model. In the Frohlich-Kennelly model, magnetic perme-
ability smoothes out over the whole particle. Its peak value
drops below 20% of its original’s even at low applied fields
(o * Hg = 0.05 Tesla). For the Piecewise Linear model,
the permeability of the core of the particle remains up. as
the region between the core and fluid becomes saturated.
This is the essential difference of the two models.

Finally, we compute the intrinsic inductions for MR flu-
ids using the these models and then compare them with
the experimental results conducted at the Lord Corpora-
tion. The intrinsic induction represents the overall magne-
tization for MR fluids and its formulations are described
in [2]-[5]. In figure 4, we present the magnetic intrinsic in-
duction for three different samples of 10%, 20% and 30%
particle area fractions. These results are in remarkable

agreement.
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Fig. 4. Magnetic Intrinsic Inductions of the Piecewise Linear Model
and the Fréhlich-Kennelly Model Are Compared to Experimental
Results Conducted at the Lord Corporation

Remark: Deducing the nonlinear saturation law by
comparing macroscopic magnetic induction/applied mag-
netic field curves as we have done here 1s equivalent to solv-
ing an tnverse problem. In this case, the observations are
the values of magnetic induction, the model is the nonlinear
constitutive law between magnetic induction and applied
magnetic field, and the unknown is the form of the nonlin-
earity related to magnetic saturation in the model. Viewing
our comments in this manner and recalling the well-known

ill-posedness (e.g. lack of unique solution) of many inverse
problems (see [6], [7] for examples and general discussions
of this and more general aspects of the ill-posed nature of
the inverse problems), it is not surprising that we are able
to achieve relatively good fits to the observed data using
two very different saturation laws (see equations (4), (6)
and Figure 1). In general, one cannot expect a unique con-
stitutive law from such procedures unless one adds further
physical constraints (based, for example, on hypothesized
mechanicms such as a magnetic domain wall theory) to re-
strict the class of nonlinearities in the estimation or inverse
problem.

IV. SUMMARY AND CONCLUSIONS

We have examined two magnetic saturation models for
the ferrous particle phase of magnetorheological fluids us-
ing Finite Element Analysis. One model is the well-known
Frohlich-Kennelly model and the other is the Piecewise Lin-
ear model. The discrepancy between the smooth and piece-
wise models i1s evident when examining the microscopic
scale. However, the overall magnetic properties of mag-
netorheological composite are relatively insensitive to the
form of the magnetic saturation model for the particular
phase. This may suggest that the overall magnetic proper-
ties of such composites are largely dictated by the growth
of the saturated areas from the polar region of the particles.
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Fig. 2. Equi-potential curves for the Frohlich-Kennelly model (left)
and the Piecewise Linear model (right) with applied fields 0.01
Tesla, 0.4 Tesla, 0.9 Tesla, 1.4 Tesla, 2.2 Tesla from top to bottom,
respectively.

III. NUMERICAL RESULTS AND COMPARISONS

For the composites we consider, no free currents are
present in the domain. Thus the second equation in (1)
becomes V x H = 0 which, in turn, implies that the mag-
netic field can be written in terms of a scalar potential ¢,

H=-V¢. (7)

As a result, equations (1)-(3) can be simplified to

V- (u(IVe)Ve) =0, (8)

with p(|Ve|) given by (3) and (4) or (6). We assume
that the external applied field is in the vertical direction
ﬁo = Hyé, with intensity Hy. The particles are assumed
to be circular and arranged periodically in both horizontal
and vertical directions. As a result, the magnetic field is
periodic and it is natural to assume the MR fluid sample
consists of one particle. In our numerical studies, the di-
mensions of the cell are chosen so that the circular particle
constitutes certain area fraction of the rectangular cell and
the inter-particle distance is always kept at 1.6% of the
particle radius. We let L, x L, be the dimensions of the
cell in IR? and we require the scalar potential ¢ to satisfy
the following Dirichlet boundary conditions

HolL, 0<z<L;,, y=0,
HoLy(1=7-) 0<y<L,, v=Ls,
. y
o(x,y) = 0 0<e< Ls, y= Ly, ®)
HoLy(1=-) 0<y< L, z=0.

Y

Mathematical formulations for magnetic fields and scalar
potentials including effective permeability and homoge-
nization can be found in [3], [4], [5].

