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Abstract

A fast finite difference method is proposed to solve the incompressible Navier-Stokes
equations defined on a general domain. The method is based on the vorticity stream-
function formulation and the fast Poisson solver defined on general domains using the
immersed interface method. The key to the new method is the fast Poisson solver for
general domains and the interpolation scheme for the boundary condition of the streaming
functions. Numerical examples that show second order accuracy of the computed solution

are also provided.

1 Introduction

In this paper, we consider the non-dimensionalized incompressible Navier-Stokes equations

(NSE) in a general and

bounded domain Q:

(%—?—i—(u-V)u)wLVp =
V-u =
ulyg =

u(x,0) =

vAu, x€Q, (1.1)
0, (1.2)
0, BC, (1.3)
uy, IC. (1.4)
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where u = (u,v) is the velocity, p is the pressure, v is the viscosity. We assume that the
boundary of the domain 0f2 is piecewise smooth. We wish to solve the NSE numerically use a
Cartesian grid that encloses the domain 2.

Traditionally, finite element methods with a body fitted grid are used to solve such problems
defined on irregular geometries. The use of Cartesian grids for solving problems with complex
geometry, moving interface and free boundary problems has become quite popular recently,
especially after popular Cartesian grid methods such as Peskin’s immersed boundary (IB)
method, see [21] for an overview, the level set method, see the original paper [20], the Clawpack
[16] and other methods are developed. One of advantages of Cartesian grid methods is that
there is almost no cost in the grid generation. This is quite significant for moving interface
and free boundary problems.

Depending on the magnitude of the Reynolds number 1/v, numerical methods can be
divided as two categories for two dimensional problems: (1) numerical methods based on the
primitive variables formulation for problems with small to medium sized Reynolds number,
particularly the projection method, see [3, 5, 22] for examples. Usually an implicit or semi-
implicit discretization in time is needed to take a reasonable time step; (2) the vorticity stream-
function formulation for problems with large Reynolds numbers, see for example, [10, 13] and
the references therein.

There are a few articles in the literature that use projection typed methods based on Carte-
sian grids for interface problems or for problems with irregular geometries using an embedding
technique. Among them are, just name a few, Peskin’s immersed boundary method with
numerous applications [7, 8, 11, 21, 23]; the ghost fluid method [14]; the immersed interface
method [15]; the finite volume method [2, 22, 24, 26] etc.

However, there are almost no known methods in the literature that solve the full incompress-
ible Navier Stokes equations defined on complex domains using the wvorticity stream-function
formulation based Cartesian grids except the very recent work by Calhoun [6]. In [6], a finite
volume method coupled with the software package Clawpack [16] is used to solve the Navier
Stokes equations on irregular domains.

In this paper, we use a more direct finite difference approach based on a Cartesian grid to
solve the incompressible Navier Stokes equations defined on an irregular domain. We believe
that our method is simpler than the one developed in [6]. The computed vorticity and the
velocity from our method are nearly second order accurate, see Sec. 5.

The paper is organized as follows. In Sec. 2, we introduce the computational frame of the
vorticity stream-function formulation and an outline of our algorithm. The fast Poisson solver
for complex domains is explained in Sec. 3. In Sec. 4, we explain how to deal with the vorticity
boundary condition. Numerical examples and conclusion are presented in Sec. 5 and Sec. 6
respectively.
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2 Computational frame of vorticity stream-function formula-
tion for NSE on irregular domains

We use a rectangular box R = [a, b] X [¢, d] to enclose the physical domain Q. For simplicity

of presentation, we use a uniform Cartesian grid
zi=a+th, 1=0,1,--- , M, yj=c+gh, j=0,1,---,N. (2.5)

where h = (b —a)/M = (d — ¢)/N. Usually we choose R in such a way that the distance
between the boundaries 9€2 and JR is at least 2h apart.

