A LOCALLY-BIASED FORM OF THE DIRECT ALGORITHM *
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Abstract. In this paperwe proposea form of the DIRECT algorithmthatis stronglybiasedtoward local search.
This form shoulddo well for small problemswith a single global minimizerandonly a few local minimizers. We
motivate our formulationwith someresultson how the original formulation of the DIRECT algorithm clustersits
searcmearaglobalminimizer We reportontheperformancef our algorithmon a suiteof testproblemsandobsene
thatthe algorithmperformsparticularlywell whenterminationis basedbn a budgetof functionevaluations.
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1. Introduction. TheDIRECT (DIviding RECTangles)algorithm[13,14] is a patternsearch
method(in the senseof [17]) that balancedocal and global searchin a attemptto efficiently
find a global optimizer Otherdeterministicsamplingmethodssuchasimplicit filtering [9, 15],
MDS [6], Hooke-Jeges[10], or NelderMead[16], drive anapproximategradientto zeroandare
notdesignedor globalsearch DIRECT, ontheotherhand,is designedo completelyexplorethe
variablespace even after one or morelocal minimahave beenidentified. This featurehaseven
beenexploitedto generatenitial iteratesfor othersamplingmethodq3].

In this paperwe proposea form of the DIRECT algorithmthatis more biasedtoward local
search.This form shoulddo well for small problemswith a singleglobal minimizerandonly a
few local minimizers.We motivateour formulationwith someresultson how the original formu-
lation of the DIRECT algorithmclustersts searchneara globalminimizer. We thenillustratethe
performancef the new approacton a setof testproblems.

We considebound-constraineglobal optimizationproblems

(1.2) min f(z)
whereQ) ¢ RY is a hyperrectangle DIRECT'’s performancds independenof the scalingof
andproblemsaretypically scaledsothat

(1.2) Q={z|z, €[0,1]}.

Herez; is theith componenbf thevectorz.

The algorithmbegins with a singlehyperrectangl€) and,at eachsweep,updatesa setS of
hyperrectangleby dividing someof its membersEachhyperrectanglé € S hassidelength3~
(longdirections)or 3~!~! (shortdirections)for somel > 0 and f hasbeenevaluatedatthe center
Thedecisionto divide S is basednits sizeandthevalueof f atthecenter WhenS is divided, f
is first evaluatedat pointsmidway (alongthe long coordinatedirections)betweerthe centerc and
theboundaryof S. S is dividedinto threepartsalongthelong coordinatedirectioncorresponding
to the smallestfunctionvaluein the stencil. The subrectangleontaininge is divided againalong
the long coordinatedirection correspondingo the secondsmallestfunction valuein the stencil.
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This processcontinuesuntil eachpoint in the stencilis the centerof a newv hyperrectangleThe
rule for tie-breakings notimportantandwe usethe orderof the coordinates.

Theformulationin [13,14] begins by evaluating f atthe centerof 2 anddividing 2 accord-
ing to the rule describedabove. The new setS consistsof the small hyperrectanglethat came
from thatdivision. The new hyperrectangleareidentifiedwith their centers. Any or all of the
hyperrectanglemay be divided againif thevalueof f at the centeris sufficiently small relatve
to the size of the hyperrectangleThe algorithmcontinuesn this way, alwaysdividing basedon
thefunctionvalueandthessizeof a hyperrectangleyntil a givenbudgetof functionevaluationss
exhausted.

Thedescriptiongivenabove needgo be expandedor our purposesAny hyperrectanglavill
be dividedalonga sideof maximumlength. Henceif thelongestsidehaslength3—!, the shortest
sidewill atleastof length3—!~1. We sayarectanglehaslevel if thelengthof thelongestsideis
37, A rectangleof level [ is atstage 0 < p < N — 1 (i. e. is theresultof p subdvisionsof acube
of sidelength3~!) if N — p sideshave length3~! andp have length3—!1.

The formulationin [13,14] groupsrectangledy level and stageby groupingall hyperrect-
angleshaving the samediameter The /2 diameterof a hyperrectanglavith level [ and stagep
is

1/2
d(l,p) = (22_132” + Zg_p+l321) = 374N —8p/9)'/2.

So, after L sweep=f DIRECT, hyperrectanglewith at most NV L differentdiametershave been
created.

