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ABSTRACT

We establish well-posedness results for a model describing the propagation of
high-intensity electromagnetic waves in a nonlinear medium. The nonlinear ma-
terial properties are represented by a nonlinear polarization in the form of a
convolution. We also include some remarks on potential applications.

1 Introduction

In this paper we consider a time-domain model for the propagation of high-intensity electro-
magnetic waves (e.g., laser beams) in dielectric materials. This work is a continuation of the
e�orts in the monograph [1], where the authors investigated a similar model using the full
Maxwell's equations together with linear constitutive relations in a variational approach for
the propagation of microwaves through dielectric layers. The variational approach facilitates
the incorporation of antenna sources in the model and provides an approximate computation
of the electromagnetic transients like the Sommerfeld and Brillouin precursors. The mono-
graph [1] presents a one-dimensional model of planar pulsed microwaves incident on a slab
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of material and through studies of the forward and inverse problems provides a rigorous the-
oretical and computational basis for potential new electromagnetic interrogation techniques.
Our goal in this paper is to broaden the applicability of the results in [1] in the following
sense: the model in the monograph contains a linear constitutive relationship describing ma-
terial polarization in a convolution representation. Such a formulation includes Debye and
Lorentz polarization models and is adequate to describe the interaction of microwaves with
dielectric materials. However, the polarization mechanism cannot be assumed to be linear
in the case of very high intensity electromagnetic waves, like lasers. Thus in this paper we
develop theoretical results using a representation of the polarization by a nonlinear convolu-
tion. In particular, we take a physical model similar to that in [1], introduce a polarization
law

P (t; z) =
Z t

0
g(t� s; z)(E(s; z) + f(E(s; z)))ds;

and establish the well-posedness of the resulting system. This formulation can be interpreted
as a generalization of the Debye or Lorentz polarization models in the sense that the polar-
ization dynamics is driven by a nonlinear function of the electric �eld. We show the global
existence-uniqueness and continuous dependence on data of weak solutions under general
assumptions on the nonlinearity f: These conditions are satis�ed by a number of locally
polynomial nonlinearities proposed in the nonlinear optics literature (e.g., see the \second
order" optical models involving cubic nonlinearities in [6, 7].) The analysis uses techniques
similar to those in [2] with the added diÆculty of treating the terms that result from the
boundary conditions. Based on the theoretical results, rigorous computational methods can
be developed for the forward problem and subsequently for the associated inverse problems.

The literature on nonlinear optics and Maxwell's equations is, of course, vast. Good
introductions to nonlinear optics can be found in [6, 11, 13, 15] to name just a few. Related
results and some background information on similar electromagnetic models are given in
[1, 5, 8, 10, 14]. For example in [10] the authors develop theoretical results in an operator
theoretic context for systems with nonlinear polarization and magnetization under global
Lipschitz conditions.

We consider this paper to be a �rst, but nontrivial, step in analyzing the propagation
of high intensity electromagnetic waves through dielectric materials using the full Maxwell's
equations in the time-domain. Numerous interesting questions remain: for example, can we
theoretically and/or computationally demonstrate self-focusing of the beam or wave collapse
using this approach when an array of sources is used instead of a point source? These
phenomena are usually discussed in the context of the nonlinear Schr�odinger equation in
weakly nonlinear (Kerr medium) dielectrics e.g., in [13, 15, 16]. In that approach the crucial
assumption is that the relevant electric �eld can be represented by a �nite basis of weakly
coupled wavepackets and the wavepacket envelopes evolve via nonlinear equations. However,
when light intensities become suÆciently high so that the material behaves like a plasma,
this weak coupling theory breaks down [13]. This is exactly what happens when a laser
pulse collapses into multiple self-focused �laments. The initial phases of the event are well-
understood but as the collapse evolves an electron plasma and very large thermal gradients
are generated. We hope that such phenomena can be accurately captured with our direct

2



time-domain approach.
The structure of the paper is as follows: In Section 2 we present a short derivation of the

model and the existence result for weak solutions. Section 3 and 4 contain the uniqueness
and continuous dependence arguments, respectively. We close with a brief discussion of
applications to nonlinear materials.

2 Weak formulation and existence result

As described in the Introduction, we consider Maxwell's equations applied to a speci�c
physical problem as depicted in Figure 1. An in�nite slab of material is interrogated by
a normally incident polarized plane wave windowed pulse originating at an antenna source
z = 0 in free space 
0 = [0; z1]: The slab of material in 
 = [z1; z2] is assumed to be
homogeneous in the directions orthogonal to the direction z of propagation of the plane
wave. Under these assumptions it is possible to represent the strength of the electric and
magnetic �elds in 
 and 
0 by the scalar functions E(t; z) and H(t; z), respectively. One can
readily eliminate the magnetic �eld from the full Maxwell equations to arrive at the strong
formulation of the problem (for a detailed derivation see [1])

�0� �E + �0I
(z) �P + �0� _E � E 00 = ��0 _Js 0 < z < z2; t > 0; (2.1)
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�����
z=0

= 0 t > 0; (2.2)

E(t; z2) = 0 t > 0; (2.3)

E(0; z) = �(z); _E(0; z) = 	(z) 0 < z < z2; (2.4)

where P denotes the polarization and I
 is the indicator function

I
(z) =

(
0 if 0 < z < z1
1 if z1 � z � z2;

