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Abstract. In this paperwe proposea form of theDIRECT algorithmthat is stronglybiasedtowardlocal search.
This form shoulddo well for small problemswith a singleglobal minimizer andonly a few local minimizers. We
motivateour formulationwith someresultson how the original formulationof the DIRECT algorithmclustersits
searchnearaglobalminimizer. Wereportontheperformanceof ouralgorithmonasuiteof testproblemsandobserve
thatthealgorithmperformsparticularlywell whenterminationis basedonabudgetof functionevaluations.
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1. Introduction. TheDIRECT(DIviding RECTangles)algorithm[13,14] is a patternsearch
method(in the senseof [17]) that balanceslocal and global searchin a attemptto efficiently
find a globaloptimizer. Otherdeterministicsamplingmethods,suchasimplicit filtering [9,15],
MDS [6], Hooke-Jeeves[10], or Nelder-Mead[16], driveanapproximategradientto zeroandare
not designedfor globalsearch.DIRECT, on theotherhand,is designedto completelyexplorethe
variablespace,evenafter oneor morelocal minimahave beenidentified. This featurehaseven
beenexploitedto generateinitial iteratesfor othersamplingmethods[3].

In this paperwe proposea form of the DIRECT algorithmthat is morebiasedtoward local
search.This form shoulddo well for small problemswith a singleglobal minimizerandonly a
few local minimizers.We motivateour formulationwith someresultson how theoriginal formu-
lation of theDIRECTalgorithmclustersits searchneara globalminimizer. We thenillustratethe
performanceof thenew approachonasetof testproblems.

Weconsiderbound-constrainedglobaloptimizationproblems������	��
 ��
����(1.1)

where ������� is a hyperrectangle.DIRECT’s performanceis independentof the scalingof �
andproblemsaretypically scaledsothat

����� �����! #"%$'&)(	*�+-,/.(1.2)

Here
�! 

is the 0 th componentof thevector
�
.

Thealgorithmbeginswith a singlehyperrectangle� and,at eachsweep,updatesa set 1 of
hyperrectanglesby dividing someof its members.Eachhyperrectangle2 " 1 hassidelength 35456
(longdirections)or 3545674!8 (shortdirections)for some9;: &

and
�

hasbeenevaluatedat thecenter.
Thedecisionto divide 2 is basedon its sizeandthevalueof

�
at thecenter. When 2 is divided,

�
is first evaluatedatpointsmidway(alongthelong coordinatedirections)betweenthecenter< and
theboundaryof 2 . 2 is dividedinto threepartsalongthelong coordinatedirectioncorresponding
to thesmallestfunctionvaluein thestencil.Thesubrectanglecontaining< is dividedagainalong
the long coordinatedirectioncorrespondingto the secondsmallestfunctionvaluein the stencil.=
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This processcontinuesuntil eachpoint in the stencil is the centerof a new hyperrectangle.The
rule for tie-breakingis not importantandweusetheorderof thecoordinates.

Theformulationin [13,14] beginsby evaluating > at thecenterof ? anddividing ? accord-
ing to the rule describedabove. The new set @ consistsof the small hyperrectanglesthat came
from that division. The new hyperrectanglesareidentifiedwith their centers.Any or all of the
hyperrectanglesmay bedividedagainif the valueof > at the centeris sufficiently small relative
to thesizeof thehyperrectangle.Thealgorithmcontinuesin this way, alwaysdividing basedon
thefunctionvalueandthesizeof a hyperrectangle,until a givenbudgetof functionevaluationsis
exhausted.

Thedescriptiongivenaboveneedsto beexpandedfor our purposes.Any hyperrectanglewill
bedividedalonga sideof maximumlength.Henceif thelongestsidehaslength A5B5C , theshortest
sidewill at leastof length A B5C7B!D . We saya rectanglehaslevel E if thelengthof thelongestsideisA B5C . A rectangleof level E is atstage FHG%IJGLK�MON (i. e. is theresultof I subdivisionsof a cube
of sidelength A5B5C ) if K�MJI sideshave length A/B5C andI have length A/B5CPB!D .

