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1. Intr oduction. This paperprovidesa convergencetheory for the two-level Schwarz pre-
conditionerfirst describedin [8–10]. Thepreconditioneris a two-level additive Schwarzmethod
[4,5,18]. Its novel featureis theuseof aggregationideasfrom algebraicmultigrid [1,22] andbal-
ancingNeumann-Neumannmethods[13–15]to constructthecoarsemesh.Theuseof aggregation
arosefrom necessity. In theapplicationsreportedin [8–10] thesubdomainswereirregular, anda
coarsemeshbasedon “hat functions”over thesubdomainswasimpractical.For thesamereason,
we neededminimal overlapbetweensubdomains.Unlike themethodfrom [3], we do not needto
createacoarsemeshgeometryor usegeometricinformationaboutthesubdomains.

While our theoreticalresultsallow for overlap,andsomeof theexperimentalresultsin
�

3 are
for subdomainswith substantialoverlap,theapplicationof thepreconditionerin practicehasbeen
for minimally overlappingsubdomains.

Ouranalysisusesthestandardfiniteelementframework from [18,24]. Thepreconditioneralso
workswell in thecontext of finite differences,however, assomeof theexamplesin

�
3 illustrate.

This preconditionerwasdevelopedfor usein theAdaptive Hydrologymodel(ADH) [19], a
productioncodebeingdevelopedat the US Army EngineerResearchandDevelopmentCenter.
BecauseADH is a three-dimensionalunstructuredmeshcode,detailedgrid refinementstudiesare
too costly to perform;therefore,in this paperwe illustratetheperformanceof thepreconditioner
with computationalexamplesin two spacedimensions,a settingin which grid-refinementstudies
andinvestigationsof theeffectsof overlapcanmorereadilybedone.

1.1. ProblemFormulation. Webegin with theweakform of anelliptic boundaryvalueprob-
lemonadomain�����
	 with boundary� . Thegoalis to find ��
�� suchthat

��� ����������� � ��� for all ��
��(1.1)�
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where � is a linear functionalon  , and  is anappropriatefunctionspace.In our examplesthe
problemswill besecondorderwith Dirichlet or Neumannboundaryconditionsand  "!$#&%('*),+ .
We take approximatingspacesof continuousfunctions  .-/!0 . Theapproximatingproblemat
level 1 is to find 23-.4� 5- suchthat

6 '72 -98�: +�;<�=' : + for all : 4> -@?(1.2)

Theproblem,(1.2),is equivalentto a linearsystemA 2 - ;CB(1.3)

on  .- where6 '*2 8�: +�;D' A 2 8�: + for all 2 8�: 4& .- . Here 'FE 8 EG+ is the H�IJ'K),+ innerproduct.
Schwarz preconditionersaredesignedto accelerateKrylov spaceiterative methodsfor the

solutionof (1.3).

1.2. One-level Method. We begin with the one-level additive Schwarz preconditioner. We
divide ) intosubdomainsLJ)NMPORQMTS % with anoverlapwidth of at leastU andassumethat V QMTS % )�W,;<) .

Let XYW betherestrictionmapfrom anelementof  .- to thesubspace ZW of  5- with supporton)�W . Let A W[;�XNW A X]\W
bethesubdomainoperator. Weassumethat

A W is nonsingularon  ZW anddefine^ W,;�X]\W&_Aa` %W XYW 8
where _A W is anapproximationof

A W . Theone-level additiveSchwarzpreconditioneris

b ; QcWdS %
^ W ?(1.4)

1.3. Two-level Method. Thetwo-level additiveSchwarzmethodaddsacoarsemeshterm^fe ;�X \e _A ` %e X e
to theone-level preconditioner. Here _A e is anapproximationof

A e
. Welet  .g denotethespaceof

coarsemeshbasisfunctions.If thecoarsemeshrestrictionmap X e andthecoarsemeshoperatorA e
arewell designed,theconditionnumberof

b A
is significantlyreduced.

