A FINITE DIFFERENCE APPROXIMATION FOR A COUPLED SYSTEM
OF NONLINEAR SIZE-STRUCTURED POPULATIONS

A.S. Ackleh*, H.T. Banks' and K. Deng*

Abstract: We study a quasilinear nonlocal hyperbolic initial-boundary value
problem that models the evolution of N size-structured subpopulations compet-
ing for common resources. We develop an implicit finite difference scheme to
approximate the solution of this model. The convergence of this approximation
to a unique bounded variation weak solution is obtained. The numerical results
for a special case of this model suggest that when subpopulations are closed
under reproduction, one subpopulation survives and the others go to extinction.
Moreover, in the case of open reproduction, survival of more than one population

is possible.
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1. Introduction

In this paper, we consider the following initial boundary value problem that describes

the dynamics of coupled size-structured subpopulations with nonlinear growth, reproduction
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and mortality rates:

(ul + (¢'(z, P(t))ul)y + mI(z, P(t))ul =0, (2,t) € (0, Tmax] x (0,T],

Tmax

¢ g0, P(t)u’(0,t) = C(t) +Z/ Y B0 (w, P())u! (2, ) do, ¢ € (0,T], (1)

[ u/(z,0) =u""(z), =z €0, Tmaxl-
Here u/(x,t), I = 1,..., N, is the density of individuals in the I-th subpopulation having

size x at time ¢, and

Z/xmax Nz, t) do

is a weighted total population at time ¢. The function m! denotes the mortality rate of an
individual in the I-th subpopulation, and 37 is the reproduction rate of an individual in the
I-th subpopulation. The constant parameters 0 < v/*/ < 1 represents the probability that an
individual of the J-th subpopulation will reproduce an individual of the I-th subpopulation.
The function g’ denotes the growth rate of an individual in the I-th subpopulation, and
CI(t) represents the inflow rate of the I-th subpopulation of zero-size individuals from an
external source.

The model (1) is a generalization of several size-structured population models (often re-
ferred to as distributed rate models) which have been widely investigated in recent years
(see [8, 9, 15, 16, 18]). Motivated by the fact that, in addition to observable characteristics
such as size or age of individuals, non-observable genetic characteristics may often play a
critical role in the development of the individuals, researchers in [8] presented the first such
generalization of the classical Sinko-Streifer model. There, the population under consider-
ation was treated as being composed of several subpopulations with different growth rates,
i.e., there are inherent differences in growth between the individuals of the population. This
results in a system of equations similar to (1) with the parameters g’, 37 and m’ being in-

dependent of the total population (i.e., effect of competition is not accounted for). In [8] it
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was shown through numerical simulations that there is a crucial difference in the dynamics
of the classical Sinko-Streifer models and those of the generalized models. In particular,
the classical models cannot have dispersion of the density of the population in age or size.
Therefore the classical models are in conflict with most of the field data collected by exper-
imental biologists (see [8] for more details). In [9] an approximation method for the inverse
problem of identifying the growth rate distribution was studied and convergence results were
presented. This method was subsequently applied [18] to a semilinear model where only
the mortality rate m! depends on the total population due to competition. Moreover, the
convergence results for the inverse problem were extended to this setting. In [10] the inverse
problem technique was used to fit field data (mosquitofish data which attains dispersion of
the density) to the generalized linear model. The resulting data fit in [10] indicates that the
need for such modification is crucial if these models were to be used as prediction tools.
When N = 1, problem (1) reduces to a classical nonlinear Sinko-Streifer model that
describes the evolution of one population with possible competition between individuals.
For the linear and semilinear forms of such a model (where g = g(x) and § = (z)), several
approaches have been developed in the literature for establishing existence-uniqueness of
solutions. For example, in [11, 12, 19] the semigroup of linear operators theoretic approach
was used to obtain such results. Monotone approximations are developed in [1, 2], and upon
passing to the limit a solution to the problem is obtained, whereas uniqueness is obtained
via comparison results. For the quasilinear case (where g = g(z, P) and 8 = § (z, P)), the
well-posedness has been discussed in [3, 13], wherein completely different techniques were
used for establishing the existence of a unique solution to this model. In [13] the method
of characteristics together with a fixed point argument, is employed to prove this result.
A difference approximation is developed in [3], and upon passing to the limit a solution
to the model is obtained. Then the Holmogren Uniqueness Theorem is used to establish

uniqueness of this solution. To our knowledge, results concerning existence, uniqueness, and



convergence of approximations for the general quasilinear case given in (1) with arbitrary N
are not available in the literature.