Theimplementationin [8] groupshyperrectangleby the [* diameteri. e. thelengthof the
longestside. This groupinghasfewer groupsand,therefore biaseshe searchmoretowardlocal
exploration neargood points ratherthan global searchin regions of €2 that have beensampled
sparsely The purposeof this paperis to motivate that variation of DIRECT and illustrate its
performancdy numericalexamples.

Theresultsin this paperapplyto both methodsof cateyorizing hyperrectangledf we group
by 1?2 diametemwe definethe sizeof a hyperrectanglaith level andstagel andp as

(1.3) o2 =d(l,p)/2,
andif we groupby (> we definethesizeas
(1.4) 00 = 374/2.

Thetwo modesof groupingcanbedescribedasgroupingby size.

A hyperrectangleS’ with centerc = ¢(S) andsizeo = o(S) is potentiallyoptimalif there
is avalueof theLipschitzconstanof f thatis consistentvith the optimalpoint beinginsidethat
hyperrectanglandthe potentialimprovements nontriial.

Thefirst conditionmeanghatthereis K suchthat

(1.5) £(e) = Ko < min( £(e(3)) - Ko($)),

S

wheretheminimumis takenover all hyperrectangleS. Thereis asimpleandefficientway to test
for (1.5)[14]. For the purposeof this paperit sufficesto point out thatif a hyperrectanglevith
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centerc andsizeo satisfieq1.5), thenno rectanglewith the samesizecanhave alower function
valueatthecenteri. e.
fle)= _min f(c(S)).

{S|o(S)=0}
Thepotentialimprovements nontrivial if
(16) f(C) - f(o' S fmm - €|fmin‘7

whereK alsosatisfie1.5). In (1.6) ¢ is a parametein the algorithmand f,.;,, is the minimum
valueof f foundsofarin theiteration,

Therole of theparametee is to avoid oversamplinghearpointswith low functionvaluesandbias
the samplingtoward global search.Sucha biasis importantif therearemary local minimaor N
is large. Valuesof € € [1077,103] arereportedto work well in [14] and

(1.7) e = max(10~*| fruin|, 107%)

is recommendedh [13].

A sweepof DIRECT identifiesthe potentially optimal hyperrectanglegrom the previous
sweepandthendivideseachof themonce. Thena new setof potentially optimal hyperrectan-
glesis identified. Both the DIRECT algorithmfrom [13,14] andthe locally biasedversionare
sequencesf thesesweeps.

Thereis little corvergencetheory for DIRECT beyond the obsenation from [14] that the
searchwill eventuallysamplearbitrarily nearevery pointin €2. The methodhasbeenappliedto
optimaldesignof gaspipelines[3-5] andaerospacengineeringl, 2] andseemgo performwell,
especiallyin the early stagesof anoptimization.

In this paperwe quantify how the subdvisionsclusterneara global minimizer andusethis
resultto motivate an alternatve versionof DIRECT [8], which is differentfrom thatin [13,14]
in thate = 0, the/* normis usedto form the groups,andat mostonehyperrectanglérom each
groupis subdvided,evenif therearemorethanonepotentiallyoptimalhyperrectanglen agroup.

2. Local Clustering.

2.1. Elementary Propertiesof DIRECT. ThestateS of DIRECT is the setof all hyperrect-
anglesat a given sweepof the optimization. If S is the stateof DIRECT, two specialclassef
hyperrectangleareguaranteedo be potentiallyoptimal.

LEMMA 2.1. If S € § hasmaximalsizeand f(c(S)) hasthe smallestvalueamongcentes of
hyperectanglesn S of maximalsize i. e.

(2.1) o(S) = maxo(S) andf(c(S)) =~ min f(c(5))
Ses 5€8,0(8)=0(S)
thenS satisfieq1.5).
Proof. .
Leto = o(S) andc = ¢(S). Wewill find K suchthat

(2.2) f(e) = Ko < f(c(S)) — Ko(8)
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for all S € S. Thiswill imply (1.5)for K sufficiently large. Increasingk if neededill imply
(1.6),andhencepotentialoptimality.

Now, letS € S, 6 = o(S), andé = ¢(S). By assumptios < o.

We considerthreecases.If 5 = o(S) = o then(2.1)impliesthat f(c) < f(c(S5)). Hence
(1.5) holdsfor ary K.