The formulationin [13,14] groupsrectanglesby level andstageby groupingall hyperrect-
angleshaving the samediameter. The ERQ diameterof a hyperrectanglewith level E andstageI
is SUT E�VWIUXZY\[^]`_acb D A B Q C7B Q;d ]feagb _ih D A B Q C7j Dlk Q YLA B5C T K�MnmoIqp^rsX Dlk Qut
So,after v sweepsof DIRECT, hyperrectangleswith at most Kwv differentdiametershave been
created.

The implementationin [8] groupshyperrectanglesby the E-x diameter, i. e. the lengthof the
longestside. This groupinghasfewer groupsand,therefore,biasesthesearchmoretowardlocal
explorationneargoodpoints ratherthanglobal searchin regionsof ? that have beensampled
sparsely. The purposeof this paperis to motivate that variation of DIRECT and illustrate its
performanceby numericalexamples.

Theresultsin this paperapplyto bothmethodsof categorizinghyperrectangles.If we group
by E�Q diameterwedefinethesizeof a hyperrectanglewith level andstageE andI asy Q Y SUT E�VWIUXzp|{}V(1.3)

andif wegroupby E x wedefinethesizeasy x Y~A B5C p^{ t(1.4)

Thetwo modesof groupingcanbedescribedasgroupingby size.
A hyperrectangle� with center ��Y�� T ��X andsize y Y y T ��X is potentiallyoptimal if there

is a valueof theLipschitzconstantof > that is consistentwith theoptimalpoint beinginsidethat
hyperrectangleandthepotentialimprovementis nontrivial.

Thefirst conditionmeansthatthereis �� suchthat

> T �oX;M �� y GO������� [�> T � TU���X�X;M �� y Tq��ZX j V(1.5)

wheretheminimumis takenoverall hyperrectangles

�� . Thereis asimpleandefficientway to test
for (1.5) [14]. For thepurposesof this paperit sufficesto point out that if a hyperrectanglewith
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center� andsize � satisfies(1.5), thenno rectanglewith thesamesizecanhave a lower function
valueat thecenter, i. e. ��� ���Z� �H������;�P������ ¢¡£��¤ ��� � �W¥ �z�i¦

Thepotentialimprovementis nontrivial if��� �o�¨§ ©ª �¬« ��­¯®�° §n±�² ��­¯®�° ²´³(1.6)

where ©ª alsosatisfies(1.5). In (1.6) ± is a parameterin thealgorithmand
��­¯®�°

is theminimum
valueof

�
foundsofar in theiteration,��­¯®�° �µ������ �;� � �W¥ ���¶¦

Theroleof theparameter± is to avoid oversamplingnearpointswith low functionvaluesandbias
thesamplingtowardglobalsearch.Sucha biasis importantif therearemany local minimaor ·
is large.Valuesof ±¹¸%º7»u¼5½}¾�³�»u¼5½5¿�À arereportedto work well in [14] and±Á�µ�HÂÄÃ � »u¼ ½/Å ² �u­¨®�° ²�³�»u¼ ½5Æ �(1.7)

is recommendedin [13].
A sweepof DIRECT identifies the potentially optimal hyperrectanglesfrom the previous

sweepandthendivideseachof themonce. Thena new setof potentiallyoptimal hyperrectan-
gles is identified. Both the DIRECT algorithmfrom [13,14] andthe locally biasedversionare
sequencesof thesesweeps.

Thereis little convergencetheory for DIRECT beyond the observation from [14] that the
searchwill eventuallysamplearbitrarily nearevery point in Ç . The methodhasbeenappliedto
optimaldesignof gaspipelines[3–5] andaerospaceengineering[1,2] andseemsto performwell,
especiallyin theearlystagesof anoptimization.

In this paperwe quantifyhow the subdivisionsclusterneara global minimizerandusethis
result to motivatean alternative versionof DIRECT [8], which is differentfrom that in [13,14]
in that ±��È¼ , the É-Ê normis usedto form thegroups,andat mostonehyperrectanglefrom each
groupis subdivided,evenif therearemorethanonepotentiallyoptimalhyperrectanglein agroup.

2. Local Clustering.

2.1. Elementary Properties of DIRECT. ThestateS of DIRECT is thesetof all hyperrect-
anglesat a givensweepof the optimization. If Ë is the stateof DIRECT, two specialclassesof
hyperrectanglesareguaranteedto bepotentiallyoptimal.

