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Abstract. In the field of nondestructive evaluation, new and improved techniques are constantly
being sought to facilitate the detection of hidden corrosion and flaws in structures such as airplanes
and pipelines. In this paper, we explore the feasibility of detecting such damages by application of
an eddy current based technique coupled with reduced order modeling.

We begin by developing a model for a specific eddy current method in which we make some
simplifying assumptions reducing the three-dimensional problem to a two-dimensional problem. (We
do this for proof-of-concept.) Theoretical results are then presented which establish the existence and
uniqueness of solutions as well as continuous dependence of the solutions on the parameters which
represent the damage. We further discuss theoretical issues concerning the least squares parameter
estimation problem used in identifying the geometry of the damage.

To solve the identification problem, an optimization algorithm is employed which requires solving
the forward problem numerous times. To implement these methods in a practical setting, the forward
algorithm must be solved with extremely fast and accurate solution methods. In constructing
these computational methods, we employ reduced order Proper Orthogonal Decomposition (POD)
techniques. This approach permits one to create a set of basis elements spanning a data set consisting
of either numerical simulations or experimental data. We discuss two different algorithms for forming
the POD approximations, a POD/Galerkin technique and a POD /Interpolation technique.

Finally, results of the inverse problem associated with damage detection are given using
both simulated data with relative noise added as well as experimental data obtained using a
giant magnetoresistive (GMR) sensor. The experimental results are based on successfully using
experimental data to form the POD basis elements (instead of numerical simulations), thus
illustrating the effectiveness of this method on a wide range of applications. In both instances
the methods are found to be efficient and robust. Moreover, the methods were fast; our findings
demonstrate a significant reduction in computational time.

1. Introduction

Nondestructive evaluation (NDE) is the process of examining a material or article without
impairing its future usefulness. NDE is sometimes referred to as nondestructive testing (NDT)
or nondestructive inspection (NDI), although there may be subtle differences in their definitions
depending on the author. For the purposes of this paper, however, we will use the terminology
interchangeably.

The process of examining a material using nondestructive evaluation techniques is not new but
is becoming increasingly important as technology continually advances. According to the American
Society of Nondestructive Testing, the term NDT includes many methods that can: (i) detect
internal or external imperfections, (ii) determine structure, composition, or material properties, or
(iii) measure geometric characteristics. Some typical structures or products inspected through the
use of NDE technology are components of airplanes, motor vehicles, pipelines, bridges, trains, and
power stations.

Nondestructive evaluation techniques can be broken down into seven main categories: (i)
visual inspection, (ii) liquid penetration inspection, (iii) radiography and radiation testing, (iv)
electromagnetic testing, (v) acoustic emission monitoring, (vi) magnetic methods, and (vii)
ultrasonic testing. Each of these categories is broad, containing within them several specific testing
techniques. The choice of an appropriate NDE technique depends on the specific application. We
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will not go into detail on the benefits and limitations of each method, but will instead refer the
reader to [8, 9, 18, 20, 38, 40] for a thorough discussion. In this paper, we will focus only on a
particular electromagnetic testing method, called the eddy current method.

Eddy currents are currents found in any conducting material which is subjected to a time-
varying magnetic field. They are useful for NDE purposes, because if a flaw is present within a
conducting material, the flow of the eddy currents will be disrupted in some manner. From this
disruption, and its effect on the magnetic flux density, one can often discern information about the
damage or defect within the material. A thorough analysis of eddy currents and their behavior can
be found in [44].

Since eddy currents are only found in a conducting material, the use of eddy current methods for
interrogation is limited; however, these methods have been proven extremely useful when examining
pipeline structures and aging aircrafts. There are many devices and eddy current techniques in use
today including the self-nulling eddy current probe [49] along with conformal mapping techniques
[50], the magneto-optic/eddy current imager [16, 45] in conjunction with eddy current imaging
(17, 19], the SQUID (Superconducting Quantum Interference Device) through the use of either
injected current methods or induced eddy current methods [11, 13, 22, 37, 39, 48] and the GMR
(Giant Magnetoresistive) sensor based on the self-nulling probe design [51, 52]. Each of these
instruments have unique features, making some instruments easier to use than others or more
practical depending on the circumstances. Some of the instruments provide images of the damage,
while others provide quantitative data. In this paper, we investigate computational methods for the
estimation of a damage or flaw within a material using quantitative data taken by an appropriate
instrument. In some cases, instruments providing images of the damage may give us valuable a
priort information about the defect, allowing us to obtain a more accurate estimate of the damage.