To obtain the scalar potential ¢, we solve equations
(8)-(9) using the finite element method. The fluid per-
meability is assumed to be the free-space permeability
(o = 47 x 107"N/A?) and pp. = 2000 x po. In the
Frohlich-Kennelly model, B; = 2.15 Tesla is used in equa-
tion (4) and H, = 0.13375 A/m is used in equation (6) for
the Piecewise Linear model. The resulting equi-potential
curves for the Frohlich-Kennelly model and the Piecewise
Linear model are plotted in Figure 2.

Frohlich-Kennelly Model

Permeability / 209.1101
[eolelole]
NB oo

Lo

Applied Field = 0.3 Tesla

Piecewise Linear Model

[

Permeability / 2000
o
6]

Applied Field = 0.3 Tesla

Fig. 3. Top: Frohlich-Kennelly mode; the permeability smoothes
out over the domain of the particle as it saturates; almost 90% of
the value of the permeability has been lost. Bottom: Piecewise
Linear model; the core of the particle remains iron while the
region between the core and fluid becomes saturated.

Even though the equi-potential curves are identical, the
magnetic saturation of the two models are substantially
different. Figure 3 depicts a profile of the permeability
for the Frohlich-Kennelly model and the Piecewise Linear



A Piecewise Linear Model for
Field-Responsive Fluids

Charles H. Lee, Fernando Reitich, Mark R. Jolly, H. Thomas Banks and Kazifumo Ito

Abstract— The Fréhlich-Kennelly model provides a consti-
tutive law which is field-dependent and has been widely used
for studying nonlinear properties for a variety of electric
and magnetic applications. Under the Frohlich-Kennelly
model, saturation begins to occupy the entire conducting
domain even at low-moderate applied fields. In this pa-
per, we first present a new nonlinear constitutive law for
field-responsive fluids which depends on the local fields and
allows regions where the fields have not reached a critical
value to remain unsaturated. We then study numerically
the nonlinear saturated model and compare the results to
the Frohlich-Kennelly model and experiments performed at
the Lord Corporation.

Keywords— Field-Responsive Fluids, Nonlinear Satura-
tion, Frohlich-Kennelly and Piecewise Linear Models.

II. CONSTITUENT LAWS

In this section and the remainder of the paper, we
will address all terminology in terms of magnetostatics
for magnetically-dependent magnetorheological fluids. The
same context can be written in terms of electrostatics in
discussion for electrorheological fluids. Let us consider a
container Q which is filled with a non-magnetic viscous
fluid and M ferrous particles 21,Q5,---,Q2 |, where M 1s
very large. Then the field is governed by the equations of
magnetostatics, namely,

V. =0, and VxH=", (1)

" is the free current, H is the magnetic field and

" is the magnetic induction. The material constitutive
relationship that we consider is of the following form,

- -

= wH=uH,

where

(2)
where is the intrinsic induction caused by magnetiza-
tion, pg is the permeability of free space and

7 in the kth particle,

H= 1o in the carrier oil.

3)

For low external applied fields, 4 may be approximated as
a constant. However, in general, p is a function of H in
order to model magnetic saturation. In the next two sub-
sections, we will describe two nonlinear constitutive laws
for saturation the Frohlich-Kennelly[1] model and a piece-
wise linear model which we propose as an alternative.
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rohlich- ennelly odel
The Frohlich-Kennelly model was described in [1] and is
given by

= e Bs
p (Bl =pp —re=r)B
(hre — po)H| By

(4)

where B, denotes the magnetic saturation and g, denotes
the permeability of iron. Numerical studies for MR fluids
using this model can be found in [2].

odel

lece 1se inear

In the permeable region, the material constituents that
we propose satisfy the following relation

—

ﬂFeH

= —

woH

H| A,

()

|
=

(//LFe _/'LO)HC |H| Hm

where the critical value H, 1s a fixed scalar constant. As a
result, the permeability in the kth particle, 4 in equation
(3), can be expressed locally as

jus]]

|H]|
|H]|

H.,
H,..

HFe

p (H) = (6)

( e
Ho HFe — Ho) =~
H|

Note that in the permeable domain, i.e. the particle, the
Piecewise Linear model (6) treats any region whose local
fields are below H, as iron.

-- Frohlich-Kennelly mode|
2 —— Piecewise Linear model

—6)

10
10

10

[H|

Fig. 1. Particle permeability of the Frohlich-Kennelly model versus
the Piece-wise Linear model