LEMMA 2.1. If
¥ ¸JË hasmaximalsizeand

��� � �W¥ ��� hasthesmallestvalueamongcentersof
hyperrectanglesin Ë of maximalsize, i. e.� �W¥ �Z�L�HÂÄÃÌ�^ÍoÎ � �qÏ¥ � and

��� � �W¥ �z�Z� �H���Ì�|Í�Î5Ð ��� Ì�� ¢¡£�u�7�Ä  ��� � �qÏ¥ �z�(2.1)

then
¥

satisfies(1.5).
Proof.
Let �w�L� �W¥ � and �¹�~� �l¥ � . Wewill find ©ª suchthat��� ���;§ ©ª �¬« ��� � �qÏ¥ ���;§ ©ª � �UÏ¥ �(2.2)
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for all ÑÒÔÓÖÕ
. This will imply (1.5) for ×Ø sufficiently large. Increasing ×Ø if needed,will imply

(1.6),andhencepotentialoptimality.
Now, let ÑÒÙÓwÕ , ÑÚÜÛµÚ�Ý ÑÒ�Þ , and Ñß Û ß Ý ÑÒàÞ . By assumptionÑÚâáOÚ .
We considerthreecases.If ÑÚãÛ�Ú�Ý ÑÒàÞ Û�Ú then(2.1) implies that ä Ý ß Þ á ä Ý ß Ý ÑÒZÞzÞ . Hence

(1.5)holdsfor any ×Ø .
If ÑÚâåÙÚ and ä Ý ß Þ á ä Ý Ñß Þ then(1.5)alsoholdsfor any ×Ø .
Finally, if ÑÚâåæÚ and ä Ý ß Þèç ä Ý Ñß Þ , then(1.5)holdsfor any

×ØêéOë�ì�í ä Ý ß Þ¨î ä Ý Ñß ÞÚ î ÑÚ ï
wherethemaximumis takenoverall ÑÒÖÓÜÕ suchthat ÑÚðå�Ú and ä Ý ß Þñç ä Ý Ñß Þ .

Hence(2.2)holdsfor sufficiently large ×Ø andtheproof is complete.
LEMMA 2.2. If ä Ý ß Ý Ò�Þ�Þ Û ä�ò¯ó�ô , thesmallestvalueat all thecenters,and Ú�Ý ÒàÞ is thelargest

amongall rectangleshavingthesamevalueat thecenteri. e.

ä Ý ß Ý Ò�Þ�Þ Û ë�õ�ö÷ø|ù�ú ä Ý ß Ý ÑÒ�Þ�Þ and Ú�Ý ÒàÞ Û ëHìÄí÷ø|ùoú}û ü�ý´þ�ý ÷øÄÿ�ÿ��!ü ����� Ú�Ý ÑÒZÞ(2.3)

then
Ò

is potentiallyoptimalif � is sufficientlysmall.
Proof. As beforewe let ÚwÛLÚ�Ý Ò�Þ and ß Û ß Ý ÒàÞ . Sinceä Ý ß Þ Û ä�ò¯ó�ô , (1.6)holdsif

� á ×Ø Úä�ò¯ó�ô �(2.4)

Wenow verify that(1.5)holds.
Let ÑÒ Ó�Ò

, ÑÚ Û Ú�Ý ÑÒ�Þ , and Ñß Û ß Ý ÑÒàÞ . If ÑÚ�á Ú , then (1.5) holds for all ×Ø é
	
sinceä Ý ß Þ Û ä�ò¯ó�ô . If ä Ý Ñß Þ Û ä�ò¯ó�ô then(2.3) impliesthat(1.5)holdsfor all ×Ø é�	

. Theremainingcase
is ÑÚ ç Ú and ä Ý Ñß Þèç ä Ý ß Þ Û ä�ò¯ó�ô . In thatcase(1.5)holdsfor

×Ø á ëHõ�ö ä Ý Ñß Þ;î ä�ò¯ó�ôÑÚ î Ú(2.5)

wheretheminimumis takenoverall ÑÒÖÓÜÕ suchthat ÑÚ ç Ú and ä Ý ß Þ å ä Ý Ñß Þ .
Combining(2.4)and(2.5)weseethattheboundon � is