In this paper, we develop an implicit finite difference approximation for problem (1).
Techniques in the spirit of those in [14, 23] are used to obtain existence-uniqueness of weak
solutions as well as convergence of the difference approximations. By a weak solution to prob-
lem (1) we mean a bounded and measurable function u(z,t) = (u!(xz,t),u?(x,t),...,u" (z,1))

satisfying

/ u' (v, t)p(x,t) do — / u?(x)p(z,0) dz
0 0
:/ / (u" s+ g'u', — m'u')dzds 2)
o Jo

/ (0, 5) (CI +Z/’"max v B (@, P(s))u (x,s)da:) ds

for t €[0,7], 1 =1,...,N, and every test function ¢ € C1((0, Zmax) % (0,T)).
The following regularity conditions will be imposed on our model parameters throughout

the paper: forany I =1,..., N
(H1) ul%(x) € BV (0, Zmax) N Loo(0, Tmax) and u0(z) > 0.

(H2) m!(z, P) is a nonnegative continuously differentiable function with respect to x and

P.
(H3) B'(x, P) is a nonnegative continuously differentiable function with respect to z and P.

(H4) ¢'(x, P) is a twice continuously differentiable function with respect to z and P, ¢'(z, P) >

0 for z € [0, Zmax), and g7 (Tmax, P) = 0.
(H5) CT is a nonnegative continuously differentiable function.

(H6) sup 5I(I, P) < w.
(%P)E[O,xmax)x[ﬂ,oo)



(H7) For any sufficiently small § > 0

N +6,P) — g (z, P
sup g (x+ ) ) g (ZU, ) +m1(x,P) S Wo.
(,P)€[0,1) x[0,00) J

(H8) w' is a nonnegative continuously differentiable function.

The paper is organized as follows. In Section 2, we develop a numerical scheme for
computing the solution of (1) and prove the convergence of this scheme to a bounded total
variation function satisfying (2). In Section 3, we present numerical results. In Section 4,
we show the continuity of the weak solution under additional conditions on the initial data.

Concluding remarks are given in Section 5.
2. Convergence of Approximations

The techniques used in this section are in the spirit of those used in [14, 23] to obtain
convergence of finite difference approximation to conservation laws. However, it is worth
pointing out that there are some major differences between problem (1) and a classical
system of conservation laws. In particular, the flux in (1) is a nonlocal nonlinear function
of the solution u! (i.e., g' = ¢'(z, 0, /xmaxwl(x)uldx)), whereas it is a local nonlinear
function in classical conservation laws. Furzhermore, problem (1) is considered on a bounded
domain [0, x,a¢] With a boundary term that is a nonlocal nonlinear function of the solution
u, versus an unbounded domain R for a classical conservation law system. In the sequel, we
shall show that such differences result in two problems that are very different mathematically.
In particular, it is well known that for a conservation law system it is generally not possible
to obtain a bound on the total variation for the approximating solutions, and hence to obtain
convergence one resorts to the compensated compactness method (see, e.g., [23] for details).
However, a bound for the total variation of the approximating solutions of problem (1) is

established (see Lemma 3 in this section).



max T
The following notation will be used throughout this paper: Az = a and At = —

n m
denote the spatial and time mesh size, respectively. The mesh points are given by: z; = jAz,

j=0,1,2,---,nand t, = kAt, k = 0,1,2,---,m. We denote by uik and P* the finite
difference approximations of u’(x;,t;) and P(t), respectively, and we let

9% = g"(x;, PY), B]" =B (z;, P¥), mi* =m!(z;, P*), w!=w'(z;) and C"* = C"(ty).