If 6 < o andf(c) < f(¢) then(1.5)alsoholdsfor ary K.

Finally, if 6 < o andf(c) > f(¢é), then(1.5)holdsfor ary

fle) - 1(©)

oO—0

R’Zmax

wherethe maximumis takenoverall S € S suchthaté < o andf(c) > f(é).

Hence(2.2) holdsfor sufiiciently large K andtheproofis completell

LEMMA 2.2. If f(c(S)) = fmin, thesmallestvalueat all thecentes,ando(.S) is thelargest
amongall rectangledavingthe samevalueat thecenteri. e.

A~ ~

(2.3) f(e(8)) = I;leigf(C(S)) ando(S) = ses X a(55)

thens$ is potentiallyoptimalif € is suficientlysmall.
Proof. As beforeweleto = ¢(S) andc = ¢(S). Sincef(c) = fin, (1.6) holdsif

Ko
fmin.

(2.4) €<

We now verify that(1.5) holds.

LetS € S, 6 = o(S), andé = ¢(S). If 6 < o, then(1.5) holdsfor all K > 0 since
£(€) = fonin- If f(€) = frmin then(2.3)impliesthat(1.5) holdsfor all X > 0. Theremainingcase
isé > oandf(¢) > f(¢) = fmin- In thatcase(1.5) holdsfor

oc—o0

(2.5) K < min

wheretheminimumis takenoverall S € S suchthats > o andf(c) < f(¢).
Combining(2.4) and(2.5) we seethattheboundone is

(2.6) €< 7 min f(éA) — fmm
fmin 0O—0

a

2.1.1. Local Clustering. In this sectionwe discusssomeconsequencesf LemmaZ2.2 that
shaw how, if thereis a singleglobal minimizer, the subdvisionsbecomerefinednearthat mini-
mizerasthe sweepgprogressWe let S,, bethe stateof DIRECT aftern sweepsWe will quantify
the progresdo optimality in termsof theminimumvalueof f in thenth sweep

= min f(c(S5)).

min SESn
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Theminimumis attainedon the non-emptyset

Let

(2.7) Uy = Sr&aﬁfin volumg(S).

Let

(2.8) T ={S €S, |volumgs) =v,}.

Thehyperrectanglem 7" aretheonesthatLemma2.2identifiesaspotentiallyoptimal.

The hyperrectangleandtheir centerscan clusterin one of threeways. The numberof hy-
perrectanglesy 7™ canincreasey, candecreaseor the f. candecreaseHowever, thesethree
thingsneednot happersimultaneouslyn a singlesweep.Our clusteringresultTheorem2.3char
acterizehow atleastoneof thethreemodesof clusteringmustoccurin eachsweep.

THEOREM 2.3. For all n everyS € 7" is potentiallyoptimalwhile (2.4) holds.Moreover, at
leastoneof

(2.9) Frn < Fovin
(2.10) Un1 < Un/3,
or

(2.11) St | > |Shuinl,
holds.

Proof. v, 1 > v,/3 impliesthat f*!! is attainedn a hyperrectangléhatis nottheresultof a
subdvision of any memberof 7. Henceeither f1! < f". or theminimumvalueis the same
anda new hyperrectanglevith the minimumvalue f*f! = f»_ at the centerhasbeencreated.

This completeghe proof.0

2.2. Locally-biased Formulation. As one canseefrom the discussionabove, the density
of the subdvisionswill increaseneara global minimizer. However the costof a sweepcanbe
dominatedoy globalsearch.

If oneknowsthatonly afew globalminimaarepresentpiasingthe searchmoretowardlocal
improvementcanreducethe costof a sweepandmorerapidly identify the globalminimum. Such
amodificationis likely to be moreusefulfor small N, asfor larger N morework will be needed
in theglobalsearchevento explorethe designspaceata coarsdevel [1,2].

A globally-biasedrersionof direct, calledaggressiveDIRECT, wasproposedn [1]. In that
approachthe potentialoptimality conditionis abandone@ndthe hyperrectanglewith the lowest
functionvaluein eachgroupareall subdvided.