� á Úäuò¨ó�ô ëHõ�ö ä Ý Ñß Þ;î ä�ò¯ó�ôÑÚ î Ú �(2.6)

2.1.1. Local Clustering. In this sectionwe discusssomeconsequencesof Lemma2.2 that
show how, if thereis a singleglobal minimizer, the subdivisionsbecomerefinednearthat mini-
mizerasthesweepsprogress.We let

Õ ô bethestateof DIRECTafter � sweeps.We will quantify
theprogressto optimality in termsof theminimumvalueof ä in the ��
�� sweep

ä ôò¨ó´ô Û ë�õ�öøsùoú � ä Ý ß Ý Ò�ÞzÞ �
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Theminimumis attainedon thenon-emptyset������ ��������� ���! �"$#&%�# �('�'$� ")��*� �,+.-
Let / � � 0214357698;:<�= : volume

# �('>-(2.7)

Let ? � �@���A� ����*� �  volume
# �('(� / � +.-(2.8)

Thehyperrectanglesin
? �

aretheonesthatLemma2.2 identifiesaspotentiallyoptimal.
The hyperrectanglesandtheir centerscanclusterin oneof threeways. The numberof hy-

perrectanglesin
? �

canincrease,
/ � candecrease,or the

" ��*� � candecrease.However, thesethree
thingsneednot happensimultaneouslyin a singlesweep.OurclusteringresultTheorem2.3char-
acterizeshow at leastoneof thethreemodesof clusteringmustoccurin eachsweep.

THEOREM 2.3. For all B every �A� ? �
is potentiallyoptimalwhile (2.4)holds.Moreover, at

leastoneof " �DC�E�*� �GF " ���� �IH(2.9) / �JC�ELK / �NM�O H(2.10)

or  � �DC�E�*� �  .PQ � ��*� �  H(2.11)

holds.
Proof.

/ �DC�E P / �7M;O impliesthat
")�JC�E��� � is attainedin a hyperrectanglethatis not theresultof a

subdivision of any memberof
? �

. Henceeither
" �DC�E��� � F " ��*� � or theminimumvalueis thesame

anda new hyperrectanglewith the minimum value
")�DC�E�*� � � " ��*� � at the centerhasbeencreated.

Thiscompletestheproof.

2.2. Locally-biased Formulation. As one can seefrom the discussionabove, the density
of the subdivisionswill increaseneara global minimizer. However the costof a sweepcanbe
dominatedby globalsearch.

If oneknows thatonly a few globalminimaarepresent,biasingthesearchmoretowardlocal
improvementcanreducethecostof a sweepandmorerapidly identify theglobalminimum.Such
a modificationis likely to bemoreusefulfor small R , asfor larger R morework will beneeded
in theglobalsearchevento explorethedesignspaceatacoarselevel [1,2].

A globally-biasedversionof direct,calledaggressiveDIRECT, wasproposedin [1]. In that
approachthepotentialoptimality conditionis abandonedandthehyperrectangleswith thelowest
functionvaluein eachgroupareall subdivided.

Theformulationfrom [8] differsfrom thatin [13,14] in that thehyperrectanglesaregrouped
by SUT andat mostonehyperrectanglefrom eachgroupis subdivided,evenif therearemorethan
onepotentiallyoptimalhyperrectanglein someof thegroups.Thefirst of thesedifferencesreduces
the numberof groupsandthe secondreducesthe numberof divisionswithin a group. The idea
is that the overall numberof divisionswill be reducedandthat mostof this reductionwill be in
the large hyperrectanglesthat arenot nearthe global optimum. We will refer to this methodas
DIRECT-l.
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We will illustratethe performanceadvantagesof DIRECT-l for small problemswith only a
few globalminimain V 3. We closethis sectionby showing that theconclusionsof Theorem2.3
alsohold for DIRECT-l.

COROLLARY 2.4. For all W every X�Y[Z]\ is potentiallyoptimalwhile (2.4)holds.Moreover,
at leastoneof (2.9), (2.10), or (2.11)holds.

Proof. In DIRECT-l only one X^Y_Z \ is selectedfor subdivision. This is theonly difference
from theproofof Theorem2.3.