We define the difference operator

ul.’k — uI.’k
and the ' and [* norm of u/* by

" # 1l = 327 || Aw

||1'[/I’k||OO = maXJ:071a27an |u§7k|'
We then discretize the partial differential equation in (1) using the following implicit finite

difference approximation

(LR Lk g[,kul,k+1 Ik u[ k+1
' — Uy ;U 1 Lk TLk+1 .
J J +] J Jj— _|_mjauj,+:0, 1§]§n
At Ax
¢ Ik Ik+1 _ Ok 1,0 ok Jk (3)
90 +2J 127, By
k+1 __ n [ I,k+1
[ PR =0 Y wlu) ™ Ax

with the initial condition
iA
1,0 1 I 1,0

uy = — wr(x)dr, j=1,---,n, I =1,...
¢ Az Ji—1)ae

If we define

At
d§’k:1+ﬂg;’k+Atm§’k, 1<j<n, I=1,...,N,

then (3) can be equivalently written as the following system of linear equations for #**! =

1,k+1  1,k+1 1,k+1 , 2,k+1  2k+1 2. k+1 N,k+1 | Nk+1 N,k+11T N x(n+1

[y bR g PR g PR 2R DM R VT e RV X (et D)
k=k+1 _ 7k

Akl =k (4)



where

f Olk+ZZ’YlJﬁijMA«T ub :---yurlikaCijLZZ'YZJﬁjk Jk

J=1 i=1 J=1 i=1

2,k N,k NoJ gy Tk Nk Nk T
uy”, . N —1—5 E v B Az, uy ™, .. uy, "]

J=1 =1

and A* is the following block diagonal matrix

ALk o --- 0
0 A% o -.-. 0
Ak = 0 0 A% ... 0

with the lower triangular matrix

9" 0 0 - 0

_%gé’k d{’k 0 PO 0

ALk — 0 _%g{,k dg,k o 0
0 0 0 —&Lglf dlk

Note that using the assumptions on our parameters one can easily show that equation
(4) has a unique solution satisfying @**! > 0, k = 0,...,m. Next we will show that the
difference approximation is bounded in /' norm.

Lemma 1 The following estimate holds:

k

N N
ZHuI’kHl < (l—i-NwlAt)kZHu ol Z(l—i—N wi At)F~ ’2:|CIZ ' At,
I=1

=1 =1 I=1

and thus

N
P < Prog = Igllﬁ?fN ||| ((1 + N w At)™ Z [[u"]]:

I=1

N m
YD (14 N w At ChE 1|At>

I=1 =1



Proof. Multiply equation (3) by Az, sum over j =1,---,n and I =1,..., N to obtain

N
ZHUIIH—IH SZ ||u (Olk+ZZ,yIJBJk Jk )

I=1 J=1 1=1
-

<D | Il (Cf”“+2||5j||oo||uJ’k||1>
I=1 L J=1
N N N

= ZH Lk C”’“+AtNZ||B‘]IIOOIIU’
I=1 I=1 J=1
N

SZII C”“+AtN max ||51||ooZI|U”“II
I=1 I=1 I=1

Since max Bz, P) < wy, it follows that

Z||u“f+1|| (14 Nw,At) Z||u“f||1+m Z|C”|

I=1 I=1

which implies the estimate.[]
We then establish an [*° bound on the difference approximation.

Lemma 2 Assume that At is chosen to satisfy ws At < 1. Then we have the estimate

1 b oo 4+ w1 N [Jul+1
Hul,k“oo < maX{( ) ||UI’O||00a || ||00 121_1 || ||1 :

1 — weAt aq

where oy < ¢'(0,P), I =1,...,N.

I,k+1

Proof. We first note that if maxu occurs at the left boundary, then from the second

equation of (3)

N
g0 ug™ | < [CTH - wi Y [lu"|
I=1

I,k+1

Otherwise, suppose that for some 1 < j <n, u;”" = max uf’kﬂ. Then from the difference
13

equation (3) we have that

u;.

I,k) Tk+l _ At Lk, Lk+l _ Lk
J Ax J—1%j-1 — %y

At
Ik
(1 + At m; + A—LL‘ 9;



Rearranging terms and using the inequality ui_kf’ I < u§’k+1, we find
gl — gl
Lky, Tk+1 j =1 Ik+1 1k
(L+Atm " )u;” " + At #uj <upr
Hence, by (H7) we obtain

Lk+1 Ik Lk
(1-— szt)uj < uy” < max u”,

)

which implies the estimate. [J

Multiplying equation (3) by w][, summing over j = 1,...,n, I = 1,..., N, and using
Lemmas 1-2 one can easily show that there exists a ¢ > 0 such that

‘Pk—I—l o Plc

| <¢ (5)

The bound (5) will be used in the proof of the next lemma where we show that our approx-
imations uﬁ’k have bounded total variation. This result plays a crucial role in establishing
the subsequential convergence of the difference approximation (3) to a weak solution of (1).