Damage detection is quite naturally formulated in the context of inverse problems; in the case
of electromagnetic probes these involve Maxwell’s equations at some level. Consequently one can
anticipate computational algorithms that are time and computer memory intensive. Motivated
by goals of on-line, real-time algorithms to be used in portable testing devices, one is led to
reduced order computational ideas. In an earlier paper [4] (see also [3]), we suggested techniques
based on Proper Orthogonal Decomposition (also called Principal Component Analysis) methods
and gave some initial computational results based on numerical simulations for one-dimensional
damages which suggested significant potential for such an approach. In this paper we continue our
investigations, providing theoretical foundations for the proposed approach along with a summary
of extensive tests using numerical simulations for one-dimensional and two-dimensional damages.
Moreover, we provide a summary of our efforts and results in using the reduced order algorithms
with data from subsurface damage experiments designed and carried out specifically to test the
efficacy of our proposed approach.

We first analyze a specific implementation of the eddy current method and develop a model
describing the behavior of the magnetic flux density as a relationship to the total current. As a
consequence, we will be able to obtain information about the damage from the relationship between
the disruption in the eddy current and the resulting magnetic flux density.
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2. Model Formulation

As discussed in the previous section, eddy currents are currents found in any conducting material
subjected to some time-varying magnetic field and can be induced in a variety of ways. In this
paper, we limit our discussion to only one implementation: we examine the process of inducing
eddy currents within a sample by placing a thin conducting sheet carrying a uniform current above
the sample. The current within the sheet produces a magnetic field perpendicular to it that in
turn produces eddy currents within the sample. The presence of a flaw within the sample causes a
disruption in the flow of the eddy currents and this disruption manifests itself in the magnetic flux
density which can be measured by a device placed above the conducting sheet. A schematic of the
inspection process is shown in Figure 1.

By assuming uniformity in the direction of the current flow in the conducting sheet (labeled the
negative z direction, denoting the coordinate for the width of the sample in Figure 2), we are able to
reduce the three-dimensional setup described above to a two-dimensional problem in the xy plane,
where x denotes the coordinate of the length of the sample and y denotes the coordinate of the
thickness of the sample. We make this simplifying assumption for proof-of-concept, to illustrate the
feasibility of reconstructing the geometry of a damage. In addition, in order to disregard boundary
effects along the edges of the sample, we assume the sample and conducting sheet are infinitely long,
i.e., they are infinite in the z direction. If the conducting sheet and sample are not of infinite extent,
we have to take into account the discontinuities in the current flow at the boundaries. Furthermore,
the damage (which we shall refer to as a “crack”) is assumed to be rectangular in shape and centered
along the length of the sample (along the z direction) at x = 0.

Pjck-up coil of sensor

a s

Conducting Sheet

Sample Material Flaw

Figure 1. 3-D Schematic of Eddy Current Inspection Process

For computational purposes, we examine a finite “window” of the overall problem, which is
called the computational domain €2. In choosing the boundaries of the computational domain along
the length of the sample (z boundaries), we recall that the sample and conducting sheet are assumed
to be of infinite extent. Therefore, we can arbitrarily choose these boundaries by assigning evenly
symmetric boundary conditions to account for the infinite extent of the materials. However, since
the damage is centered along the length of the sample, we need to only consider half of the sample
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for computational purposes. The other half will behave in the same manner. Therefore, we choose
the left boundary to be located at the center of the crack in the x direction, labeled z = 0, with the
crack symmetric through the yz plane at x = 0, and the right boundary is chosen at z = 50mm. The
y boundaries, or top and bottom boundaries, are at y = —35mm and y = 35mm and are assumed
to be far enough away from the sample that the field is approximately zero at these boundaries.
Indeed, the magnetic flux density at a point is inversely proportional to the distance between the
source current and that point. Hence the field tends to zero as the distance from the source current
or conducting sheet increases. A schematic of the resulting two-dimensional problem is depicted in
Figure 2 where it is assumed that the sample (which is 20mm thick) is composed of aluminum and
the conducting sheet (which is 0.1mm thick) is made of copper. Thus the computational domain
which we will use for the purposes of developing the model can be explicitly defined by

Q={(z,9,2) € R : 0mm < x < 50mm, —35mm < y < 35mm}.

Conducting Sheet (Copper)

/ 50mm X
z — Sample (Aluminum)

B2

Figure 2. 2-D Schematic of Problem

We begin the development of the model by introducing a mathematical tool, called phasors,
which is typically used in the field of electromagnetic nondestructive evaluation whenever periodic
interrogating inputs are employed. As mentioned in the previous section, a conducting sheet (copper
in our example) carrying a uniform current is placed above the sample to induce eddy currents within
the sample. Without loss of generality, we assume the source current has the form

33 = J,cos(wt)k = J,Re(e™!)k

where J; is the magnitude of the source current. This current produces a magnetic field I:I(x, Y, 1)
described by Maxwell’s equations. As the magnetic field penetrates into the sample, a phase lag
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occurs due to the finite conductivity of the sample (aluminum in our example). In other words, the
magnetic field takes the form

H(z,y,t) = H(z, y)cos(wt + 0(z, y)), (1)
where I:I(:v, y) is a vector field quantity which keeps track of the magnitude and direction of H at
each point in space while 0(x,y) denotes the phase shift from the original cosine wave at the same
point in space (this term takes into account the depth of penetration). Since these are the quantities
of interest, we may use a vector phasor ([1, 10]), or a vector of complex numbers, H defined by

H(z,y,t) = Re(H(z,y)e"") = Im(H(z, y)e'“"*/?) (2)
which keeps track of only these quantities.