Onewayto defineacoarsemeshproblemis to discretizethecontinuousproblemonacoarser
mesh. Thereare a few difficulties associatedwith forming the coarseproblemthis way. For
unstructuredmeshes,suchasthe onesconsideredin [8–10], the interpolationoperatorsbetween
thefinemeshandthecoarsemesharedifficult to define.Second,acoarsemeshmustbegenerated,
stored,andparallelized.Finally, thePDEmustbediscretizedandrecomputedon thecoarsemesh.

Alternatively, the discretizationof the coarsemeshoperatormay be definedin termsof the
existingfinemeshdiscretization.A Galerkinor variationalcoarsegrid correctionusesthefinegrid
matrixto obtainthecoarsegrid operatoras

A e ;�X e A X \ e , whereX e is theinterpolationoperatorto
thecoarsemeshfunctionspace,and X \e is therestrictionoperator. Methodsthatobtainthecoarse
meshmatrix by usingthe fine meshmatrix arecallednestedor multilevel methods[18]. If the
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coarsemeshbasisfunctionsareobtainedfrom thefinemeshbasisfunctions,thenthecoarsemesh
spacehji is containedin thefinegrid spaceh5k .

We usethe aggregation-basedbasisfrom [8–10] in this paper, whereonecoarsemeshba-
sis function is definedfor eachsubdomainas the sumof the fine meshbasisfunctionsfor that
subdomain.

To setthenotationthatwewill needin l 2, let theexpansionof a function mon�hak in thefinite
elementbasisbe

mqp�rts>m svuws(1.5)

wherethe
uxs

’sarethebasisfunctionsfor thefinemesh,andafunction m�y&n>h i canberepresented
on thecoarsemeshspaceas

m�yop r{z m�y@|x}
~(1.6)

wherethe } z ’s arethefinite elementbasisfunctionsfor thecoarsemeshspace.Since h i�� h k ,} z canbewrittenas

} z p r���� z ��u��t�(1.7)

Theindex � representsthesubdomainnumber. For our coarsemeshbasisfunctions,thevalueof� z � is either � or � . If thefinemeshbasisfunction
u��

is containedin subdomain� , then � z � p�� ;
otherwise,� z � p�� .

Furtherexpandingtherepresentationof m�y gives

m�y p � z m�y@|�} zp � z m�y@| � � � z ��u��p � ��� � z m�y@| � z ����u��p � �Y� �]� m�y�� � u��
Thus �]� is theoperatorwhich interpolatesfrom thecoarsemeshto thefine mesh.Any function
on thecoarsemeshcanberepresentedsolelyin termsof thealreadyexistingfine meshfunctions,
makingtheformulationof aseparatecoarsemeshunnecessary.

1.4. Condition Estimate. In Assumption1.1we make precisetheideathat � is thecharac-
teristicdiameterof a subdomain.In Assumption1.2 we make precisetheoverlap � betweenthe
subdomainsandthepropertiesof thecoarsemeshbasisfunctions.

ASSUMPTION 1.1.
1. There is ����� such thatdiam

�7� �(�[� �.� for all ��p$�¡  �¢�¢�  ¤£ .
2. There is ¥
��� such that for all ¦on � thereexists �¨§©� such that ¦�n � � and

ª@«­¬¤® � ¦� �¯ � �¤° ¯ � � §�¥�� �
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3. There are ±[²�³�±]´µ³�±Y¶]·�¸ such that for all ¹oº>» theball¼¾½ ¹�³�±[²�¿>À�Á$ÂtÃ¨º>»�ÄZÅ@Æ­Ç¤È ½ Ã�³d¹�ÀNÉ�±[²�¿ËÊ
intersectsat most ±]´wÌ�±aÍ¶ subdomains»�Î (i.e., an objectof diameterÏ ½ ¿>À intersectsat
mostÏ ½=Ð À subdomains»NÑ ).

