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Abstract. Problemsinvolving the managementf groundvater resourcesoccur routinely,
and managementlecisionsbasedupon optimizationapproachesffer the potentialto save
substantiakmountsof mong. However, this classof applicationis notoriouslydif cult to
solve dueto non-cowex objective functionswith multiple local minima and both nonlinear
modelsandnonlinearconstraintsWe solve a subsebf communitytestproblemsfrom this ap-
plication eld usingMODFLOW, astandardyroundvater o w model,andIFFCO,animplicit
Itering algorithmthatwasdesignedo solve problemssimilar to thoseof focusin this work.
While samplingmethodshave receved only scantattentionin the groundvateroptimization
literature,we shav encouragingesultsthat suggesthey aredeservingof morewidespread
consideratiorfor this classof problems.In keepingwith our objectves for the community
problems,we have packagedhe approachesisedin this work to facilitate additionalwork
on theseproblemsby othersandthe applicationof implicit Itering to otherproblemsin this
eld. We provide thedatafor our formulationandsolutionontheweh

Keywords: Implicit Itering, Well eld design,Groundvater o w andtransport

1. Intr oduction
Groundvaterresourcesreimportantbecausebout50% of the population
of the United Stategely uponthis resourcdor drinking water Typical goals
in groundvaterresourcesnanagemenncludedesigningandmanagingsys-
temsto supplydrinking waterandto restorecontaminatedirinking waterto
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a usablequality at a minimum cost. Accomplishingthesegoalsrequiresa

modelto describethe systemof concern,an appropriateobjective function,

constraintsand an optimizationalgorithm. The objectie functionandcon-

straintsprovide the linkagebetweerthe simulationmodelandthe optimizer

Becausgorousmediasystemsaretypically heterogeneousver smallscales
anddescribedy nonlineamprocessesubsuricesimulatorscanbeexpensve

to evaluateand subjectto uncertainty or stochastidn nature.The resulting
optimizationproblemscanalsobe dif®cult, with objective functionsthatare
non-corwex andhave multiple local minima,andbothmodelsandconstraints
that are nonlinear For thesereasonssubsuréce optimizationproblemsare

bothimportantandchallenging.

To aid the evolution of optimal designof subsurace ow andtransport
applicationsa setof communityproblems(CP's) wasdeveloped,[30], that
aretypical of problemscommonlyencounteredndwhich cover a rangeof
compleity. It wasreasonedhat focusingon a commonsetof CP's would
allow for not only advancemenof approacheso solve animportantsetof
problems but alsoa meansto aid comparisorof variousaspectof the so-
lution approacton the samesetof problems It wasalsoanticipatedhatthe
CP'swould catalyzetheintroductionof new classe®f optimizationmethods
into the groundvater ®eld andresultin more active participationof the ap-
plied mathematiceommunityin theevolution of solutionapproachesor this
classof application.

A subsetof the CP's is a standardwater supply application.Roughly
speakingtheobjectie is to locatea setof watersupplyproductionwells and
®nd their pumpingratessuchthatcostis minimizedsubjectto constrainton
the total amountof waterthat mustbe producedthe hydraulicheadin the
wells, the productioncapacityof a well, andthe portion of the domainover
which a well may be located.Evaluationof the objectve function requires
a groundvater ow simulatorthat solves for hydraulic headas a function
of spaceandtime given a spatialandtemporaldomain,materialproperties,
auxiliary conditions,andwell designinformation.

Commonapproache$or solvingwatersupplymanagemenproblemsin-
cludegradient-basethethodsor geneticalgorithm(GA) approaches which
acandidatesetof well locationsis selectecandthe pumpingrateof eachwell
is a designvariable.Gradient-basethethodsare not reliable becausef the
non-cowex, noisy natureof the problem.Global optimizationmethodssuch
asgeneticand evolutionary algorithms[38, 40, 24, 1], simulatedannealing
[28, 39], andtalu searcH45] have beenappliedto mary subsuriceremedi-
ationproblemgse€[30] for mary morereferences)However, thesemethods
canbe expensve. Samplingmethodsare a potentially attractve alternatve
classof approacHor this sortof problem which have recevedscantattention
in the waterresourcecommunitybut have beenconcludedo be deserving
of amorethoroughinvestigation.
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In this papemwe take theview thatthereis enoughstructuran theproblem
to useadeterministicsamplingmethod.Thesemethodsaredesignedo solve
problemswith dif®cult, but notviolently oscillatoryoptimizationlandscapes,
suchasthe onesin Figures8, 9, 10, 11 in x 8. Gradient-basethethodsare
likely to have troublewith suchproblems gither®nding local minima, stag-
nating,or failing to ®nd adescentlirection.In ourtestingof agradient-based
methodwhichwe reportin x 8, we obseredthis typeof failure. TheNelder
Mead [34], Hooke-Jeges [23], MDS [16, 43], DIRECT [25], and implicit
®ltering [21, 20, 26] areexamplesof discretesamplingmethods.