We then use Maxwell’s equations (they are the basis for all electromagnetic phenomena) in
phasor form as the basis for our derivation. Details on the derivation of Maxwell equations in
phasor form from Maxwell’s equations as derived from first principles (e.g., Coulomb’s law, the
Lorentz transformation and relativity theory - see [14]), can be found in [23]. We then have for the
basis of all the following derivations:

V-B=0, (3)

V-D=p, (4)

V x E = —iwB, (5)
and

VxH=J+iwD. (6)

We first make a couple of remarks regarding (3) - (6). To begin with, our system is considered to
be electrically neutral, i.e., the internal electric charge density p equals zero. Secondly, by examining
the conductivity, o, of aluminum and copper (o4 = 3.72 x 107S/m and 0., = 5.8 x 10°S/m
respectively) and by using Ohm’s law

J =0E, (7)
we can argue J =~ 107E. On the other hand, the constitutive law
D = ¢E, (8)

where € is the electric permittivity (e & €y & 55— x 1077 F/m), indicates D ~ 10~'°E. Therefore, for
the source frequencies we consider within the scope of this paper (f, = 60Hz - 2kHz), wD < 10 °E
where w = 27 f, is the angular frequency. Consequently, in the sample and conducting sheet
J >> wD which implies we could assume wD & 0 in both the sample and conducting sheet in
(6). In other words, the term wD is only significant in the air. Both the literature and the finite
element software employed in the computations (Ansoft Maxwell 2D Field Simulator) neglect the
displacement current density in the air as well [28, 29, 30, 31, 47]. In our initial computational efforts,
we formulated the problem both including as well as neglecting the displacement current density
and compared the corresponding solutions. Our findings agreed with the literature; there was no
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discernible change in the solution when the displacement current density was ignored. However, the
presence of this term does alter the theoretical results slightly (see Section 3) and for this reason,
we choose to include this term in the derivation of the model.

We use the Ansoft finite element solver ([1]) in our computational efforts; therefore, we continue
our derivation in the same manner as done in Ansoft by introducing a magnetic vector potential A.
Based upon (3) and vector null identities, B can be represented as the curl of a vector potential A
(called the magnetic vector potential),

B=V xA. 9)

Therefore, given the magnetic vector potential A, both the magnetic field H and magnetic flux
density B can be computed. Accordingly, we want to combine Maxwell’s equations to obtain
equations in conjunction with boundary conditions which completely determine the behavior of the
magnetic vector potential A in €.

Using the identity B =V x A in (5), we have

VXE=—-iw(VxA) or Vx(E+iwA)=0.

Again, using vector null identities, V x (E + iwA) = 0 implies E + iwA can be written as the
gradient of a scalar potential, denoted by ¢. As a result,

E = —iwA - V¢ (10)
Finally, we can use (6) and (10) in conjunction with Ohm’s law (7), the constitutive law given
by (8) and the constitutive law H = %B (1 is the magnetic permeability in H/m), to obtain

V X (iv X A) = (0 + iwe)(—iwA — Vo) Vz,y € Q. (11)

In the above equality, the right side represents the total current density made up of the source
current density, eddy current density, and displacement current density. The source current density
J, is due to differences in electric potential; therefore, J, is represented by the term —oV¢. The
term —iwo A represents the eddy current density J. produced by a time-varying magnetic field.
Finally, the displacement current density J; due to time-varying electric fields is given by the term
iwe(—iwA — Vo).

Since (11) contains two unknowns, A and ¢, we need an additional equation to uniquely
determine solutions of the system. In some instances, one is allowed to choose a “gauge” which
often decouples the above equation; however, based upon the geometry in our test problem, V-A = 0
is naturally imposed. This follows since the only nonzero component of A is Az, the component
of A in the z direction (the direction of the current density J). Therefore, V- A = 2 = 0 by
uniformity in the z direction. Indeed, this is the Coulomb gauge [21, pp. 221-222].

Since the Coulomb gauge is naturally imposed, it provides no additional information in our
problem. It is therefore necessary to use an integral constraint to obtain a second equation relating
the magnetic vector potential A to the scalar potential ¢, or more precisely V¢. For the integral
constraint, we take the relationship

I= /SJt ‘nda = /S(o + iwe)(—iwA — Vo) - nda (12)
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