4. Ò ½ »�Î(ÀYÓ�±5¿/Í , ÔÕÁ Ð ³¤Ö¢Ö¢Ö�³¤×ØÖ
In Assumption1.1, Ò denotesLebesguemeasure.
ASSUMPTION 1.2. AssumethebasisfunctionsÙfÑ of thecoarsespacesatisfy
1. ÚÛÙfÑ�Ú ¶Ü�Ý­Þàßâá É�± ÜwãFä Ýåæ ÙfÑ æ ¶ç9è É�±.¿oÍ
2. There is a domain» ÑGé(ê�ë » such that ì Ñ Ù
Ñ ½ ¹�ÀíÁ Ð

for every ¹>º�» ÑGé¤ê anddist
½ ¹�³�î3»,ÀïÉ±.ð for every ¹oº>»,ñ¡» ÑGé¤ê .

3. Ç¢ò@ó¡ó ½ ÙfÑ7À ë"ô»NÑ .
Parts1 and2 of Assumption1.2 differ from similar assumptionsin [1] in the ¿ ´ semi-norm

of thecoarsemeshbasisfunctions,andin thedistancefrom thespace» ÑGé(ê to î3» .
In õ 2 weprove
THEOREM 1.1. Let ö5÷¨Á ìùøÎdúüû öZÎ ë ± ½ ô»ïÀ and let Assumptions1.1 and1.2 hold. Assume

that there is ý�Ó Ð
such that ½*þ ³ þ ÀNÉ ½�ÿ��� ´Î � Î þ ³ þ ÀNÉ�ý ½*þ ³ þ À

for all
þ º�öa÷ and ¸ É Ô�ÉC× . Let � Á ø�Î�úüû ¼ Î(1.8)

thenthere is ±D·�¸ , independentof ¿ and � such that� ½�� � À,É�±
ý ½=Ð Ì ½ ¿	�
�3À ¶ À�Ö(1.9)

2. ConvergenceTheory. We baseouranalysison theresultfrom [23,24].
THEOREM 2.1. Let � û bea positiveconstantsothat, for any

þ º ö5÷ , there existsa decom-
position

þ ÁCì øÑTúüû þ Ñ such that
þ Ñwº�öüÑ and

ø� ÑTúüû ½ � Ñ þ Ñ ³ þ Ñ ÀYÉ���û ½ � þ ³ þ À�Ö(2.1)

Let

�q´ Á�
����´��RÎ�� ø ø� ÑTú�´�� ÑÛÎ ³(2.2)

where, for
Ð É�Æd³­Ô�ÉC× , � ÑÛÎ[Á<¸ if �wÑ���Î[Á�¸ (i.e., if öüÑ��.öâÎ ), � ÑÛÎ[Á Ð

otherwise. Then� ½�� � ÀYÉ�ý�� û ½=Ð Ì��q´�À�³(2.3)
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where � ��!�"�#$&%('�%*),+.-0/�132546�798' 6 ';:=<
We assumethattheenergy normis equivalentto the > 8 seminorm,andwe canthereforereplace
(2.1)by )?@BA $DC E

@
C F GIH�JLKNMDO�P $ C EIC FGIHQJRKSM <(2.4)

Ourestimatefor P $ will bebasedon(2.4).
Thevalueof P 8 is anindicatorof thenumberof subdomainsthatcontainany givenpoint in T ;

weassumeourpartitionis suchthat P 8 �VU	WYX[Z . Wesolvethesubdomainproblemsexactly in our
numericalresults,so

�\�]X
in ^ 3. Thusour conditionnumberestimateis basedon theestimate

of P $ , which we obtainusingLemmas2.2 and2.3. Our analysisusessomeof the techniques
developedin [1], but we do not smooththe coarsemeshbasis.Our estimatesin Lemma2.2 are
thusdifferentfrom thosein [1].

Wedefinethecoarsemeshoperator_a`�bdcfe b G by

_ E � )?@BA 8Sg
@�hf@Qi

g
@ � g

@ W E ZI�
X

j W T @ Zlk K�m E
W�noZ.p
n i

whereErq b�c . UsingtheCauchy-SchwarzinequalityandAssumption1.1wegetssss k KNm E
WtnoZupvn ssss O�wyx;Ezx|{
} >�~Y� F <

Hence

C g
@
C�O�w > ~Y� F> ~ x;Ezx { } � w > 7 ~Y� F x;EIx { } <

Thevalueof P $ dependsontheboundof theenergy of _ E andon the � F boundof theerrorin the
coarsemeshoperator, i.e., E�� _ E . Theseboundsareprovidedin Lemma2.2.