The boundary of 2 is expressed as the zero level set of a two dimensional function ¢(z,y)
<0, if (z,y) is in the inside of 2,
o(x,y){ =0, if (z,y) is on the boundary of Q, (2.6)
>0, if (z,y) is in the outside of .

Since 02 is piecewise smooth, the level set function ¢ should be chosen to be at least Lipschitz
continuous in the neighborhood of 92. Usually ¢ is chosen as the signed distance function.
Note that, the level set function can be easily defined at grid points.

Let
i = max{Qi—1,j, Pi,js Pit1,5s Pij—1, Pij+1}s @7
Pt = min{p; 14, i, Pitlgs Pij1, Pijt1}-
We define (z;,y;) as an irregular grid point if Pig" @Z’”f” < 0. Otherwise the grid point is a

reqular grid point.

The two dimensional Navier Stokes equations in vorticity stream-function formulation is

0w + uwy + vwy = VAw,

Alp:wa 71/)|Q :07

U= =1y, v =Yg, (2.10)
where w = V xu = —u, +v; is the vorticity, 1 is the stream function which satisfy the non-slip
boundary condition

9y
— 27 _0 2.11

where n is the unit normal vector of the boundary 02 pointing outward.

We define the standard central finite difference operators applied to the grid function w;;
below

Wit — Ui—1,j
Dyujj = ——F—=, Dyu;j =

Wij+1 — Uij—1
e 2.12
o7 (2.12)

2h ’
Uit1,j + Uim1,j + Uijp1 + Uij—1 — duj

Apuij = (DZ+ D) uij = 12

(2.13)
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With these notations, the semi-discretized Navier Stokes equations in vorticity stream-function
formulation is

0w + uDzw + vDyw = vApw. (2.14)

As discussed in [9, 10], the above scheme can be implemented very efficiently via explicit
treatment of the convection and diffusion terms. Such explicit treatment does not result in any
problem caused by the cell-Reynolds number constraint if a Runge-Kutta method is applied.

2.1 Outline of the vorticity stream-function formulation for NSE defined on
irregular domains

We use the classical fourth order Runge-Kutta method, which is a multi-stage explicit time
stepping procedure, to treat the semi-discretized equations (2.14). The explicit treatment of
convection and diffusion terms appearing in the momentum equations makes the whole scheme
very easy to implement. Such explicit treatment can avoid any stability concern caused by
the cell-Reynolds number constraint if the high order Runge-Kutta method, such as classical
RK4, is applied. This observation was first made by E and Liu in [10]. As a result, only
one Poisson solver, which will be explained in detail in the next section, is required at each
Runge-Kutta time stage. The rest is standard finite-difference calculation. That makes the
method extremely efficient. We refer the readers to [25] for the discussion of the method of
the vorticity stream-function formulation for rectangular domains.

tk+1

We present the following outline for the explicit Euler method from time level t* to to

demonstrate the essence of our algorithm. The extension to Runge-Kutta method is straight-
forward.

1. Solve the Poisson equation

A¢k+1 — UJk, ’l/)k+1 . — 0,

to get the stream-function ¢+

2. Update the velocity using

uk+1 — —Dy’(,bk+1, ,Uk+1 — Dm¢k+1-
3. Update the vorticity from

= vApwF — Db — P Dy WP, W = ApyhtL
00

In our implementation, we actually use a fourth order Runge-Kutta method to update the
velocity and the vorticity from ¥ to t**! so that second order accuracy can be obtained.
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There are two crucial components in our algorithm described above. The first one is how to
solve the Poisson equation on an irregular domain which will be explained in the next section.
The second one is the treatment of the boundary condition since there are two boundary
conditions for 1. The Dirichlet boundary condition 1) = 0 on 92 was implemented to solve the
stream function via the vorticity computed from (2.14). Yet the normal boundary condition,
% = 01in (2.11), can not be enforced directly. The way to overcome this difficulty is to convert
it into the boundary condition for the vorticity. The detailed process of vorticity boundary

condition will be given in Sec. 4.