)
;

where z1 < 1 is the front boundary of the slab and z2 is the (sometimes unknown in in-
terrogation problems) back boundary (see Figure 1). We note that an absorbing boundary
condition is placed at z = 0 to prevent the re
ection of waves. We assume that there
is a supraconductive backing on the slab at z = z2 and specify the boundary conditions
accordingly. Equation (2.1) can be given in the form

�

�0
�E +

1

�0
I
(z) �P +

1

�0
� _E � c2E 00 = � 1

�0
_Js;

where � = �0(1 + (�r � 1)I
); and c
2 = 1

�0�0
: We denote �

�0
by "̂r:

We assume that the frequency of the interrogating wave is so high that the dependence
of the polarization on the electric �eld can no longer be adequately described by a linear
constitutive law. Speci�cally, we consider a polarization mechanism that depends on the
strength of the electric �eld in the convolution

P (t; z) =
Z t

0
g(t� s; z)(E(s; z) + f(E(s; z)))ds (2.5)
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Figure 1: Geometry of the physical problem

with nonlinearity f . Thus

�P (t; z) =
Z t

0
�g(t� s; z)f(E(s; z))ds+ g(0; z)

@

@t
f(E(t; z)) + _g(0; z)f(E(t; z))

+
Z t

0
�g(t� s; z)E(s; z)ds+ g(0; z) _E(t; z) + _g(0; z)E(t; z);

where f : IR! IR is a nonlinear (not necessarily small) perturbation of the linear mechanism.
This yields the strong form of the equation

"̂r �E(t; z) +
1

�0
I
(z)(�(z) + g(0; z)) _E(t; z)

+
1

�0
I
(z) _g(0; z)E(t; z) +

Z t

0

1

�0
I
(z)�g(t� s; z)E(s; z)ds

+
1

�0
I
(z) _g(0; z)f(E(t; z)) +

Z t

0

1

�0
I
(z)�g(t� s; z)f(E(s; z))ds

+
1

�0
I
(z)g(0; z)

d

dt
f(E(t; z))� c2E 00(t; z) = � 1

�0
_Js(t; z); 0 < z < z2: (2.6)

In the physical problem z2 is assumed to be unknown, and it is desirable to estimate it from
given data. Since the existence proof is constructive in the sense that the numerical method
we use to solve this problem (for both forward and inverse problems) follows the theoretical
arguments, it is desirable to convert the problem to a �xed spatial domain, e.g., [0; 1]; as
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explained in [1]. We then do not need to update the spatial discretization and the basis
functions for di�erent z2; but the same numerical framework can be used throughout the
optimization procedure in the inverse problems (again, this is explained in detail in [1]).

We �rst multiply (2.6) by �, where � 2 H1(0; z2) and integrate from 0 to z2 using
integration by parts in the last term in the left. Then we introduce a change of variable by
letting

~z = h(z) =

(
z1 if 0 < z < z1
z1 + (z � z1)

1�z1
z2�z1 if z1 � z � z2;

)

i.e., h(z) = z + (� � 1)(z � z1)I[z1;z2](z) with � =
1�z1
z2�z1 : Then h

0(z) = 1 + (� � 1)I
(z) and
~h0(~z) = 1+(��1)I~
(~z); where

~
 = [z1; 1] and we adopt the notation that ~E; ~h; ~�; ~g; etc., are
the maps E; h; �; g; etc., after they have been mapped from the domain [0; z2] to the domain
[0; 1]: Using this transformation we obtain

h 1
~h0
~̂"r
�~E(t; �); ~'i+ h 1

~h0
1

�0
I~
(~� + ~g(0; �)) _~E(t; �); ~'i

+ h 1
~h0

1

�0
I~


_~g(0; �) ~E(t; �); ~'i+ h 1
~h0

Z t

0

1

�0
I~

�~g(t� s; �) ~E(s; �)ds; ~'i

+ h 1
~h0

1

�0
I~


_~g(0; �)f( ~E(t; �)); ~'i+ h 1
~h0

Z t

0

1

�0
I~

�~g(t� s; �)f( ~E(s; �))ds; ~'i

+ h 1
~h0

1

�0
I~
~g(0; �)

d

dt
f( ~E(t; �)); ~'i+ hc2~h0 ~E 0(t; �); ~'0i+ c

_~E(t; 0) ~'(0)

= �h 1
~h0

1

�0

_~Js(t; �); ~'i; (2.7)

where h�; �i is the L2(0; 1) inner product. This e�ectively maps our system to a �xed reference
domain [0; 1] and we use this form to de�ne the weak solution of the problem. We let
H = L2(0; 1); V = H1

R(0; 1) = f� 2 H1(0; 1)j�(1) = 0g leading to the Gelfand triple ([9, 17])
V ,! H ,! V �: We say that E 2 L1(0; T ;V ) with _E 2 L2(0; T ;H); �E 2 L2(0; T ;V �); is a
weak solution if it satis�es for every ' 2 V

h �"r �E;'iV �;V + h
 _E;'i+ h�E; 'i+ h
Z t

0
�(t� s; �)E(s; �)ds; 'i

+h�f(E); 'i+ h
Z t

0
�(t� s; �)f(E(s; �))ds; 'i+ h
̂ d

dt
f(E); 'i

+hc2h0E 0; '0i+ c _E(t; 0)'(0) = hJ (t; �); 'iV �;V (2.8)

and

E(0; z) = �(z); _E(0; z) = 	(z); (2.9)

where in (2.8) we drop the overtilda on variables and functions for simpli�cation of notation
and for ~z 2 [0; 1]; we de�ne