We remark again that such a bound is not possible, in general, for a system of conservation

laws (see [23]).

Lemma 3 Assume At satisfies max {wi,ws} At < 1. Then there exists a constant ¢ =

c(mlax||u1’0 |BV,mIaX||OI||CI(0,T)) such that for all k = 1,---,m, ||D, (u"*) |y < ¢ I =

1 N.

Proof. Set n;’k =D, (u§k> and apply the operator D, to equation (3) to get

Lk+l

1.k
77] 1
At

Ik I,k+1 I,k I,k+1
77] 1

+Dr <9j U — 99U

Ax
and for j = 1 we have that

Lk+1 Ik Ik+1 Ik+1 Ik Ik
h — 1 (Ul — Uy s ) )

At N Az Ax

) + Dy (m ) =0, 2<j<n

1 u[,k+1 u[,k)
_ 0 — % — ¢ Lk Ik+1 Ik Ik+1



Multiplying each equation by Az sgn(n;’kH), using the fact that — sgn(n KLY > Tk
and summing over the indices, j = 1,2,--- ,n, we find
[ Pl T 1
At
I, kul B Lk Lkl
j j—1tj—1 Lk, Tk+1 Ik+1
+Z ( AL ) + Dy, (mj " u; )] sgn(n;"") Az <0,
Ik
where we set my" = 0 and
y LR Ik
D- ( Ik I,k+1> _ 0
h gO UO At
Now, simple calculations yield
Lk, Lk+1 _ Lk Ik+1
uy’ — ;LU0 Ik+1
D; j [ A
Z ( = sgn(n; ") Az
Ik_g uIIc—l—l_uI,k
2 ZD S sen(nf ) Av 4 ————sen (i)
+0; (g ) ug*sgn(n* ).
Thus,
[ Pl |
At
< max(D; (g7*) +mf*)lln"* |l
N 6
#mas D, (D; (g) +mp] a1 )
ué,k-}—l B I N Lt
+[or (o)
T A ‘ o™
Lhtl _ Lk
From Lemmas 1-2, it suffices to obtain a bound for the term % . To this end,

consider the boundary condition

Ik: Ik-i—l_CJk_'_ZZfYIJ/BJk Jk}

J=1 j5=1
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Then, using equation (3) together with summation by parts we obtain

Ik Ik Ik Ik— _
gl,k Uy o Uy 4 90" — 9o ' ulk chh — olh=t
0 At At 0 At

N n gk Jk—1 gk Jk—1
_ Z Z 1T | gk Uy — Y " Bi” — B s
J At At J

J=1 j=1

Al Tk o Tk—1 Jk k=1, Tk Pt — pkt Tk—1
SZZ —0B; (Dh (gj u; )+mJ )—l—ﬁp(x P) — A u; Ax

J=1 j=1

Jk Jk 1 Tk JTk—1 Pkt — pk-t Jk—1
<ZZ 5]- mj ) +5P(-T P) T uj Az

Jl]l

E:Jkale
+ B an

Azx

where P is between P¥~tand P*. Hence, using the bound given in (5) we find

N e W P W el el
0 At At 0 At

N
<3 (suplD;(ﬂf”“) s 5 |) ]
J=1

+). ¢ sup |85 (x, P)| lu”™* Iy

(I,P) E[nymax] X [prmax]

1= I[= C

N
Tk Jk—1 Lk—1] ), Lk—1
31t (1 St 1)
J=1 =1 7
Lh+l _ Lk
Now, Lemmas 1-2 imply that there exists a constant a > 0 such that A7 0 | < a.
Applying this bound to (6), we conclude that there exists a constant ws > 0 such that
"y — [In"

N L §w2||77k+1||1+w3,

and the result is established. O

The next result shows that the difference approximations satisfy a Lipschitz-type condi-

tion in t.
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Lemma 4 Assume At satisfies max {wy,ws} At < 1. Then there exists an A > 0 such that

for any m > p

I,p

Z| u" L |Az<Am—p), I=1,...,N.