3 The fast Poisson solver on irregular domains

Using the vorticity stream-function formulation to solve the Navier Stokes equations, we need
to solve the Poisson equation Aty = w on the irregular domain . In this section, we outline
our fast Poisson solver for irregular domains. For theoretical and implementation details, we
refer the readers to the references [17, 12, 19]. The two-dimensional fast Poisson solver is also
available to the public [18].

Our Poisson solver on irregular domains is based on the fast immersed interface method
(IIM) for interface problems. The main idea is to extend the Poisson equation from 2 to the
entire rectangular domain R. This procedure allows use of fast Poisson solvers such as FFT
on a fixed Cartesian grid independent of the shape of the irregular domain.

We extend the source term of the Poisson equation by zero outside {2 but inside R. We
require the normal derivative of the solution i to be continuous across the immersed boundary
0f). The solution itself is allowed to have a finite jump g. In the language of potential theory
this requirement is equivalent to introducing a double-layer source on 9€2. This extension leads
to the following interface problem,

Ap— { w(z,y), if (z,y) € Q,

0, if (z,y) € R—Q,
[a—ﬁ] —0,  [=g onoQ, (3.15)
P =0, on OR,

where [-] denotes the jump across 9€2. We need to determine the particular g, which is defined
along the boundary 052, so that the solution 1 of (3.15) satisfies Dirichlet boundary condition

$~ =0,  on o, (3.16)

where 1~ is the limiting value of the solution on the boundary from within the domain €.
Note that the solution of the interface problem above is a functional of g. There is a unique
solution 1 (g) which is in piecewise H? space if w and g are in L? space, and the interface 9
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is Lipschitz continuous. We refer the readers to [4] for the discussion of the regularity of the
interface problem.

To numerically compute the solution of (3.15)—(3.16) for % and g, we use the standard
central finite difference

Apthij = wij (3.17)

at regular grid points, inside and outside of R. At irregular grid points, the finite difference
scheme is

Ah’l/Jij =wi + Ci]’, (3.18)

where Cj; is a correction term that depends on the jump g. Therefore, the solution to (3.15)
satisfies a linear system of equations of the form

AT + BG = F, (3.19)

where A is the matrix obtained from the discrete Laplacian, ¥ is the approximate solution 1)
at grid points, and G is the discrete value of g defined on a set of points on the boundary 952,
BG is the correction terms at irregular grid points, and F} is the source term inside 2 and
zero outside 2. The dimension of G is much smaller than the dimension of V.

We use the least squares interpolation scheme [17] to discretize the boundary condition
(3.16) for a given . At a given point x* = (z*,y*) € 9Q where G is defined, the interpolation
scheme has the form

> vt =0, (3.20)

x5 —x*|<e

where x; ; = (%;,y;), € is taken between 2h ~ 3h meaning that we use the information of the
grid function ;; in the neighborhood of x*. We refer the readers to [17] about how to find
the coefficients v;; in the interpolation scheme. The interpolation scheme in the matrix-vector
form can be written as

C¥ + DG = F,. (3.21)

Thus we obtain the following system of equations for the solution ¥ and the intermediate
discrete jump G on the boundary

A B
¢ D

v
G

Fy
. (3.22)

Fy
The Schur complement of (3.22) for G is

(D—-CA™'B)G = Q, (3.23)
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where

Q=F,—CA™'F.

Equation (3.23) for G is a much smaller system than equation (3.22) for ¥. We use the
generalized minimum residue (GMRES) method to solve the Schur complement system. Each
iteration of the GMRES method involves one matrix-vector multiplication by (D — CA~'B)G
with a specified G. This involves a fast Poisson solver for computing A~! BG on the rectangular
domain R, and the interpolation scheme to compute the residual of (3.23). The dominant cost
in each iteration is the fast Poisson solver from the Fishpack [1].