�(t; ~z) =
1
~h0

1

�0
I~

�~g(t; ~z);
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�(~z) =
1
~h0

1

�0
I~


_~g(0; ~z);


(~z) =
1
~h0

1

�0
I~
(~�(~z) + ~g(0; ~z));


̂(~z) =
1
~h0

1

�0
I~
~g(0; ~z);

J (t; ~z) = � 1
~h0

1

�0

_~Js(t; ~z);

�"r =
1
~h0
~̂"r:

We note that since 1
~h0(z)

> 0 is a piecewise constant function, the inclusion of this term in

�; �; 
; 
̂; �"r;J is essentially equivalent to using a modi�ed �0: In developing the theoretical
existence result we can also make the simplifying assumption that �"r = 1 without loss of
generality. (This, of course, is not true for computational e�orts.) Our goal is to establish
the existence and uniqueness of weak solutions.

We make the following assumptions:

A1) The functions �; 
; 
̂ 2 L1(0; 1) with

j�(z)j � L1; j
̂(z)j � L2:

A2) The function � is bounded on [0; T ]� (0; 1) with

j�(t; z)j � L3:

A3) g(0; z) � 0; �(z) � 0: (We note that this assumption implies that 
(z) � 0; 
̂(z) � 0
for every z 2 [0; 1]:)

A4) The nonlinear function f : IR! IR is C1, with f(0) = 0; and f 0(z) > 0 for all z 2 IR:
f is also assumed to be aÆne at in�nity, i.e., there exist constants R;LR and KR such
that for every jxj > R; jf(x)j � LRjxj+KR:

Remark 2.1 We note that A4) implies that f is locally Lipschitz, i.e., for any r > 0 there
exists Lr > 0 such that

jf(x)� f(y)j � Lrjx� yj for every jxj; jyj < r:

Also there is a constant M with jf(x)j � M jxj for all x 2 IR:

We �rst prove the following theorem:

Theorem 2.1 Under assumptions A1)-A4) the system (2.8)-(2.9) has a weak solution for
any � 2 V; 	 2 H and J 2 H1(0; T ;V �):
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Proof: Our arguments are similar to those in [1] but we need additional techniques to treat
the nonlinear terms. Thus we �rst add hkE; 'i to both sides of (2.8) where k is chosen in
such a way that �̂ � k+� satis�es �̂ � "1 > 0 on [0; 1] for some constant "1: Such a k exists
since by assumption � 2 L1(0; 1): Next we de�ne the sesquilinear form �1 : V � V ! Cl by

�1(�;  ) = hc2h0�0;  0iH + h�̂�;  iH for �;  2 V:
It is readily seen that �1 is V-continuous and V-elliptic, i.e., there are positive constants
c1; c2 such that

j�1(�;  )j � c2k�kV k kV for all �;  2 V; (2.10)

�1(�; �) � c1k�k2V for all � 2 V: (2.11)

Let � 2 V and 	 2 H and �x T > 0: We choose a subset fwig1i=1 spanning V. Without
loss of generality we assume that the elements wi are linearly independent. Let V m =
spanfw1; : : : ; wmg; and de�ne the Galerkin approximations

Em(t; z) =
mX
i=1

emi (t)wi(z);

where the femi (t)gmi=1 are obtained by solving the m-dimensional system of nonlinear delay
di�erential equations:

h �Em(t); wiiH + h
 _Em(t); wiiH + h
Z t

0
�(t� s; �)Em(s; �)ds; wii

+�1(Em(t); wi) + c _Em(t; 0)wi(0) + h
̂ d
dt
f(Em(t)); wii+ h

Z t

0
�(t� s; �)f(Em(s; �))ds; wii

+h�f(Em(t)); wii = hJ (t); wiiV �;V + hkEm(t); wii; (2.12)

for i = 1 : : :m; with

Em(0) = �m (2.13)
_Em(0) = 	m; (2.14)

where �m ! � in V; and 	m ! 	 in H. Multiplying each equation by _emi (t) and adding
them we obtain

1

2

d

dt
k _Em(t)k2H + h
 _Em(t); _Em(t)iH + h

Z t

0
�(t� s; �)Em(s; �)ds; _Em(t)iH

+�1(Em(t); _Em(t)) + cj _Em(t; 0)j2 + h
̂ d
dt
f(Em(t)); _Em(t)iH

+h
Z t

0
�(t� s; �)f(Em(s; �))ds; _Em(t)iH + h�f(Em(t)); _Em(t)iH

= hJ (t); _Em(t)iV �;V + hkEm(t); _Em(t)iH
Em(0) = �m;