3. Numerical Results. We comparetwo formulationsof DIRECT, the original formulation
from [14] andastronglylocally-biasedform. Thedifferencesin thealgorithmsaresummarizedin
Table3.1

TABLE 3.1
Two formulationsof DIRECT

Formulation DIRECT DIRECT-l` `ba `Ucd eDf,g,h eDf,g,h
Division all potentiallyoptimal hyper-

rectangles
onepotentiallyoptimalhyper-
rectangleateachlevel

SubdivisionOrder [14], pg169 [14], pg169

In table3.2welist thetestfunctionsweusedin ournumericalexperiments.Wegivethename
of thefunction,thedimensionof theproblem,thedomainover which thefunctionis defined,the
numberof globalminima(if known), andtheglobalminimalvalue.

The first seven problemswere taken from [7]. Theseproblemshave beenwidely usedto
compareglobaloptimizationalgorithms[11,12,14]. Problemseightandninearefrom [18]. These
first ninetestproblemswereusedin [14] to testtheoriginal implementationof DIRECT.

Problems10-17weregivenat theSecondInternationalContestonEvolutionaryOptimization
[12]. Theseproblemsaremoredifficult, both becausethey have more local minima andmore
variables.

3.1. Termination Based on the Global Minimum. In table3.3wereportontheperformance
of the two variantsof DIRECT usingthe terminationcriterionfrom [14], which usesknowledge
of theglobalminimun.Let iDj�k�lnmpoqk betheknown globalminimal functionvalueanddenoteby iDr�s \
thebestfunctionvaluefoundby DIRECT. Wecanthendefinethepercenterror t as

tvu w xzy�{�| g x&}&~ ������~� x&}z~ ������~ ��� i4jqk�lnmpoqk��u f �� i4r*s \!� iDjqk�lnmpoqk�� � i4jqk�lnmpoqkUu f �
andterminatetheiterationsoncet is lowerthan eDf g.� or over20000functionevaluationshavebeen
completedat theendof asweep.

For theproblemsfrom Dixon et.al.[7] andYao[18] boththeoriginalDIRECTandourmodi-
ficationfind anacceptablesolution.Notethatourmodificationalwaysneedslessfunctionevalua-
tions,significantlylessfor problems5 through9.
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TABLE 3.2
TestProblems

# Name � � Globalminima
number functionvalue

1 Branin 2 �������9�D�����G���I�J�4�4� 3 0.398
2 Shekel-5 4 ���I�9�D����� 1 -10.153
3 Shekel-7 4 ���I�9�D��� � 1 -10.403
4 Shekel-10 4 ���I�9�D��� � 1 -10.536
5 Hartman-3 3 ���I�9�9��  1 -3.863
6 Hartman-6 6 ���I�9�9��¡ 1 -3.322
7 Goldprice 2 ���£¢��¤¢¥�§¦ 1 3.000
8 Sixhump 2 ���£¨I�©¨����G����¢��ª¢¥� 2 -1.032
9 Shubert 2 �����J�I�J�D��� ¦ 18 -186.831

10 Michalewicz 5 ���I�9�D���§« -4.640
11 Michalewicz 10 ���I�J�D���­¬�® -9.030
12 OddSquare 5 �����4¯��¤�¥¯°� « -0.898
13 OddSquare 10 ���£�¥¯��ª�¥¯°�­¬�® -0.772
14 ModifiedShekel 5 �����J�I�J�D��� « -10.400
15 ModifiedShekel 10 ���±�D�I�9�D��� ¬�® -10.200
16 ModifiedLangerman 5 ���I�9�D��� « -0.964
17 ModifiedLangerman 10 ���I�J�D���­¬�® -0.513

Theproblemsfrom theSecondInternationalContestonEvolutionaryOptimizationaremuch
morechallenging. Both the original DIRECT andour modificationfind an acceptablesolution
within 20000functionevaluationonly twice. Bothsolveproblem14, thelowerdimensionalmod-
ified Shekel problem,with theoriginalDIRECTalgorithmneedinglessfunctionevaluations.Our
modificationcansolve problem10, the lower dimensionalMichalewicz problem,with very few
function evaluations. The original DIRECT doesnot find an acceptablesolutionwithin 20000
functionevaluations,but cansolve the10dimensionalmodifiedLangermanproblem.

