTb)__8aTb_ '
ob 1T an




Normal equation

_ Olly—Xb[f _ oy — Xb)T(y — Xb)

db db
= —XT(y = Xb) + [(y = Xb)" (=X)]"
= —XT(y — Xb) — XT(y — Xb)
= —2X"(y — Xb)
= —2(XTy — XTXb)

0

Normal Equation:
X"Xb = XTy

If (XTX)~! exists, then

b= (X"x)"1XTy



Simple Linear Regression
Consider the model

yi=bx, i=1,...n

To write it in matrix form

Y1 X1

Yn Xn
then

n n

XX =30 XY= xy

i=1 i=1

So the least square solutibris

b i1
it %



In summary, given the observations= (y1,Yz, . ..,Ym)", and assume

the model is
y=Xb+e

wheree is the observation error. The parameter that gives the estall
error between the model and observation is

b= min |y — X6 = (X7X) Xy



Remark:

e the estimatiorb depends on whetheond(XT X) is large or not

@ How do we know if the parameters estimate are good or bad?
Uncertainty in the estimation is related to timeasurement error.
(to be addressed in an upcoming tutorial titled "Statistbew
of Linear Least Squares" by Dr. Michael D. Porter)
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