Proof. Summing the first equation in (3) over j and multiplying by Az we obtain

n_ Lk Ik n Ik+1 I k+1 B
U, —u; A e W T Uyl Ik+1 9j 951 Ik Tk+1
| |Az = -9, — Ut S —my Ax
Az Az
j=1
n_ L+l Lk+1 Lk Ik

Ik Z U Ui A 9; 9j-1 Lk Lk+1
D F Y e | i |

< SUD (4 P)ef0,man] <10, Pas] |97 (@ P [0 |1+ wp ul #H ] < A.

Hence

- n I k41 I,k

Z| u " |Ax<ZZ| S "% Az < A(m—p).0

k=p j=1

Following [23] we define a family of functions {UX, 5} by

Uix’m(x,t) = u]I-’k for x € [xj_1,%j), t € [tp—1,tk), j=1,...on, k=1,..,m, I =1,...,N.

Then, the set of functions {UZ, A} is compact in the topology of L*((0, max) X (0,7)), and

we have the following lemma.

Lemma 5 For [ =1,..., N there exists a sequence {Uixi,Ati} C {Uix’m} which converges

to a BV ([0, Tmax] X [0, T]) function u’(x,t) in the sense that for allt >0

Tmax
/ |U£%Ati (z,t) — u!(z,t)|dr — 0,
0

and

T Tmax
| st — ) d e o,
0 0

12



as i — 0o. Furthermore, the limit function satisfies

! | Bv((0,0ma) < 0,7 < (U™ ||Bv, || CT |2 0,m))-

Proof. The result follows from Lemmas 1-4 and the proof of Lemma 16.7 (page 276) in [23].
0

The next theorem will show that the limit function, u = (u',u?, ..., u"), constructed via

our difference scheme is actually a weak solution of problem (1).

Theorem 6 Any limit u(z,t) = (u'(x,t),v*(z,t),...,u"(z,t)) defined in Lemma 5 is a weak

solution of (1) and satisfies

P(t) < max ||w’||ooZ||u )l

_17 7

max ||w’||oo ( MTZ l|ub

TSOI )d>:P

and

a1

N
ot oy 1€Moo 01 S50, ||uf<t>||1}

[t ]| Lo (0 0amae) < (0,7)) < MX {e

where oy < g'(0, P) for P € [0, P],I=1,...,N.

Proof. This result can be easily established by using similar techniques as in the proof of

Lemma 16.10 (page 279) in [23]. O

The following theorem guarantees the continuous dependence of the solution {ujk} to

(3) with respect to the initial condition u!*.

Theorem 7 Let {ul "1 and {AI "1 be the solutions of (3) corresponding to the initial condi-

tions uj’ and ﬁj’ , respectively. Then there exists a

& max || D, (@) |

o = (max || max [|0/*
ko kT

) )

13



such that
N N
Z [l # 5 — @] <14 (wr + 0 max |[w!|])At] Z lul* — @,
=1
for all £k > 0.

Proof. Let v; = bk - Aﬁ’k for0 <k <mand0<j<n. Then vjl.’k satisfies the following

J
¢ Lkl 1 k

U -
j Lk, Lk+1 _ oLk Ik+1
ar tPw ( R )
Lk, Lk+1 Lk o LkysTk+1 :
+m;’ vj’+ + (m;”" — )uj’+ =0, 1<j<n

Ik Ik+1 NN Ik+1 N n_I1.J ok Jk
90 — 00 ZJ:I Zi:ﬂ/’ B v A

N n ,k D 7k - 7k
+ Zle Zi:l v <BZJ - BZJ ) “;] Az,

\

where gf’k = g'(z;, ]5’“), and similar notation is used for the rest of the parameters. Multi-

plying each equation of (7) by Az sgn(v; Lkt ), summing over j =1,....,n, I =1,...,

using the following fact:

Z] Dy ( Lk (k+1 gjlk Ik+1> sgn (v Ik+1)Ax> g Ik+1|
_i_Z;_LZI D; [( g’ gj[ k)AI k+1] sgn (v Ik+1)Ax,
we get that
N
[P+ |y — [[o"* ey
N < - ZZD [ _ Ik) Lkt oo n(v Ik-}-l)Ax
=1 =1 j=1
N n
+Z Ik |vlk+1 ZZ _mlk A]Ik+lsgn(vj,k+l)Ax
=1 j=1
N n
Ik, Ik+1
B9 ST

=1 j=1

Now, using assumption (H4) we can easily obtain the following

= XL S Dy (o - et sen(o A

< (a1 max |al* |, + co max |al* 4| o + c3 max Dy (ﬂl’k“) 1) |P* —

14



Furthermore, it follows from the second equation of (3) and assumptions (H2), (H3) and

(H6) that

o = I S (= i sgn (o] A

ZN I,k
=19 J J J J

N 1.k
— 21 Z;‘L:I my’

v AT <w S (0P
(camae |41 + ¢ mae [+ |oo) |PF - P,

Hence, choosing o > 0 so that
(1 + ¢4) max 1@+ (e2 + c5) max [y + e max || Dy, (@) h <o,
we obtain

N N
DI S [+ (@ + o maxfwloo) AL Y [lo" s,
=1 =1

which implies the theorem. []

Next, we prove that the BV solution defined in Lemma 5 and Theorem 6 is unique. To
this end, assume that P(t) € C*(0,7T) and B! (t) € C(0,T) are given functions and consider
the following initial-boundary value problem:

ul + (¢! (z, P(t))ul)y + mi(z, P(t))ul =0, (2,t) € (0, Tmax] x (0,T],

9" (0, P(t))u’(0,t) = B'(¢), te (0,7, (8)

ul(2,0) = ul0(z), x €0, Tmaxl-
Then one can easily show that (8) has a unique weak solution (note that this system is
uncoupled and has a local boundary condition). In fact, a weak solution can be defined as
a limit of the finite difference approximation (3) with the given numbers P¥ = P(t;) and
uniqueness can be established by using a similar technique as in [23, Page 282]. Hence, the

finite difference solution to (3) with given numbers P* = P(t;) and BYF = BI(;,) converges
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to the unique solution of (1) with the given P € C*(0,7) and B! € C(0,7T). In addition,
from the proof of Theorem 7 we can easily show that if {u*} and {a*} are the solutions to

(3) corresponding to given functions (P*, BT*) and (P*, BIF), respectively, then we have

N N N
Z |oEF], < Z |lv"*||y + oAt | PF — PF| + Atz |BIF — Bk,

I=1 I=1 =1
where v/* = ylF — 41% Equivalently,
N N k-1 N
Sl < Sl + 3 | P P S - B A )
=1 =1 i=0 =1
Now, since from Theorem 6 for I = 1,..., N, {UL, »,} converges to u'(x,t) and {[A]&E’At}

converges to 4! (z,t) strongly in C([0,T]; L'(0, Tmax)), taking the limit in (9) we obtain

ZHU )i < lev ||1+/ o |P(s) = P(s)| +Z|BI ()]

where u(z,t), 4(x,t) are the unique solutions to (8) given (P(t), BI(t)) and (P(t), BI(t)),

ds, (10)

respectively, and v!(t) = uf(-,t) — a!(-,¢). Then, applying the estimate given in (10) for the

corresponding solutions to (8) where

P(t) = ; /0 T ()l ()
B%bﬂm+ilwﬁwwfw (z,t)d
pt) = IEN; /0 Tl ()l (1) da,
B'(t) = C'(t) +J21::1/0xm v B (@, P(t)i (2,t) d

are defined in Theorem 6, we obtain the following result.

Theorem 8 Suppose that w and @ are two bounded variation weak solutions of (1) corre-

sponding to initial conditions u® and 4°, respectively. Then

N

N
Z ||U,I(t) _ al(t)Hl < e[(a—I—NmaxI |1B8p o) max; ||w! ||oo+Nw: ]t Z “ul(o) o al(o)”l,
I=1

I=1

16



which means that the bounded variation weak solution to (1) is unique.

Hence, from Theorem 8 it follows that the finite difference solution converges to the

unique bounded variation solution of (1).