Theseresultsemphasizeour earlierobservations.Our modificationshouldbeusedfor lower
dimensionalproblems,which do not have too many local andglobal minima. The original DI-
RECTseemsto bethebetterchoicefor higherdimensionalproblems,at leastwhenthetermination
criterionis basedon thedifferencefrom theglobalminimumfunctionvalue.
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TABLE 3.3
Numericalresultswith percentageterminationcriteria.

# ² DIRECT DIRECTm
f-eval. ³ f-eval. ³

1 2 195 0.98D-05 159 0.98D-05
2 4 155 0.84D-04 147 0.84D-04
3 4 145 0.93D-04 141 0.93D-04
4 4 145 0.97D-04 139 0.97D-04
5 3 199 0.85D-04 111 0.85D-04
6 6 571 0.89D-04 295 0.89D-04
7 2 191 0.30D-04 115 0.30D-04
8 2 277 0.48D-05 191 0.48D-05
9 2 2967 0.50D-04 2043 0.50D-04

10 5 20003 0.50D-01 1037 0.69D-05
11 10 20001 0.26D+00 20001 0.30D+00
12 5 20061 0.49D+00 20005 0.86D+00
13 10 20045 0.98D+00 20007 0.98D+00
14 5 909 0.21D-04 1067 0.21D-04
15 10 20019 0.86D+00 20001 0.86D+00
16 5 20001 0.47D+00 20009 0.47D+00
17 10 11507 0.54D-06 20011 0.72D+00
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3.2. Termination on a Budget. In table3.4we show theresultswhenwe givebothmethods
abudgetof 100functionevaluations.Weimplementthisby examinationof thenumberof function
evaluationscompletedaftereachsweepandterminatetheoptimizationwhenthebudgethasbeen
exhausted.Sincesweepsarenot stoppedbeforecompletion,the numberof functionevaluations
will exceedthebudget.Thiskind of terminationcriterionis whatwouldbeusedin practice.

Theresultsof bothversionsof DIRECTarenearlyidenticalfor problems2 - 4, 8 - 15and17.
This is consistentwith theresultswith thepercentageterminationcriteriashown in table3.3.

For problems1, 5-7 and16, our modificationfindssignificantlybetterpointswith aboutthe
samenumberof functionevaluationsastheoriginalDIRECTalgorithm.This is especiallytruefor
problem5, wheretheresultof DIRECT-l is muchbetterthanthesolutionof theoriginalDIRECT
algorithm.Notethat for all problemsDIRECT-l findsa bettersolutionthantheoriginal DIRECT
algorithmwith aboutthesamenumberof functionevaluations.

TABLE 3.4
Numericalresultswith a budgetof 100functionevaluations

# ´ DIRECT DIRECT-l
f-eval. µ f-eval. µ

1 2 117 0.84D-03 103 0.39D-03
2 4 103 0.59D-02 107 0.59D-02
3 4 107 0.58D-02 101 0.58D-02
4 4 107 0.56D-02 117 0.41D-02
5 3 113 0.15D-02 111 0.85D-04
6 6 101 0.27D+00 109 0.23D-01
7 2 101 0.25D-02 101 0.27D-03
8 2 113 0.22D-01 111 0.16D-01
9 2 101 0.83D+00 103 0.82D+00

10 5 123 0.61D+00 107 0.55D+00
11 10 119 0.83D+00 101 0.64D+00
12 5 127 0.98D+00 105 0.98D+00
13 10 141 0.98D+00 107 0.98D+00
14 5 115 0.85D+00 105 0.84D+00
15 10 123 0.96D+00 121 0.96D+00
16 5 105 0.72D+00 119 0.47D+00
17 10 141 0.10D+01 107 0.10D+01

4. Conclusion. DIRECT-l is a modificationof the DIRECT [14] algorithmthat biasesthe
searchtowardexplorationnearlocal minimia. The algorithmwasdesignedfor low-dimensional
problemswith only a few globalminima.Our experimentalresultsshow thatDIRECT-l performs
well for suchproblemsandparticularlywell whenterminationis basedonalow budgetof function
evaluations.

Acknowledgments. Theauthorsaregratefulto RichardCarter, Evin Cramer, DonJones,and
LayneWatsonfor sharingtheir insightson theperformanceandimplementationof DIRECT.
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