Here,asin theremainderof this section,w is a constantthat is independentof > and � . w
mayincreaseastheanalysisprogresses.

LEMMA 2.2. If Assumptions1.1and1.2hold, then

x;E	� _ EIx F{
}3O�w > F C EIC FG H(2.5)

C _ EzC FGzH O�w > � C EIC FGIH <(2.6)

Proof. Let � � Tu�
T
@����

� ���[� `�T @*� ����\�*��d� ���@���� T @� �����.�  �¢¡.£ �[pv��¤¦¥§W�n
i�¨ T Z��� $ ���©n q T\` pv��¤¦¥ªW�n
i�¨ T Z O � � <
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If «­¬¯® , then °v±�²¦³ª´�«0µ�¶¸·u¹3º�»d¼ by Assumption1.2.Thus

®�½.¾\¿lÀvÁ�·5À,Â�¶¸·5À*Ã�¶¸·aÄ¾\Å*ÆÈÇ
Therefore,wehavethat °v±�²¦³�É¢Ê¢Ë9Ìv´�«0µ�¶¸·u¹3ºy»dÍ since°�±�ÎvÏa´Ð·5ÀÐ¹Ñº�»dÍ for all ± . HenceÒ ºy»�Í
andusingthePoincaŕe inequality[6] wegetÓ|ÔzÓ;Õ×ÖYØ ËÚÙ º Ó;ÔIÓ�Õ×ÖYØ ËNÛYÙ º�»dÍÝÜ Ô Ü ÞIß Ø ËNÛàÙ Ç(2.7)

Let áâÀo¾ãÁåäæÂ�·IçIÃ�·5À�Ä¾\Å*Æ andlet è�Îvé(°o´LárÀ�¹ denotethecardinalityof áâÀ . We haveÓåê�ÔIÓ�ëÕ Ö Ø Ë¸Ù ¾]ì&í À�Ê�îuï ÀS´ Ô ¹.ðfÀN´ Ô ¹oµ�í ç;Ê�î3ï çl´ Ô ¹.ð3çl´ Ô ¹�ñ
ºVí À�Ê¦î í ç;Ê&òDóBô©î Ü ï ÀS´ Ô ¹[Ü0Ü ï çl´ Ô ¹[Ü Ó ðfÀ Ó�Õ Ö Ó ðuç Ó Õ Ö
ºÝõë í À�Ê�î í ç;Ê&òDóöô©î ì ï ëÀ ´ Ô ¹ø÷ ï ëç ´ Ô ¹àñÈ»dÍ�ù sinceÎ ë ÷ûú ëýüyþ Î�ú
ºy»�Í ù¸ÿ���� Á�èåÎ�é(°Ú´ � À�¹;Æ í À�Ê¦î ï ëÀ ´ Ô ¹5º�» í À�Ê�î Ó;ÔIÓ ëÕ Ö Ø�� ó Ù º�» Ó;ÔIÓ ëÕ Ö Ø ËSÛàÙ Ç

ThereforeÓ�Ô�� ê ÔIÓ�Õ Ö Ø Ë¸Ù º Ó;ÔzÓ|Õ Ö Ø ËÚÙ ÷ Ó;ê ÔzÓ;Õ Ö Ø Ë¸Ù º�» Ó|ÔzÓ;Õ Ö Ø Ë¸Ù ºy»�ÍÝÜ Ô Ü Þ ß Ø ËÚÙ Ç(2.8)

Since Ü ðfÀ&Ü ëÞ ß º�» Þ	��
 ß� wehave

Ü ê Ô Ü ë Þ ß Ø Ë¸Ù º�» Þ ��
 ß� ÿ��
� Á�èåÎvé×°f´LáâÀ�¹�Ælí À�Ê�îuï ëÀ ´ Ô ¹
º�» õÞ � í À Ê¦î Ó;ÔIÓ ëÕ Ö Ø�� óöÙ ºy» õÞ � Ó;ÔIÓ ëÕ Ö Ø ËSÛàÙ
º�» õÞ � Í ë Ü Ô Ü ë Þ ß Ø Ë Û Ù ¾\» Þ � Ü Ô Ü ë Þ ß Ø Ë Û Ù Ç

(2.9)

Theestimatesabovearefor theset ® aroundtheedgeof thedomain.We completetheproof
by makingsimilarestimatesin · À���� .