This Poisson solver that we outlined above for irregular domains is second order accurate.
The number of calls of the fast Poisson solver on the rectangular domain is the same as the
number of GMRES iterations, and it is almost independent of the mesh size but depends only
on the geometry of the domain.

In our implementation, the matrices and vectors are never explicitly formed. The fast
solvers with examples for Poisson/Helmholtz equations on irregular domains are available to the
public through anonymous ftp at ftp ftp.ncsu.edu under the directory /pub/math/zhilin/Packages.

4 The vorticity boundary condition

To solve the momentum equation (2.14), we need a boundary condition for vorticity. Physically,
the vorticity boundary condition enforces the no-slip boundary condition for the velocity.
The no-penetration boundary condition, which can be converted into the Dirichlet boundary
condition for v¢: 1|sq = 0, is used in the Poisson equation (2.9) for ¢). Therefore we only
need the information of the vorticity at interior grid points to solve the stream-function ¢ with
the homogeneous boundary condition. On the other hand, the no-slip boundary condition
g—%bg = 0, along with the one-sided approximation of w = Az, is converted into a local
vorticity boundary condition.

4.1 Review of local vorticity boundary formula in a rectangular domain

Let us assume that €2 is a rectangle for the moment. The Dirichlet boundary condition 9 = 0
on 0} is implemented to solve the stream-function via the vorticity obtained from (2.14). Yet
the normal boundary condition, g—;f’,’ = 0, can not be enforced directly. The way to overcome
this difficulty is to convert it into the boundary condition for the vorticity. We use 1|gq = 0
and % = 0 to approximate the vorticity on the boundary. Take the bottom part of 92, where
the subscript j is zero, as example, we use the central finite difference scheme to approximate
the Laplacian which is simply Dzzﬁ since D24 = 0 from the boundary condition 9 = 0. The
second order finite difference approximation yields
it hi o1 — 20 21 20 — i

wio = Dipig = 3 == 7 T (4.24)
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where 1; o = 0 and (¢, —1) refers to the “ghost” grid point outside of the computational domain.

Since
Yin —Pi—1 0P 2\ _ (2
5, N8n+0(h)_0(h )
we have 1; 1 = ;1 + O(h?) which leads to Thom’s formula
29h; 1
wi,O = —h; . (425)

We should mention here that by formal Taylor expansion, one can prove that the Thom’s
formula is only first order approximation to the boundary condition for w. However, more so-
phisticated consistency analysis show that the scheme actually is indeed second order accurate.
The result was first proved in [13].

The vorticity on the boundary can also be determined by other approximations to ; _i.
For example, using a third order one-sided finite difference scheme to approximate the normal
boundary condition g_n = 0, we can write

—i—1 + 31 — 2o

(Oyh)io = T =0+ O(h%), which leads to

i1 = 31— 3o+ O(h3).

(4.26)

1
Plugging this back to the difference vorticity formula w; o = ﬁ(zpi’l +1p; 1) in (4.24), we have

Wilkes-Pearson’s formula
1 1
wio = ﬁ(4¢i,1 — 5%,2)- (4.27)

This formula is second order accurate for the vorticity on the boundary.

From the descriptions above, we see that the vorticity boundary condition can be be de-
rived from the combination of the no-slip boundary condition g—%bg = 0 and some one-sided
approximations to w = A1.

4.2 The extension to a curved domain

The extension of the above methodology for a domain with a curved boundary is similar but
a little more complicated.

We use Fig. 1 as an illustration. Fig. 1 shows several grid points near the boundary 0.
In Fig. 1, D, E, F,G are regular grid points, AB is an arc section on the boundary. Special
attention is needed at the grid points close to the boundary, such as the point C. We denote
a = |AC|/h, b= |BC|/h. Note that 0 < a,b < 1.

We explain how to determine the vorticity value on the boundary points like A and B
from the combined information of the no-slip boundary condition % lao= 0 and the one-sided
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vs]

Figure 1: A diagram of the geometry near the boundary

approximation of w = At. We will derive a simple local formula, analogous to (4.25) or (4.27)
to obtain a vorticity boundary value at A, which is an intersection of the grid line and the
boundary 0€2. The discussion for point B is similar. We need the vorticity value at those
points when we solve the vorticity via (2.14) and the stream function ¢ in (2.9).