_Em(0) = 	m:
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Thus,

1

2

d

dt

n
k _Em(t)k2H + �1(Em(t); Em(t))

o
+ k

q

 + 
̂f 0(Em(t)) _Em(t)k2H + cj _Em(t; 0)j2

= h�
Z t

0
�(t� s; �)Em(s; �)ds; _Em(t)iH + h�

Z t

0
�(t� s; �)f(Em(s; �))ds; _Em(t)iH

+h��f(Em(t)); _Em(t)iH + hJ (t); _Em(t)iV �;V + hkEm(t); _Em(t)iH ;
where we used that 
 + 
̂f 0(E) � 0 by assumptions A3) and A4). Integration from 0 to t,
where t 2 [0; T ] yields

k _Em(t)k2H + c1kEm(t)k2V + 2
Z t

0
k
q

 + 
̂f 0(Em(s)) _Em(s)k2Hds+ 2cj _Em(�; 0)jL2(0;t)

� k _Em(0)k2H + c2kEm(0)k2V + 2j
Z t

0
Fm(�)d� j (2.15)

with

Fm(�) = h�
Z �

0
�(� � s; �)Em(s; �)ds; _Em(�)iH + hkEm(�); _Em(�)iH

+ hJ (�); _Em(�)iV �;V + h�
Z �

0
�(� � s; �)f(Em(s; �))ds; _Em(�)iH

+ h��f(Em(�)); _Em(�)iH
� T1(�) + T2(�) + T3(�) + T4(�) + T5(�):

Let 0 < � < t be arbitrary. We next estimate the terms Ti(�) one by one. Thus,

jT1(�)j �
Z �

0
L3kEm(s)kHdsk _Em(�)kH

� 1

2

�Z �

0
L3kEm(s)kHds

�2
+

1

2
k _Em(�)k2H

� 1

2
L2
3t

Z t

0
kEm(s)k2Hds+

1

2
k _Em(�)k2:

Using this estimate we obtainZ t

0
jT1(�)jd� � 1

2
L2
3t

2
Z t

0
kEm(s)k2Hds+

1

2

Z t

0
k _Em(s)k2Hds: (2.16)

Next, we have Z t

0
jT2(�)jd� �

Z t

0
jhkEm(�); _Em(�)ijd�

�
Z t

0

�
1

2
k2kEm(�)k2H +

1

2
k _Em(�)k2H

�
d�: (2.17)

Since _J 2 L2(0; T ;V �) we have

d

dt
hJ (t); Em(t)iV �;V = h _J (t); Em(t)iV �;V + hJ (t); _Em(t)iV �;V :
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Using this relationship we have the estimate for the third term:

j
Z t

0
T3(�)d� j �

�����
Z t

0

(
d

d�
hJ (�); Em(�)iV �;V � h _J (�); Em(�)iV �;V

)
d�

�����
= jhJ (t); Em(t)iV �;V � hJ (0); Em(0)iV �;V �

Z t

0
h _J (�); Em(�)iV �;V d� j

� 1

2Æ
kJ (t)k2V � + ÆkEm(t)k2V +

1

2
kJ (0)k2V � +

1

2
kEm(0)k2V

+
Z t

0

�
1

2
k _J (�)k2V � +

1

2
kEm(�)k2V

�
d�; (2.18)

where Æ > 0 is arbitrary. Using the assumptions A2) and A4) we can estimate the next term
as above to yield

jT4(�)j = jh
Z �

0
�(� � s; �)f(Em(s; �))ds; _Em(�)iH j

�
Z �

0
L3kf(Em(s))kHdsk _Em(�)k

� 1

2
L2
3M

2t

Z t

0
kEm(s)k2Hds+

1

2
k _Em(�)k2H :

Thus we �nd Z t

0
jT4(�)jd� � 1

2
L2
3M

2t2
Z t

0
kEm(�)k2Hd� +

1

2

Z t

0
k _Em(�)k2Hd�: (2.19)

Similarly the last term can be estimated

Z t

0
jT5(�)jd� �

Z t

0
jh�f(Em(�)); _Em(�)ijd�

�
Z t

0
L1kf(Em(�))kHk _Em(�)kHd�

�
Z t

0

1

2
L2
1M

2kEm(�)k2H +
1

2
k _Em(�)k2Hd�: (2.20)

Combining the estimates (2.16)-(2.20) we obtain from (2.15)

k _Em(t)k2H + (c1 � 2Æ)kEm(t)k2V + 2ck _Em(�; 0)k2L2(0;t)

� k _Em(0)k2H + (c2 + 1)kEm(0)k2V + kJ (0)k2V � +
Z t

0
k _J (�)k2V �d�

+(L2
3t

2 + k2 + L2
3M

2t2 + L2
1M

2)
Z t

0
kEm(�)k2Hd� +

Z t

0
kEm(�)k2V d� +

2

Æ
kJ (t)k2V �

+4
Z t

0
k _Em(�)k2Hd�:

We choose Æ to be such that � = c1 � 2Æ > 0: Since V ,! H there exists a constant � > 0
with kukH � �kukV ; for every u 2 V: Also, Em(0) is bounded in V; _Em(0) is bounded in H
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and J 2 H1(0; T ;V �), so we can conclude that

k _Em(t)k2H + �kEm(t)k2V + 2ck _Em(�; 0)k2L2(0;t) � B1 + 4
Z t

0
k _Em(�)k2Hd�

+B2

Z t

0
kEm(�)k2V d�; for all t 2 [0; T ]; (2.21)

where B1; B2 are independent of m. Now by the Gronwall inequality we arrive at

k _Em(t)k2H + �kEm(t)k2V + 2ck _Em(�; 0)k2L2(0;t) � C(T; f; g;�;	;J ); (2.22)

where C is a positive constant independent of m: Hence

fEmg is bounded in C(0; T ;V ) � L2(0; T ;V ) (2.23)

f _Emg is bounded in C(0; T ;H) � L2(0; T ;H) and (2.24)

f _Em(�; 0)g is bounded in L2(0; T ): (2.25)