3. Numerical Results

In this section, we provide some numerical results that corroborate the convergence theory
presented in Section 2 and demonstrate the effect of the probability function v/*/ on the
dynamics of this system. For the rest of this section we assume that x,.,, =1, N = 2, and
the weight functions w! = 1. This implies that P = fol [ul(z,t) + u?(z,t)] de. We choose

the parameters g’, 8/, m!, and C! as follows:
gl(xap) = gékIfI(P)(l - ZL‘), ﬁl(aj,P) = Bé(l - kl)fI(P)xa ml(x,P) = mI(P)7 Ol(t) = 07

where k! € (0,1), I = 1,2. Hence, our model reduces to
uf + gik' F1(P)((1 = 2)u")e +m/ (Pu'=0, € (0,1], >0,
1

gkl (0,1) = S22 "8I (1 — kJ)/ vu’(z,t)dx, >0, (11)
0
ul(z,0) = ul¥(z), xe€l0,1], I =1,2.

Integrating (11) and multiplying (11) by x and integrating once again, we readily obtain the
following system of differential equations:
{ (P) =370 MR- R (PIQ — (PP 1 =12 o)
(@ —goklfl( )(PT = Q) —m!(P)QT, I=1,2,
where P! = fo (z,t)dr and Q' = fol zu!(z,t)dz, I = 1,2. In our numerical simulations we
have used f'(P) = e 93" f2(P) = e %7 m!'(P) = 0.3P, m?(P) = 2P/(1+ P), k' = 0.5,
k*=0.7, Bt =1, gt =1, €10,10] and

o, n 5 x€[0,03] oo, | 8 2€0,02]
“ (x)_{o ze(03,1] * " (x)_{o z € (0.2,1]

To test our code we compute (P7,Q"), I = 1,2, the solution of (12) using a 4 — 5" order

Runge Kutta routine available in MATLAB 5.3. We then compare the total population,
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(P 27 (1), and the total biomass, (QI)M (t), that result from the finite difference system
described in Section 2 (with Az = 0.02, and At = 0.01) to the numerical solution (PI, QI) of
the differential equation system (12) that results from the Runge Kutta routine. In Figures
1-2 we present the differences (PI)M (t) — PI(t) and (QI)M (t) — Q¥(t), respectively. The
figures indicate that the finite difference approximation provides a good approximation to
the solution of (11). Next we present two different dynamics for the total population and

total mass depending on the choice of v+,
3.1. Closed reproduction case

In this case, we assume that reproduction is closed under subpopulations, that is, individ-
uals in the I-th subpopulation only produce individuals in the /-th subpopulation. Hence,
Al =1, 1 = 1,2, and v// = 0, I # J. Solving (11) we present the total populations
(PI) A (t), I = 1,2, and total mass (QI)M (t), I = 1,2, in Figures 3-4, respectively. Note
that in this case the second subpopulation goes to extinction. Similar phenomena have
been known to occur in different structured and non-structured population models, where

the surviving subpopulation is often referred to as the fittest among the others (e.g., see

[4, 17]).
3.2. Open reproduction case

In this case, we assume that reproduction is open under subpopulations, that is, a sub-
population of type I also reproduces individuals of type J. For our numerical example we set
yhd = %, I,.J =1,2. However, we have performed many other numerical experiments with
different positive v/, and the dynamics are essentially the same. In Figures 5-6 we present
the total subpopulations (P’) A (t), I = 1,2, and total mass (QI)M (t), respectively. Note

that in this case both populations survive and approach an equilibrium.
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Figure 1: The difference between the total population resulting from the finite difference
scheme and the total population resulting from solving the differential equations system
using Runge-Kutta routine.
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Figure 2: The difference between the total mass resulting from the finite difference scheme
and the total mass resulting from solving the differential equations system using Runge-Kutta
routine.
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computed total population (PI)AI (t), I =1,2, on the interval [0, 30].
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Figure 4: The computed total mass (QI)M (t), I =1,2, on the interval [0, 30].

20



16

1.4

12

ogl! Population # 1

N Population # 2

population total number

0.4F

0.2 \

Figure 5: The computed total population (P1)2%(t), I = 1,2, on the interval [0, 30].
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Figure 6: The computed total mass (QI)M (t), I =1,2, on the interval [0, 30].