Theobjectvesof thiswork are:(1) to provide aninitial analysisof asubset
of groundvater CP's, which have beenrecentlypublished;(2) to formulate
a solutionto theseproblemswith a samplingmethod,in this caseimplicit
®ltering; (3) to comparethe resultswith a geneticalgorithmapproachand
to explain why traditional gradient-basednethodscan and do fail; (4) to
examinethe characteristicsf the solutionspaceandillustratethe challenges
that this classof problem poses;and (5) to point the way toward future
improvementdor the solutionof this classof problem.

2. ConceptualModel

An aquiferis afully saturatedwaterbearingregion andis considerecton-
®nedif boundedon boththe top andthe bottomby essentiallyimpermeable
material. An uncon®nedaquiferhasthe watertableasits upperbound.The
main differencebetweenthe two geologicalformationsis thatthe saturated
thicknessof an uncon®nedaquifervariesasthe hydraulicheadvaries,thus
leadingto a nonlinearfree-boundaryroblem.

We considera well-®eld designproblem. The hydrological settingsare
homogeneouson®nedanduncon®nedaquifersin threespatialdimensions.
For the problemsconsidereda setof wellsis distributedin thedomain.Each
well is allowed eitherto inject or extract water Well-®eld designproblems
involve the selectionof well locationsand pumpingratesto minimize the
costof waterproduction.The costof supplyingwatertypically involvesthe
costto drill, equip,andconneciwells to a treatmentor distribution system,
andthe costto pumpthe water and maintainthe well. In turn, the costto
pumpgroundvaterdependsipontheenegy neededo lift thewaterfrom its
level belawv thegroundsurfaceto thedischage pointandto supplysuf®cient
dischage pressureo achiere the desired ow.

The decisionvariablesfor this type of problemare the pumpingrates
fQigl, (m3=9) atthen wellsin the modelandthe locationsf (xi;y;)gl,
of the wells. Pumpingratescan be constantor variablein time depending
uponthe application.In the applicationconsideredn this paper a constant
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“ow rateis realistic. This is becausery transientsdecayvery early in the
®ve yeartime horizon.

3. Formulation

The physicaldomain,seeFigurel,is = [0;1000] [0;1000] [O;30]m
with thegroundelevationatzgs = 60m for thecon®nedaquiferandzs = 30
m for the uncon®nedaquifer

Flow in saturategpborousmediacanbe described[30], by

@
SS@ =r (Krh)+sS; (2)
whereS; (1/m) is the speci®cstoragecoefdcient, the unknavn h (m) is the
hydraulichead,K (m/s)is the hydraulicconductvity [30]. Herethe source

termS is amodelof thewells,asumof -functionsthatsatis®es
Z N
S()yd = Qi 2

i=1

isthespatialdomain.Thewellsareassumedbo extractfrom nearthebottom

of theaquifer If anumericalsolutionis discretan the z-dimensiorthenonly
thebottomlayerof cells/elementshouldincludethewell sourceterms.

For thecon®nedaquifer we usethefollowing boundaryandinitial condi-

tions: @ @ @
= = = = = = 0;t 0 3
@ x=0 @ y=0 @ z=0 7 ( )
(X y;30t> 0)= 1:903 10 8(mi/s) (4)
h(100Qy;z;t > 0) = 50 0:001ly(m) (5)
h(x; 100Qz;t > 0) = 50 0:001x(m) (6)
h(x;y;z;0) = hs (7)
Here @
= K=
** e

isthe Dargy "ux outof thedomain,a negative signin eqn(4) thusrepresents
“ow into theaquiferor rechage thatcouldbetheresultof rainfall in®ltration
or leakagdrom anoverlying aquifer andhg is the steadystatesolutionto the

katie.tex; 11/07/2003; 8:20; p.4



5

“ow problemprior to theadditionof wells. WeuseS s = 10 © (1/m).Forthe
uncon®nedaquifer (4), (5) and(6) arereplacedwith

a(x;y;h;t>0)= 1:903 10 &mi/s) (8)

h(100Qy;z;t > 0) = 20 0:00ly(m); 9)
and

h(x; 100Qz;t > 0) = 20 0:001x(m): (10)

Ss = 20 10 ! is the speci®cyield of the uncon®nedaquifer For the
homogeneouapplicationsK = 5:01 10 ° (m/s).

h=20 or 50 (m) h=19 or 49 (m)
x=0 (m) . o x=1,000 (m)
y=1,000 (m) Dirichlet Boundary Conditions y=1,000 (m)
g
2 o)
. . _ 3
4 Recharge into Aquifer Tops SOT
g g
T c
= S
3 a
Q )
2 >
g 0
L 5
o o
z g
>
%]
x=0 }mg No Flow Boundary Conditions Qz%%&r) Ezr%)(m
o y=0 ()

T—No Flow at Aquifer Bottomz=0

Figure 1. PhysicalDomain

4. Objective Function

We considera capitalcostf ¢ andanoperationatostf ° seekingo minimize
fT = f ¢+ f ° Theobjective functiondependonthepumpingratesf Qi g,

andlocationsf (x;;yi)gL, of n operatingwells. NotethatQ; < 0 meanghe
well is extractingwater andQ; > 0 meansthe well is injecting water For
this work, we begin with a virtual ®xed well ®eld containingN wells with
thenumberof operatingvellsn N
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Sincethereis a ®xedinstallationcostfor wells, animportantaspecof the
optimizationproceduras the mannerin which wells areremoved from the
design,therebysigni®cantlydecreasinghe total cost. A well is considered
installedand operatingif jQ;j > 0:0001 If the optimizerspeci®esa value
with jQ;j  0:0001thenwe neitherapply the well sourceterm nor do we
includethecostof thewell in the objective function. This approactresultsin
non-smoothnesis the objective function, but providesa reasonablenecha-
nismfor removing wells from the designthat our optimizerwas capableof
triggering.