Let
Ô��

beanextensionof
Ô

suchthat
Ô�� ¾ Ô on · and

Ü Ô�� Ü Þ ß ´�� � ¹ º�» ´Ð·u¹ Ü Ô Ü Þ ß Ø�� Ù Ç
Let ® ½À ¾�� ç�Ê|ò ó ·Iç , and let ®ýÀ be the ball around ® ½À . Thenby Assumption1(c), we have that°v±QÎvÏ ´ ®ýÀ�¹3º�»�Í .

For ä ¾��
µ¦Ç¢Ç¢Çåµ�� , defineèYçu¾ õ� Ø Ë��|Ù � Ë�� Ô�� °
« , !Ô çÑ¾ Ô��"� èYç . Assumption1.2andthedefinition

of
ê

imply thatfor «�¬¯· Ãâ· À���� , ê�Ô ´�«o¹z¾ ê !Ô ÀN´�«o¹0÷ûè;À�Ç
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Therefore #%$'&)(*$+#%,-/.�0�132547698;: <=> ?A@ #%$'&)(*$+#%,-/.�0�1 2CB 132D4E698
F <=> ?A@ #3G$ >IHKJL> &)(NM%G$ >IHOJ%>QP # ,-�.70�1 2CB 132D4E6Q8
F <=> ?A@ #3G$ > &R(SG$ > #%,-/.70�1 2TB 1325476Q8 since

( JL> F JL>
: <=> ?A@ #3G$ > #L,-�.70�U 2 8 H #%(VG$ > #%,-/.70�1 2WB 132547698YX

Weuse#Z(VG$ > #%,-�.[0�1 2CB 132D4E6W8\:^]]]`_'a%bEc 2�d a MZG$ >QP e a ]]] ,- . 0�1Y8 :gf _haLb`c 2jikd a MZG$ >9P i # e a # - . 0�1�l78�m ,:
card

Mon >�P _ a%bEc 2 d ,a M%G$ >�P # e a #L,-/.70�1�lE8 :qp*rts _ aLb`c 2 d ,a MZG$ >�P:qpur s rwv s _ a%bEc 2 #3G$ > #%,-�.[0�1�l[8x:qpy#3G$ > #%,-�.[0oU 2 8Yz
andthePoincaŕe inequalityto obtain#L$�&)({$+# ,- . 0�1 25476 8|:y} _ <> ?A@ #YG$ > # ,- . 0�U 2 8x:qp*r , _ <> ?A@ i G$ > i , ~+� 0�U 2 8

F p*r , _ <> ?A@ i $�� i , ~ ��0oU 2 8;:ypur , _ <> ?A@ i $ i , ~ ��0�U 2 8;:ypur , i $ i , ~ ��0�1Y8YX
Thisand(2.8) imply (2.6).

Wecompletetheproofof (2.5)by combining(2.9)with theestimatei (*$ i , ~ ��0�1Y2D4E698|: _ <> ?A@ i (*$ i , ~ ��0�1 2TB 1Y2D4E6W8 F _ <> ?A@ i (NM%G$ >IHKJL>�P i , ~ ��0�1 2TB 1325476Q8
F _ <> ?A@ i (SG$ >IHOJ%> i , ~+� 0�1 2TB 1 2D4E6 8 F _ <> ?A@ i (SG$ > i , ~�� 0�1 2CB 1 2D4E6 8
: _ <> ?A@	��� _ aLb`c 2�d a MZG$ >QP e a ��� , ~ ��0�1Y8 : _ <> ?A@ card