Theformulationfrom [8] differsfrom thatin [13,14] in thatthe hyperrectanglearegrouped
by 0., andat mostonehyperrectanglérom eachgroupis subdvided,evenif therearemorethan
onepotentiallyoptimalhyperrectangléen someof thegroups.Thefirst of thesedifferenceseduces
the numberof groupsandthe secondreduceghe numberof divisionswithin a group. Theidea
is thatthe overall numberof divisionswill be reducedandthat mostof this reductionwill bein
the large hyperrectanglethat are not nearthe global optimum. We will referto this methodas
DIRECTI.



We will illustratethe performanceadvantagef DIRECT-| for small problemswith only a
few globalminimain § 3. We closethis sectionby shaving thatthe conclusionf Theorem2.3
alsoholdfor DIRECT.

COROLLARY 2.4. For all n every S € T™ is potentiallyoptimalwhile (2.4) holds.Moreover,
atleastoneof (2.9), (2.10) or (2.11)holds.

Proof. In DIRECT only oneS € 7™ is selectedor subdvision. Thisis the only difference
from the proof of Theoren2.3.0

3. Numerical Results. We comparetwo formulationsof DIRECT, the original formulation
from [14] anda stronglylocally-biasedorm. Thedifferencesn thealgorithmsaresummarizedn
Table3.1

TaBLE 3.1
Two formulationsof DIRECT
Formulation DIRECT DIRECT
o 09 O
€ 1073 1073
Division all potentially optimal hyper | onepotentiallyoptimalhyper
rectangles rectangleateachlevel
SubdvisionOrder | [14], pg 169 [14], pg 169

In table3.2we list thetestfunctionswe usedin our numericalexperimentsWe givethename
of the function, the dimensionof the problem,the domainover which the functionis defined the
numberof globalminima(if known), andthe globalminimal value.

The first seven problemswere taken from [7]. Theseproblemshave beenwidely usedto
compareglobaloptimizationalgorithmg[11,12,14]. Problemsightandninearefrom[18]. These
first ninetestproblemswereusedin [14] to testthe original implementatiorof DIRECT.

Problemsl0-17weregivenatthe SecondnternationalContesion EvolutionaryOptimization
[12]. Theseproblemsare more difficult, both becausehey have more local minima and more
variables.

3.1. Termination Based on the Global Minimum. In table3.3wereportontheperformance
of thetwo variantsof DIRECT usingthe terminationcriterion from [14], which usesknowledge
of theglobalminimun. Let f,,; betheknown globalminimalfunctionvalueanddenoteby f:»
thebestfunctionvaluefoundby DIRECT. We canthendefinethe percenterrorp as

|fglobal|

p _ { fmin_fglobal’ fgloba,l ?é 0,
(fmm - fglobal)a fglobal = 07

andterminatetheiterationsoncep is lowerthan10—* or over 20000functionevaluationshave been
completechttheendof asweep.

For theproblemdrom Dixon et.al.[7] andYao[18] boththe original DIRECT andour modi-
ficationfind anacceptablasolution. Notethatour modificationalwaysneeddessfunctionevalua-
tions, significantlylessfor problems5 through9.
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TABLE 3.2
TestProblems

# Name N Q Globalminima
number functionvalue
1 Branin 2 [-5,10] x [0, 15] 3 0.398
2  Shelel-5 4 [0, 10]* 1 -10.153
3 Shelel-7 4 [0, 10]* 1 -10.403
4  Shelel-10 4 [0, 10]* 1 -10.536
5 Hartman-3 3 [0,1]? 1 -3.863
6 Hartman-6 6 [0,1]¢ 1 -3.322
7 Goldprice 2 [—2,2]? 1 3.000
8 Sixhump 2 [-3,3] x[-2,2] 2 -1.032
9 Shubert 2 [—10, 10]? 18 -186.831
10 Michalewicz 5 [0, 10]° -4.640
11 Michalewicz 10 [0,10]" -9.030
12 OddSquare 5 [—5m, 5 )° -0.898
13 OddSquare 10  [-5m, 570 -0.772
14 Modified Shelel 5 [~10, 10]° -10.400
15 Modified Shelel 10 [—10,10]* -10.200
16 Modified Langerman| 5 [0,10)° -0.964
17 Modified Langerman 10 [0, 10]"° -0.513

The problemsrom the SecondnternationalConteston EvolutionaryOptimizationaremuch
more challenging. Both the original DIRECT and our modificationfind an acceptablesolution
within 20000functionevaluationonly twice. Both solve problem14, the lower dimensionamod-
ified Shelel problem,with theoriginal DIRECT algorithmneedingessfunctionevaluations.Our
modificationcansolve problem10, the lower dimensionaMichalewicz problem,with very few
function evaluations. The original DIRECT doesnot find an acceptablesolution within 20000
functionevaluationsput cansolve the 10 dimensionamodifiedLangermarproblem.