Consequently there exist subsequences (again denoted by the subscript m) such that

Em ! E weakly in L2(0; T ;V ) (2.26)
_Em ! ~E weakly in L2(0; T ;H) (2.27)

_Em(�; 0) ! EL weakly in L2(0; T ): (2.28)

First we show that ~E = _E; EL = _E(�; 0) in some sense. For each m we have that

Em(t) = Em(0) +
Z t

0

_Em(s)ds (2.29)

Em(t; 0) = Em(0; 0) +
Z t

0

_Em(s; 0)ds: (2.30)

Passing to the limit in (2.29) (in the weak H sense) and in (2.30), we obtain

E(t) = � +
Z t

0

~E(s)ds; (2.31)

E(t; 0) = �(0) +
Z t

0
EL(s; 0)ds; (2.32)

where (2.31) holds in the sense of H for each t 2 [0; T ]: Thus (2.31) implies that ~E = _E,
while from (2.32) we can conclude that E(t; 0) exists and is continuous in t: Actually, E(t; 0)
is absolutely continuous with _E(t; 0) = EL(t) for almost every t.

We proceed to show that the convergence (2.26) can be strengthened to provide the
strong convergence Em ! E in C(0; T ;H):We note that this strong convergence enables us
to pass to the limit as m ! 1 in expressions involving the nonlinear function of Em; and
thus it is the key to establishing the existence of weak solutions for systems with nonlinear
polarization with the techniques employed here. To achieve this result we use the following
version of the Arzela-Ascoli theorem (see [12], p.149):
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Arzela-Ascoli theorem: If Y is a complete metric space and F � C(0; T ;Y ); then F is
relatively compact if and only if F is equicontinuous and ff(t) : f 2 Fg is relatively compact
in Y for each t 2 [0; T ]:
Here we let Y = H and F = fEmg1m=1 � C(0; T ;H): First we show that the subset fEmg is
equicontinuous in C(0; T ;H): Using the estimate (2.21) we have

kEm(t+�t)� Em(t)k2H = k
Z t+�t

t

_Em(�)d�k2H

�
 Z t+�t

t
k _Em(�)kHd�

!2

� �t
Z t+�t

0
k _Em(�)k2Hd�

� (�t)2C

Since for each t 2 [0; T ] fEm(t)g1m=1 is uniformly bounded in V by the a priori estimate (2.22)
and V is compactly embedded in H we can conclude that fEm(t)g1m=1 is relatively compact
in H for each t 2 [0; T ]: Thus the Arzela-Ascoli theorem guarantees that fEm(t)g1m=1 is
relatively compact in C(0; T ;H) and hence there exists a subsequence (again denoted by
Em) that converges strongly to E in C(0; T ;H): Now we claim that E (which must be
equivalent to the limit in (2.26)) is a weak solution of (2.8)-(2.9). To establish this fact we
�rst take  2 C1(0; T ) with  (T ) = 0 and choose  j(t) �  (t)wj where fwjg1j=1 are the
basis elements as before. For a �xed j we have that Em satis�es the following relation for
all m > j :

Z T

0

n
h �Em(t);  j(t)i+ h(
 + 
̂f 0(Em(t))) _Em(t);  j(t)i+ �1(Em(t);  j(t))

+h
Z t

0
�(t� s; �)Em(s; �)ds;  j(t)i+ c _Em(t; 0) j(t; 0) + h

Z t

0
�(t� s; �)f(Em(s; �))ds;  j(t)i

+ h�f(Em(t));  j(t)ig dt =
Z T

0
fhJ (t);  j(t)iV;V � + hkEm(t);  j(t)ig dt: (2.33)

We integrate by parts in the �rst term in the left using the property that  (T ) = 0 to obtain

Z T

0

n
�h _Em(t); _ j(t)i+ h(
 + 
̂f 0(Em(t))) _Em(t);  j(t)i+ �1(Em(t);  j(t))

+h
Z t

0
�(t� s; �)Em(s; �)ds;  j(t)i+ c _Em(t; 0) j(t; 0) + h

Z t

0
�(t� s; �)f(Em(s; �))ds;  j(t)i

+ h�f(Em(t));  j(t)ig dt =
Z T

0
fhJ (t);  j(t)iV �;V + hkEm(t);  j(t)ig dt+ h	;  j(0)i:

Now we can take the limit as m ! 1 using the convergences (2.26)-(2.28) and the strong
convergence of Em ! E in C(0; T ;H) to obtain

Z T

0

n
�h _E(t); _ j(t)i+ h(
 + 
̂f 0(E(t))) _E(t);  j(t)i+ �1(E(t);  j(t))
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+h
Z t

0
�(t� s; �)E(s; �)ds;  j(t)i+ c _E(t; 0) j(t; 0) + h

Z t

0
�(t� s; �)f(E(s; �))ds;  j(t)i

+ h�f(E(t));  j(t)ig dt =
Z T

0
fhJ (t);  j(t)iV �;V + hkE(t);  j(t)ig dt+ h	;  j(0)i:

We note that passing to the limit in the second term under the integral in the left is possible
by the convergences (2.26), the strong convergence Em ! E in C(0; T ;H) and the fact that
f 0 is assumed to be continuous. It follows that for every  j we have in the L2(0; T ) sense
(except in the �rst term which is in the distributional sense in t)

d

dt
h _E(t);  j(t)i+ h
 + 
̂f 0(E(t))) _E(t);  j(t)i+ �1(E(t);  j(t))

+h
Z t

0
�(t� s; �)E(s)ds;  j(t)i+ c _E(t; 0) j(t; 0) + h

Z t

0
�(t� s; �)f(E(s))ds;  j(t)i

+h�f(E(t));  j(t)i = hJ (t);  j(t)iV �;V + hkE(t);  j(t)i: (2.34)

Since fwjg1j=1 is total in V we can conclude that �E 2 L2(0; T ;V �) and E satis�es (2.8).

From (2.31) it follows that E(0) = � and the fact that _E(0) = 	 can be established
exactly as in [4]. Hence we �nd that E is a solution of (2.8)-(2.9). It remains to argue that
E 2 L1(0; T ;V ):We show using the Arzela-Ascoli theorem that the Galerkin approximations
satisfy an additional convergence property, namely, that Em ! E in CW (0; T ;V ): Since this
implies Em(t) ! E(t) weakly in V, we can conclude from the a priori estimate (2.22) that
for all t 2 [0; T ]

kE(t)k2V �
1

�
C;

and hence E 2 L1(0; T ;V ):
To establish the equicontinuity of fEmg in CW (0; T ;V ) we use similar arguments as

those in [2]. Namely, we note that the mapping A1 : V ! V � : hA1�;  iV �;V = �1(�;  )
is a topological isomorphism. We de�ne domA1 = fv 2 V : A1v 2 Hg = A�1

1 (H): Since
H is dense in V �, domA1 is dense in V. We assume that V is equipped with the inner
product �1(�; �); which is in fact equivalent to the original inner product in V. Let us �rst
take v 2 domA1: Then we have

j�1(v; Em(t +�t)� Em(t))j = jhA1v; Em(t+�t)� Em(t)ij � kA1vk
Z t+�t

t
k _Em(�)kd�

� kA1vk
p
Cj�tj; (2.35)

where C is the constant from (2.22). Now let � 2 V be arbitrary, v 2 domA1; and � > 0:

j�1(�;Em(t+�t)� Em(t))j � j�1(v; Em(t+�t)� Em(t))j
+j�1(�� v; Em(t +�t)� Em(t))j � kA1vk

p
Cj�tj+ 2Ck�� vkV : (2.36)

Since domA1 is dense in V, we can choose v 2 domA1 such that 2Ck� � vkV < �
2
: Thus if

j�tj < Æ = �

2kA1vk
p
C
; then

j�1(�;Em(t+�t)� Em(t))j � �;

12



which establishes the desired equicontinuity. Since fEm(t)g is bounded in V, uniformly in
t, we can choose Y in the Arzela-Ascoli theorem to be a closed and bounded subset of
V containing fEm(t)g: We equip Y with the weak topology. Thus Y is a compact metric
space, and fEm(t)g is relatively compact in Y for each t. Since we already established the
equicontinuity of fEmg in CW (0; T ;V ); we obtain by the Arzela-Ascoli theorem that fEmg
is relatively compact in C(0; T ;Y ); i.e., we have Em(t) ! E(t) weakly in V uniformly in t
for a suitable subsequence. Thus E 2 L1(0; T ;V ) and Theorem 2.1. is proved.

3 Uniqueness

We next establish the uniqueness of weak solutions in L1(0; T ;V )\C(0; T ;H): Thus suppose
that E1; E2 both solve (2.8)-(2.9) with the same data �;	;J : Then E � E1 � E2 satis�es
E(0; z) = 0; _E(0; z) = 0 and

h �E;'iV �;V + h
 _E;'i+ �1(E;') + h
Z t

0
�(t� s; �)E(s; �)ds; 'i+ h�(f(E1)� f(E2)); 'i

+h
Z t

0
�(t� s; �)(f(E1(s; �))� f(E2(s; �)))ds; 'i+ h
̂ d

dt
(f(E1)� f(E2)); 'i

+c _E(t; 0)'(0)� khE;'i = 0 for every ' 2 V: (3.37)

For arbitrary but �xed � in (0; T ) de�ne

	�(t) =

( � R �t E(�)d� for t < �;

0 for t � �;

so 	�(T ) = 0 and 	�(t) 2 V for each t 2 [0; T ]: We also have that

Z �

0
h �E(t);	�(t)iV �;V + h _E(t); E(t)idt =

Z �

0

d

dt
h _E(t);	�(t)idt = 0: (3.38)

Let ' = 	�(t) in (3.37) and integrate over t from 0 to �:

Z �

0

�
h _E(t); E(t)i � h
 _E(t);	�(t)i � �1(E(t);	�(t))� h

Z t

0
�(t� s; �)E(s; �)ds;	�(t)i

�h�(f(E1(t))� f(E2(t)));	�(t)i � h
Z t

0
�(t� s; �)(f(E1(s; �))� f(E2(s; �)))ds;	�(t)i

� h
̂ d
dt
(f(E1(t))� f(E2(t)));	�(t)i � c _E(t; 0)	�(t)(0) + khE(t);	�(t)i

)
dt = 0:(3.39)