Mon >�P _ a%bEc 2�d ,a MZG$ >QP i e a i , ~ ��0�1Y8:yp @~�� ~ �[���� _ <> ?A@ _'a%bEc 2 #3G$ > # ,-/.�0�1�l78�:�p @~ � _ <> ?A@ #3G$ > # ,-�.[0oU 2 8:yp @~ � r , _ <> ?A@ i G$ > i , ~ ��0�U 2 8 F p ~ � _ <> ?A@ i $�� i , ~ ��0oU 2 8x:qp ~ � i $ i , ~ ��0�1Y8IX
Thiscompletestheproof.
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LEMMA 2.3. UnderAssumptions1.1and1.2,for everyfiniteelementfunction �����*� , there
existsa decomposition�
�j�������� � , �������j� , such that

�V� �� �o� � �j�(2.10) �� �o� �x� �j� � � ������ I¡�¢q£ ¤3¥"¦¨§ ©{ª � � � � � ������ Y¡Y«(2.11)

Proof. Define ¬ � to bethefinemeshoperator¬ �*­�®°¯ � � by

¬ �²± �A³+� ´� ���Aµ � ±9¶ �·³I¸��
where �
¸���� ´���Aµ is the finite elementbasison the fine mesh,and � ¶ �¹� ´�o�Aµ arethe fine meshnodal
points.Let � bepartitionedsuchthat���"�»º*� and ���A�y¬ �¼±¹½ � ± ��¾Rº{�A³E³A¿
where � ½ ��� is a partition of unity suchthat ½ � ±Q¶ ³À� ¥

for ¶ �gÁ � ´ÃÂ� , ½ �Ä�ÆÅ for ¶ÈÇ�ÉÁ"� , and�ËÊ ½ � �Y¢ µÌ . Clearly, by construction, ���o� � �j�Í�y� «
Thestandardarguments[18] imply that�� �o� �;� �j� � � ������ Y¡;¢q£ ¤ ¥©

�ÏÎ ��¾)º{� Î �Ð/Ñ �� Y¡
¦ � �h¾)º{� � ��+���� Y¡ ¦ � º{� � � �+���� Y¡ ª(2.12)

Wecompletetheproofby applyingLemma2.2to estimate� º*� � � �+���� I¡ and Î �h¾Rº{� Î �Ð�Ñ �� Y¡ .If we let Ò �"� £ ¤Y¥¼¦ § © ª � ¿
wecompletetheproofof Theorem1.1.

3. Numerical Results.

3.1. LaplaceEquation. In thissectionweconsiderthesimpletestproblem

Ê � �Ó��Å(3.1)

on theunit squareÔDÅÕ¿ ¥�Ö�× ÔËÅÕ¿ ¥�Ö with zeroDirichlet boundaryconditions.In both Ø 3.1.1and3.1.2
we usethefunctionidenticallyequalto oneon themeshastheinitial iteratefor a preconditioned
conjugategradientiteration.Weterminatedtheiterationswhentheresidualhadbeenreducedby a
factorof

¥ Å3Ù3Ú .
We obtainedsimilar resultsusingGMRES[17], Bi-CGSTAB [20], andTFQMR [7] in the

tests.



DOMAIN DECOMPOSITIONPRECONDITIONERFORGROUNDWATERFLOW 9

3.1.1. Finite DifferenceDiscretizationswith Overlap. Theexperimentsin thissectionwere
designedto measuretheeffectsof overlap.We let Û�ÜÞÝ3ß3à bethescaleof thefine meshandlet
theoverlap á betheis thenearestintegerlargerthanÝ à áãâåäKá
æ(3.2)

whereáãâ is theoverlapthatdependsonthephysicaldomain,and á
æ is theoverlapthatis aconstant
numberof gridlines.Thegrid is an ç�è�ç meshwhereçwÜéÝ�àêäKá . In this way we cansubdivide
theregion into ëíì subdomains,eachof size îïè°î , whereîðÜ»Ý àñß�ì äKáóòNô�õ
Thescaleö of thesubdomainsis Ý3ß�ì .