The combination of the Dirichlet boundary condition v |5o= 0 and the Neumann boundary
condition % = 0 implies that

Vi =0, at A. (4.28)
In other words, the partial derivative of the stream function along any direction is zero on the
boundary. This can also be seen by the fact that both u = —dy9 and v = 0,4 vanishes on the
boundary.

The local Taylor expansion at the boundary point A gives

212 313
yo = D@ - S @pa) + Ol), (4.29)
21,2 31,3
v = CEI oy - B n0) 4 o, (4.30)

where the information of ¢ = 0 and J,¢ = 0 at point A was used in the derivation for (4.29)
and (4.30).

The Taylor expansion (4.29) gives a first order approximation to 921 at the boundary
point A

(@29)4 = e+ O(h), (4.31)

which corresponds to Thom’s formula (4.25). Or the combination of (4.29) and (4.30) gives
and second order approximation to §2¢ at point A

a3

((1 +a)o — 7¢D) +o(r?), (4.32)

(024h) L

a2h?
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which corresponds to Wilkes’ formula (4.27).

Remark 4.1. In the case of ¢ = 1, i.e., the boundary point A happens to be on regular
grid, the formula (4.31) becomes

2
(09)a = s39c, (4.33)
and (4.32) becomes

4pc — 39
() = ——5"— (4.34)
which are exactly the same as Thom’s formula and Wilkes’ formula in the case of rectangular
domain, as in (4.25), (4.27), respectively.

However, in a domain with a curved boundary, the value of 9%¢) on the boundary point
like A is not enough to determine w = A¢) = (97 + 9;)1, due to the fact that 971 can not be
determined in the same way as we did for ¥4 and ¥ . To deal with this difficulty, we need to
use information of the stream function around the boundary point A and the relation between
At and 021).

Let 6 be the angle between the tangential direction of the boundary 0f2 passing through A
and the horizontal line, i.e., tan @ is the slope of the tangent line for the boundary curve at A.

Some simple manipulations indicate
Optp = cos00-p +sin@0ptp, Oyp = —sinf 04 + cos @O, (4.35)
where 7 is the unit vector along the tangential direction. It is easy to show that
07 + 07 =02 + 0p,, (4.36)

from (4.35). In other words, the Laplacian operator is invariant with respect to orthogonal
coordinate systems.

We also can verify that
024p = cos? 0 921 + sin” @ O b + 2 cos Osin O (9-Onp) (4.37)

form (4.35). Meanwhile, we have 0,0p1% = 0, due to the fact that dp is identically zero on
the boundary, because of the no-slip boundary condition. Thus we arrive at

024 = cos? 0 024 + sin® 0 O 1) . (4.38)
It is obvious that

0% =0, on 09, (4.39)
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because of no penetration boundary condition 1|gq = 0. Therefore, we get the following
identity on the boundary:

0% = sin? 0 04, (4.40)
which results in
Ohh = csc?0 0%, at A. (4.41)
The combination of (4.36) and (4.41), along with the argument in (4.39), gives
w= (02 + 8§)¢ =03 =csc?00%, at A. (4.42)

Thus we obtain the relationship between w and 024 on the boundary.