Theseresultsemphasizeur earlierobsenations. Our modificationshouldbe usedfor lower
dimensionalproblems,which do not have too mary local and global minima. The original DI-
RECTseemdo bethebetterchoicefor higherdimensionaproblemsatleastwhenthetermination
criterionis basedn the differencefrom the globalminimumfunctionvalue.



TABLE 3.3

Numericalresultswith percentaye terminationcriteria.

H*

N

DIRECT

f-eval.

p

DIRECTm

f-eval.

p

195
155
145
145
199
571
191

0.98D-05
0.84D-04
0.93D-04
0.97D-04
0.85D-04
0.89D-04
0.30D-04

159
147
141
139
111
295
115

0.98D-05
0.84D-04
0.93D-04
0.97D-04
0.85D-04
0.89D-04
0.30D-04

O oONO O~ WN P

277
2967

0.48D-05
0.50D-04

191
2043

0.48D-05
0.50D-04

PR RRPRPRRRP R
NoOo U WNREO

= = = =
BugoaogoabuadvdyppvowsdAN

20003
20001
20061
20045
909
20019
20001
11507

0.50D-01
0.26D+00
0.49D+00
0.98D+00
0.21D-04
0.86D+00
0.47D+00
0.54D-06

1037
20001
20005
20007
1067
20001
20009
20011

0.69D-05
0.30D+00
0.86D+00
0.98D+00
0.21D-04
0.86D+00
0.47D+00
0.72D+00



3.2. Termination on a Budget. In table3.4we show theresultswhenwe give bothmethods
abudgetof 100functionevaluations We implementhis by examinationof thenumberof function
evaluationscompletedafter eachsweepandterminatethe optimizationwhenthe budgethasbeen
exhausted.Sincesweepsare not stoppedoeforecompletion,the numberof function evaluations
will exceedthe budget.This kind of terminationcriterionis whatwould be usedin practice.

Theresultsof bothversionsof DIRECT arenearlyidenticalfor problems2 - 4,8 - 15and17.
Thisis consistentvith theresultswith the percentagéerminationcriteriashavnin table3.3.

For problemsl, 5-7 and 16, our modificationfinds significantlybetterpointswith aboutthe
samenumberof functionevaluationsastheoriginal DIRECT algorithm.Thisis especiallytruefor
problem5, wheretheresultof DIRECT-I is muchbetterthanthe solutionof the original DIRECT
algorithm. Notethatfor all problemsDIRECT-I finds a bettersolutionthanthe original DIRECT
algorithmwith aboutthe samenumberof functionevaluations.

TABLE 3.4
Numericalresultswith a budget of 100functionevaluations
# N DIRECT DIRECTI
f-eval. P f-eval. P

1 2 117 0.84D-03 103 0.39D-03
2 4 103 0.59D-02 107 0.59D-02
3 4 107 0.58D-02 101 0.58D-02
4 4 107 0.56D-02 117 0.41D-02
5 3 113 0.15D-02 111 0.85D-04
6 6 101 0.27D+00 109 0.23D-01
7 2 101 0.25D-02 101 0.27D-03
8 2 113 0.22D-01 111 0.16D-01
9 2 101 0.83D+00 103 0.82D+00
10 5 123 0.61D+00 107 0.55D+00
11 10 119 0.83D+00 101 0.64D+00
12 5 127 0.98D+00 105 0.98D+00
13 10 141 0.98D+00 107 0.98D+00
14 5 115 0.85D+00 105 0.84D+00
15 10 123 0.96D+00 121 0.96D+00
16 5 105 0.72D+00 119 0.47D+00
17 10 141 0.10D+01 107 0.10D+01

4. Conclusion. DIRECTI is a modificationof the DIRECT [14] algorithmthat biasesthe
searchtoward explorationnearlocal minimia. The algorithmwasdesignedor low-dimensional
problemswith only a few globalminima. Our experimentakesultsshav thatDIRECT-| performs
well for suchproblemsandparticularlywell whenterminationis basednalow budgetof function
evaluations.
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