We consideredoverlapsof ô ( á
æ"Ü÷ô/øLá/â�Ü»ù ) and1%( á
æúÜ»ùÕø`áãâ�Ü�õ�ùIô ). We discretizedwith
five point differencesandusethe function identically oneon the meshasthe initial iterate. We
usedthe MATLAB softwareassociatedwith [12] for theseexperimentsandusedbilinearcoarse
meshbasisfunctions.Thesedo not form a partitionof unity asa piecewise linearsetwould and
wereusedto illustratetheflexibility of thepreconditioner.

In Table3.1 we tabulatethe numberof conjugategradientiterationsneededfor termination
for severalvaluesof Û and ö , with anoverlapof 1 and1%. As the theorypredicts,the iteration
countis constantas Û and ö arereducedsimultaneouslyfor theoverlapof 1 anddeclinesas ö is
reducedwith theoverlapof 1%.

TABLE 3.1
IterationStatisticsfor Two-levelAdditiveSchwarzwith CG

Overlap= 1 Overlap= 1%ö�ûãÛ 1/32 1/64 1/128 1/256 1/32 1/64 1/128 1/256

1/4 12 16 21 28 12 16 17 20

1/8 12 15 21 27 12 15 17 19

1/16 8 12 16 21 12 13 15

1/32 8 12 15 10 11

1/64 8 12 8

1/128 8
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3.1.2. Finite ElementDiscretization with Minimal Overlap. In Table3.2wereportsimilar
resultsfor apiecewiselinearfinite elementdiscretizationof (3.1).Theoverlapin thiscomputation
wasminimal.

TABLE 3.2
Finite ElementDiscretization

H ü h 1/64 1/128 1/256

1/4 37 51 68

1/8 32 44 61

1/16 26 36 49

1/32 26 37

3.2. Richards’ Equation Results. In this sectionwe considera test problemthat models
groundwaterflow in a partially saturated,homogeneoussoil. The modelequationis the “head-
based”form of Richards’equation,ý/þ ÿþ ��� ���ÿ � ÿ��

þ �þ
	���
������ ����� 
�� � ����� �"!(3.3)

where
�

is the pressurehead,

ÿ
is volumefraction of the wetting phase,and

���
is the relative

permeabilityof thewettingphase.Theremainingtermsarescalarcoefficientsgivenin Table3.3,
alongwith their valuesfor thetestproblem.

ÿ
and

���
arefunctionsof

�
givenby,ÿ ��� ÿ �$# ÿ � �$%'&(��)+*-,� ) .�/10324� ÿ �

(3.4) ��� � % &(��)+* ,� ) .�/ 0326587:9 & # )+* ,� ) . 0<; % &(�=) * ,� ) .>/ 032@? 7(3.5) ,� ��ACBED�� � !GF��H!(3.6)

where I � & # &KJ>L . Thesefunctionsarederivedfrom thevanGenuchten[21] andMualem[16]
empiricalrelationsamongpressure,saturation,andrelativepermeability.

Thetestdomainis theunit square

� FM!�& I �ON � FM!'& I � with boundaryandinitial conditions,� �QP !RF�� � F1STFM! P-U�� FM!�&'� 	WV F� �QP !'&K� � F1SX&"! P-U�� &KJ�YM!HZ�J�Y>� 	WV F[G\[H] �QP !'&K� � # &"STF1! P-U�� FM!�&KJ�Y"�_^ � Z"J�YM!�&`� 	WV F[G\[Ga �bP !G��� � F1STFM! Pc� FM!'& � Ud� F1!�&'� 	WV F� �bP !G��� � # �M! P !G� Ud� FM!�&`�ON � FM!�&'� 	 � F
(3.7)

3.2.1. Finite DifferenceDiscretization with Minimal Overlap. Wediscretizedequation3.3
by applyingcell-centeredfinite differencesto thespatialoperator, therebyyielding thesystemof
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TABLE 3.3
Richards’ equationparameters