By using the relations

Z �

0
h
 _E;	�i+ h
E;Eidt =

Z �

0

d

dt
h
E;	�idt = 0 (3.40)

d

dt
�1(	�(t);	�(t)) = 2�1(E(t);	�(t)) (3.41)
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Z �

0

n
c _E(t; 0)	�(t)(0) + cE(t; 0)2

o
dt =

Z �

0

d

dt
cE(t; 0)	�(t)(0)dt = 0 (3.42)

d

dt
hk	�(t);	�(t)i = 2hkE(t);	�(t)i (3.43)

Z �

0

(
h
̂ d
dt
(f(E1)� f(E2));	�(t)i+ h
̂(f(E1)� f(E2)); E(t)i

)
dt

=
Z �

0

d

dt
h
̂(f(E1)� f(E2));	�(t)i

= �h
̂(f(E1(0; �))� f(E2(0; �));	�(0))i = 0; (3.44)

we obtain from (3.39) that

1

2
kE(�)k2 + 1

2
�1(	�(0);	�(0)) +

1

2
kh	�(0);	�(0)i+

Z �

0

n
h
E(t); E(t)i+ cE(t; 0)2

�Reh
Z t

0
�(t� s; �)E(s; �)ds;	�(t)i

o
dt� Re

Z �

0

n
h�(f(E1)� f(E2));	�(t)i

�h
Z t

0
�(t� s; �)(f(E1(s; �))� f(E2(s; �)))ds;	�(t)i+ h
̂(f(E1)� f(E2)); Ei

o
dt = 0:

Now

1

2
kE(�)k2 + 1

2
�1(	�(0);	�(0)) � 1

2
jhk	�(0);	�(0)ij+

Z �

0

n
jh
E(t); E(t)ij

+jh
Z t

0
�(t� s; �)E(s; �)ds;	�(t)ij+ jh�(f(E1)� f(E2));	�(t)ij

+jh
Z t

0
�(t� s; �)(f(E1(s; �))� f(E2(s; �)))ds;	�(t)ij+ jh
̂(f(E1)� f(E2)); Eij

o
dt:

(3.45)

From the de�nition of 	� we have that for each t 2 [0; T ]

k	�(t)k2 �
�Z �

0
kE(�)kd�

�2
� T

Z �

0
kE(�)k2d�; (3.46)

so that

jhk	�(0);	�(0)ij � kk	�(0)k2 = kT

Z �

0
kE(�)k2d�: (3.47)

We use (3.47) and arguments similar to those behind the estimate (2.16) to obtain

jh
Z t

0
�(t� s; �)E(s; �)ds;	�(t)ij �

�Z t

0
L3kE(�)kd�

�
k	�(t)k

� 1

2

�Z t

0
L3kE(�)kd�

�2

+
1

2
k	�(t)k2 � K1

Z �

0
kE(�)k2d� (3.48)
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for all t � �; where K1 =
1
2
(L2

3T + T ): Next we estimate the terms in (3.45) containing the
nonlinear function f using the local Lipschitz property of f and the fact that E1; E2 are
uniformly bounded, i.e., in L1(0; T ;V ): Thus for t � �

jh�(f(E1(t))� f(E2(t)));	�(t)ij � L1KkE(t)kk	�(t)k
� 1

2
L2
1K

2kE(t)k2 + 1

2
k	�(t)k2

� 1

2
L2
1K

2kE(t)k2 + T

2

Z �

0
kE(�)k2d� (3.49)

and

jh
Z t

0
�(t� s; �)(f(E1(s; �))� f(E2(s; �)))ds;	�(t)ij � L3K

Z t

0
kE(s)kdsk	�(t)k

� K2

Z �

0
kE(�k2d�; (3.50)

where K2 =
1
2
(L2

3K
2T + T ): We also have that

Z �

0
jh
̂(f(E1(t))� f(E2(t))); E(t)ijdt �

Z �

0
L2KkE(t)k2dt: (3.51)

Using the estimates (3.47)-(3.51) in (3.45) we �nd that for T � � � t

1

2
kE(�)k2 � C

Z �

0
kE(t)k2dt; (3.52)

where C is a constant. By the Gronwall inequality this yields that E(�) � 0 on (0,T), and
thus the solution of (2.8)-(2.9) is unique.

4 Continuous Dependence

In this section we show that the weak solution of the system (2.8)-(2.9) depends continu-
ously on initial conditions and the source term. More precisely, we prove that the mapping
(�;	;J )! (E; _E) is continuous from V �H�H1(0; T ;V �) to C(0; T ;H)�L2

weak(0; T ;H):
To this end let us �x (�;	;J ) 2 V �H �H1(0; T ;V �) and consider sequences �n ! � in
V , 	n ! 	 in H and J n ! J in H1(0; T ;V �): We denote the unique weak solution corre-
sponding to data (�n;	n;J n) by (En; _En) for each n. Our goal is to show that En ! E in
C(0; T ;H) and _En ! _E weakly in L2(0; T ;H) and (E; _E) satis�es (2.8) with data (�;	;J ):