Plugging (4.31), which is a first order approximation of 92¢ at A, into the identity (4.42),
we get

2
w = csc’f -W@[JC , (4.43)

which can be regarded as the Thom’s formula for a curved boundary. We can get an ana-
logue of Wilkes’ formula on a curved boundary by plugging (4.32), which is a second order
approximation to 029 at A, into the identity (4.42):

2(1 + a)o — e p
a?h?

w=csc?f - (4.44)

The derivation of the vorticity value at the projected boundary point B is similar to that
of A. As shown in Fig. 1, we assume that CF = FG = dy = h, and b = |BC|/h, (note that
0 < b < 1). By repeating a similar arguments as in (4.28)-(4.42), the vorticity value at point
B can be approximated as

wp = sec? f 851/; . (4.45)
The corresponding Thom’s formula for wp turns out to be
_ 2 0 2
wp = sec -szc, (4.46)

and the corresponding Wilkes’ formula for wp turns out to be

2(1+b)pe — b2/ (1 + b)*9p
b2h? )

wp = sec? - (4.47)
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5 Numerical examples

In this section, we present a numerical experiment for solving the Navier Stokes equations using
our algorithm. The computational domain is an elliptic disk whose boundary (4z2 + 16y% = 1)
is the zero level set of the following function ¢(z,y):

o(z,y) = Vax? +16y%2 — 1, (5.48)

inside the square [—1,1]?. The exact mean stream-function is chosen to be

2
(r(:p,y) - 0.25) cost sin?(rx) sin?(ry) cost, if p(z,y) <0,

Ye(2,y,t) = (5.49)

0, otherwise.

where 7(z,y) = 22 + 4y?. Tt is straightforward to verify that the exact stream function is
smooth inside the elliptic domain Q and

=0, g—izo, on 092, (5.50)

so that the no penetration, no slip boundary condition is satisfied for the velocity field. The
corresponding exact velocity and vorticity functions turn out to be

e(w, ) = =0ye(w,y,8) = ~16y(r(w, ) — 0.25 ) cost,
velw,9,1) = Outhe(@ 1) = 4 (@) = 0.25 ) cost, (5.51)
we(z,y,t) = Athe(z,y,t) = [20 (r(m,y) - 0.25) + 8(z% + 16y2)] cost ,
inside the elliptic region 2 and zero outside.
The force term f can be calculated exactly from the vorticity transport equation
( Qywe + (Ve Vwe = VAwe +
Atpe = we
5.52
< Ye =0, awezo, on 09, (5.52)
on

\ Ve = VL"/JB = (_agﬂwbea ax"/)e) :

The second order accurate numerical method proposed in this paper is used to solve the
above system (5.52). The viscosity is chosen to be v = 0.001 so the Reynolds number is
Re = 1000. The final time is taken to be ¢ = 0.5.

Table 1 shows the grid refinement analysis for the velocity u and stream function v using
Wilkes’ formula. Note that the error is quite small. The error obtained from a very coarse
grid 32 by 32 is 10™* ~ 107 already. Second order convergence can be clearly seen for L', L?,
and L* norms. Therefore, the whole scheme leads to very good approximation to both the
variables that we are concerned.
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‘ H N H L' error | L' order H L? error | L? order H L*>® error | L*® order

32 || 5.07e-05 1.01e-04 3.40e-04
64 || 1.49e-05 1.77 2.84e-05 1.83 1.06e-04 1.68
u || 128 || 4.00e-06 1.90 7.55e-06 1.91 3.18e-05 1.74
256 || 1.05e-06 1.93 2.05e-06 1.88 1.59e-05 1.00

32 || 5.66e-06 1.09e-05 3.20e-05
64 || 1.51e-06 1.91 2.90e-06 1.91 8.30e-06 1.95
P || 128 || 4.08e-07 1.89 7.71e-07 1.91 2.17e-06 1.95
256 || 9.56e-08 2.09 1.81e-07 2.09 9.16e-07 2.07

Table 1: Error and order of accuracy for velocity and stream function at ¢ = 0.5 with u = 0.0001
and the CFL condition % = 0.5. The Wilkes’ formula for a curved boundary is used.

6 Conclusions

In this paper, a new second order finite difference method based on the vorticity stream-
function formulation is developed for Navier Stokes equations defined on irregular domains.
The key of the new method is the fast Poisson solver on irregular domains and the corresponding
Thom'’s and Wilkes’ formula on curved boundaries.
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