21



4. Regularity of Weak Solutions

The goal of this section is to show that the bounded variation weak solution of problem (1)
is continuous provided that the initial distributions u’"°, I =1,..., N, satisfy the following

compatibility conditions:

(H9) Let P? = wamx )ut(z)dw, g"(z) = g'(z,P°), p'%(z) = B'(x,P°) and
m"0 (z) = (x, PO), I =1,...,N. Assume that the function u/? is a nonnegative

continuous function and satisfies

N

g0)u0(0) = C1(0) + 3 / I BI0 () u (@), T =1,...N.
0

J=1

It is worth pointing out that the following result demonstrates the remarkable difference
between nonlocal quasilinear hyperbolic initial-boundary value problems similar to (1) and
local quasilinear hyperbolic problems since it is well known that solutions of local problems

can attain discontinuities in finite time.

Theorem 9 Under the additional assumption (H9) the bounded variation weak solution of

problem (1) is continuous.

Proof. Let BI and ! be nonnegative continuously differentiable functions. Furthermore,
assume that ¢ is twice continuously differentiable in z and continuously differentiable in
t, g'(z,t) > 0, x € [0, Tmax) and ¢’ (Tmax,t) = 0, t € [0,T]. Consider the following initial-
boundary value problem:

(vl + (g1 (2, )0, + ml(z, )l =0, (2,t) € (0, Tmax) X (0,7,

Tmax

¢ 310, t)v(0,t) = O (1) +Z/ B (2, )0 (@, 8) da,  t € (0,T), (13)

L v (2,0) = u"2(z), €0, Tmaxl-
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It follows from the results in Section 2 that problem (13) has a unique bounded variation
weak solution. Furthermore, using standard arguments (e.g., see [1, 8, 12, 19]) one can see

~

that a characteristic curve passing through (7, 1) is given by (X (¢;Z,1), t), where X7 satisfies

d o~ . o~
X6 = 9" (X(£7,1),1)

and X'(1;7,1) = 7. By the assumptions on §’ the function X7 is a strictly increasing
function, and therefore a unique inverse function 7/ (x; Z, 7) exists. Hence if we define G'(z) =
71(2;0,0), then (z, G'(z)) represents the characteristic curve passing through (0,0) and this
curve divides the (z,t)-plane into two parts. And the weak solution v! of problem (13) has

the following implicit representation

[ u!O(XT(0; 2, t)) ,
exp {~ [l (X (s 1), ) 4! (X (s 0), as ) LSO
vl (z,t) =
RY(71(0; z, t))- -
| exp { [ X 5., ) ! (X (s5,1), )]s} 6
(14)
where R!(t) = 1/§I(O,t) [ —|—ZJ Loy B () (x,t)dx].
Now, let P(t) = 320 Jy™ w! (z) u! (z, t)dz where u! is the unique bounded variation

weak solution of problem (1). Using (H2)—(H4) we see that §7(z,t) = ¢/ (z, P(t)), ' (x,t) =
B (z, P(t)) and ! (z,t) = m!(z, P(t)) satisfy the above requirements. Then, using (H8), the
solution representation (14) and standard arguments as in [1] it follows that v! is continuous

I coincides with

for this choice of parameters. Furthermore, by uniqueness of solutions, v
the solution component u’ of the nonlinear problem (1), I = 1,..., N. This establishes the

result..]
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5. Concluding Remarks

In this paper we presented a model that describes the evolution of N subpopulations
competing for common resources. Our numerical results indicate that the parameters v/
play a crucial role in the dynamics of these subpopulations. Several interesting questions
about the model (1) arise naturally: What is a good measure (in terms of the rates g,
m! and B') that will lead to the survival of the fittest in a closed reproduction case? In
an open reproduction case, which populations will survive and which will go to extinction?
We mention that for special cases of structured age and age-size population models, it was
proved in [17] that under closed reproduction a good measure of species fitness is the product
of the birth rate function and the survivorship function. To our knowledge, however, no
results concerning the open reproduction case for structured populations are available. For a
classical Lotka-Volterra competition model which is represented by a system of N differential
equations, conditions on the growth and mortality rates of each population that will result
in its survival or extinction have been discussed recently by several researchers (e.g., see
[5, 6, 7, 21, 22]). Our future efforts will focus on generalizing such results to the distributed

rate structured model presented in (1).
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