We �rst note that from the a priori estimate (2.22) we can conclude that the Galerkin
approximations fEmg also satisfy

k _Emk2L2(0;T ;H) + �kEmk2L2(0;T ;V ) + 2cTk _Em(�; 0)k2L2(0;T ) � C � T;
(4.53)

for each m, where the constant C is given as before and depends continuously on �;	;J :
Since we established the convergences Em ! E; _Em ! _E; _Em(�; 0) ! E(�; 0) weakly in
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L2(0; T ;V ); L2(0; T ;H) and L2(0; T ); respectively, by the weak lower semicontinuity of the
norms we obtain that E; the unique weak solution obtained in Section 1 also satis�es the
inequality above, i.e.,

k _Ek2L2(0;T ;H) + �kEk2L2(0;T ;V ) + 2cTk _E(�; 0)k2L2(0;T ) � C � T: (4.54)

Now if we consider the weak solution En corresponding to data (�n;	n;J n) it satis�es
the same inequality (4.54) with Cn = Cn(T; f; g;�n;	n;J n) instead of C: However, since
(�n;	n;J n) ! (�;	;J ); there exists ~C = ~C(T; f; g) independent of n such that Cn � ~C
for each n. Thus

fEng is bounded in L2(0; T ;V ) (4.55)

f _Eng is bounded in L2(0; T ;H) and (4.56)

f _En(�; 0)g is bounded in L2(0; T ): (4.57)

We also know that En 2 C(0; T ;H) for all n. As in the proof of existence we can conclude
that there exists E 2 L2(0; T ;V ) such that for a suitable subsequence (again denoted by En)

En ! E weakly in L2(0; T ;V ) (4.58)
_En ! _E weakly in L2(0; T ;H) (4.59)

_En(�; 0) ! E(�; 0) weakly in L2(0; T ): (4.60)

We can now proceed and �nish the proof of the continuous dependence of weak solutions
exactly as we did in the existence proof if we can show the stronger convergence

En ! E in C(0; T ;H):

Note that no other property of the Galerkin approximations was used in the previous proof
except these four convergences and the fact that Em satis�es (2.33). We establish the conver-
gence En ! E in C(0; T ;H) using the Arzela-Ascoli theorem again. Following the arguments
at the end of Section 2 and using the weak lower semicontinuity of norms we can argue that
for the weak solutions corresponding to data (�n;	n;J n); we have

kEn(t)k2V �
1

�
Cn � 1

�
~C:

Hence, we can conclude that fEn(t)g is bounded in V.
We can also see that fEng is equicontinuous in C(0; T ;H) :

kEn(t+�t)� En(t)k2 = k
Z t+�t

t

_En(�)d�k2 �
 Z t+�t

t
k _En(�)kd�

!2

� �t
Z t+�t

t
k _En(�)k2d� � �t ~C: (4.61)

By an application of the Arzela-Ascoli theorem we can show that fEng is relatively com-
pact in C(0; T ;H), so it has a subsequence (again denoted by En) that converges to E

in C(0; T ;H): Indeed, this argument reveals that any subsequence has in turn a subse-
quence converging to the unique limit E and hence the original sequence converges to E in
C(0; T ;H): Now the proof of continuous dependence can be �nished in the same fashion as
the existence proof.
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5 Application to electromagnetics

The theoretical results in this paper are an initial e�ort in developing a foundation for
nonlinear electromagnetics and the needed computational methods for such. The potential
applications of nonlinear optics with light as an information carrier are widespread and
are the basis of optical information technology and the use of optical �bers. They are of
increasing importance with the development of materials (e.g., GaAs, InP, KNbO3) which
possess outstanding nonlinear optical and electro-optical properties [7]. Our interests arise
from the potential of using interrogating input pulses in the IR range (terahertz) in imaging
and more speci�cally in detection algorithms.

Nonlinear optical e�ects are usually described through nonlinear polarization laws [6] and
many of these laws can be formulated in the framework of this paper where we treat rather
general nonlinearities. These include locally polynomial nonlinearities (e.g., so-called third
order and higher e�ects [6, 7]) that are bounded as the magnitude of the E �eld saturates
polarization mechanisms (e.g., the material "freezes" dielectrically at high �eld values). The
assumption that the nonlinearity is increasing with the magnitude of the E �eld is again a
realistic one.

Though our treatment is for full wave propagation (as opposed to the popular paraxial
approximate models [6] found widely in the literature), even here there are some tacit as-
sumptions that may result in limiting approximations to phenomena that actually occur in
nonlinear materials. Speci�cally, the one-dimensional model formulated in Section 2 depends
on the tacit assumption that the polarization �eld �P in the dielectric remains parallel to the
electric �eld �E: Even then, the usual Maxwell equation r� �D = 0 along with the constitutive
law �D = �0�r �E+f1(P ) �P need not result inr� �E = 0: This is important in deriving the second
order form of Maxwell's equation where the identity r�r� �E = r(r� �E)�r2 �E results in
the simple Laplacian only if r� �E = 0 or one assumes this term is negligible as often done in
nonlinear optics ([6] p.54-60). Even with some obvious inadequacies, the model considered in
this paper does facilitate treatment of a number of mechanisms of interest, including Debye
and Lorentz materials that are driven by nonlinear E �eld inputs, e.g., _P + 1

�
P = f(E):
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