Description Symbol Value

Saturatedvolumefraction egf hMikjMlnmolgj�p<q
Residualvolumefraction e'r sMikh"jtmolgj�p�u
Specificstorage v�f l"ikj"jtmolgj p�w (1/m)

Hydraulicconductivity xyf z1ikj�{|molgj�} (m/day)

Meanporesize ~ z1i�{3��molgj } (1/m)

Poresizeuniformity � {
iT���tmolgj }
differential-algebraicequations,���E� ���b�H�R���>�G��G�"�@� �6���� � �E� �����`�� � e �X� �G� �G�>� � ¡�G�¢ q£�¤ ¥n¦ x �¨§(©¥ � � �ª���¨§ q � � ¢ �«�X� � � ¢ x � p ©¥ � � �ª���E� � ¢ ��� p<q � � �8¬¢ q£�¤ � x � §(©¥ � � ¢ x � p ©¥ � � �¢ q£_­®¥ ¦ x �E� �¯§ ©¥ �ª���E� ��§ q ¢ ���E� � � ¢ x �E� � p ©¥ �ª���E� � ¢ ���E� � p<q � ¬
(3.8)

where° � j � i�i�i �G± ¢ l , ² � j � i�i'i �G± ¢ l , ³C´ � ³�µ � lK¶ ± , andx �¨· ©¥ � � �¹¸ � xyf¯º�r � �¨· q � � � � xyf¯º�r � �E� �R» ¶"�(3.9) x �E� �¯· ©¥ �¹¸ � xyf¯º�r � �E� ��· q � � xyf¯º�r � �E� �R» ¶"�(3.10)

The semidiscretesystemwasintegratedin time over [0, 0.0149days]by applyingthe fixed
leadingcoefficientbackwarddifferenceformulasof ordersoneto five [2,11]. Orderandstep-size
wereselectedvia local truncationerrorestimates,andthelocal truncationerror tolerancewasset
to lgj�¶�³�µ¼u .

At a givenstep,
�¾½g§ q , theapplicationof theintegrationmethodyieldeda nonlinearsystemof

theform, � ¸ �¾½�§ q �R��½g§ q ��¿_�Q�«½g§ q � » ��À �ª��½g§ q �@� j
where

¿_�ªÁ � is a thebackwarddifferenceformulafor Â � ¶�Â � . We solvedthenonlinearsystemwith
aninexactNewtoniterationthatterminatedwhenthe2-normof thenonlinearresidualwasreduced
by a factorof l�j�p�Ã .

At eachNewton iterationweobtainedtheNewtonstep,ÄKÅ § q , by solvingthelinearsystem,Æ Â ÀÂ � �Q� Å½g§ q �8Ç Ä Å § q � ¢ À �Q� Å½g§ q � �
with scaled,preconditioned,BiCGstab. The scalingwasobtainedfrom the integrationmethod’s
weightedrootmeansquarednorm.Suchascalingwould,in realapplications,allow terminationof
thelineariterationaccordingto tolerancesspecifiedby theintegrationschemein realapplications;
however, for this testwe iterateduntil the 2-normof the true linear residualwas reducedby a
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TABLE 3.4
Richards’ EquationIterationStatisticsÈÊÉ�Ë

1/16 1/32 1/64 1/128 1/256

1/8 7 8 9 12 15

1/16 7 9 11 14

1/32 7 9 11

1/64 7 9

1/128 7

factorof ÌgÍ�Î1Ï to insurethaterrorsin theNewtonstepwereinsignificantwith respectto theNewton
iterationandintegration.

Thepreconditionerwastwo-leveladditiveSchwarzwith thecoarsegrid correctiondetermined
from therestrictionandinterpolationoperatorsin Ð 1.3. Thesubdomainshadtheminimaloverlap
of Ñ�ÒÔÓ�ÌKÕ`Ö . Table3.4givestheaverageBiCGstabiterationsperNewton iterationfor two-level
additiveSchwarz.Theiterationcountis constantas

È
and

Ë
arereducedsimultaneously, which is

consistentwith thepredictionsof thetheory.
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