Theobjective functionis givenby

X X .
fT=" cod®+ CljQMj™ (zgs  h™M )Pz + (11)
i=1 i :0001
| o ¢ }
0 1
X X
ty @ 2Qi(hi  zgs) + C3QiA;
i;Qij< :0001 i;Qi>:0001
| {z }

fo

wherethe costcoefdcientsg andexponentdy aregivenin Tablel. Hered;
is the depthof well i, Q" is the designpumpingrate,h™" is the minimum
allowablehead h; is the hydraulicheadin well i, t; is thetotal designtime,
which wastaken as5 years,andzgs is the elevation of the groundsurface.
Injectionwells areassumedo operateundergravity feed.In f ¢, the®rstterm
denoteghe costto install all thewells, andthe secondermaccountdor the
additionalcostfor pumpsfor the extractionwells. In f © we have a lift cost
that appliesto the extractionwells and an injection costthat appliesto the
injectionwells.

Thedesignpumpingratesf Q" g, i.e. themaximumratesatwhich agiven
well can pump, dependupon the aquifer properties,casingand dischage
piping size,pumpcharacteristicsscreenengthand openingsize, effective-
nessof the development,and local geochemicaktonditions.One could, in
principal,treatthe propertiesof the wells andpumpsasoptimizationparam-
eters.We do not do this here,andfocuson morefundamentabspect®f the
formulation.

5. Constraints

We constrainthe hydraulicheadandpumpingratesfor the objective function
givenin (11). Theconstraintaregiven by
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Tablel. Objective FunctionData

| data|  value | units |
(o 55 10° $=m®
c1 575 10° | $[(m3=9)®* mP2]
cc | 290 10 °* $=m*
cs | 145 10 ¢ $=m3
bo 0.3
by 0.45
b 0.64
Zgs 60con ned m
Zgs | 30uncon ned m
di Zgs m
Qr 1:5Q; m3=s
X .
Qr= Q QF; (12)
i=1
QEM Q@ QM= 1;:u;n; (13)
and ‘
h™"  hy  h™ 0= 15 (14)

whereQ+ is the net pumpingrate,Q%‘in is minimum allowable total ex-
tractionrate, Q™ s the maximumextractionrate at ary well, QM s
the maximuminjection rate at ary well, h™®* is the maximum allowable
head.andh™" is the minimumallowablehead Valuesfor the boundsin the
constraintsaaregivenin Tablell. We requirethatthewells be at least200m
from the boundaryon which Dirichlet boundaryconditionsareapplied,i. e.

0 xi;y; 800 (15)

In additionto (15), we do not allow two wells to occupy the samegrid
point. In the courseof the optimization,if two wells corverge to the same
location,our choiceof simulatorwould implementthetwo wells asonewell,
operatingat the sumof thetwo pumpingrates.In turn, only onewell would
operatan the ow simulation,yet two wells would beincludedin theinstal-
lation cost.For our choiceof spatialdiscretizationthis indirectly impliesthat
thedistancebetweenwellsis atleast20mapart.

Constrain{12) setsaminimumtargetfor extraction,whichis thepurpose
of thewell ®eld. Fortheproblemconsideredhere theinstallationcostsarefar

katie.tex; 11/07/2003; 8:20; p.7



8

morethatthe operatingcostsfor a singleyear Therefore pncethe minimum
extractiontamgetis reachedit would only make sensdo drill additionalwells
if thelong-termoperatingsavzingsis signi®cant.Since®ve wells extractingat
the maximumlevel satisfy(12) with equality onelogical formulationof the
problemis to ®nd the optimallocationof ®ve wells, eachextractingasmuch
aspossible.

Constrain{13)re ectgphysicalimits onthe pumpsandwell design Well
designsaretypically limited by the size distribution of the porousmedium
andtheresultingsizeof thewell screen.

The upperboundin constraint(14) keepsthe hydraulicheadbelov the
surfaceelevation andthe lower boundensureghatexcessie dravdown will
not occur This constraintis a linear function of the pumpingratesfor the
con®nedcasebut a nonlinearfunction for the uncon®nedcase,andin both
cases highly nonlinearfunctionof thelocationsof thewells.

Tablell. ConstraintData

| data | value | units |

QMin 32 10 2 | m3=s
Qe 6:4 10 ° | m®=s
QM | 64 10° | m®=s

hmin 40con ned m
hmax 60con ned m
hmin 10unconned | m
hmax 30uncon ned m

5.1. OPTIMIZATION PROBLEM FORMULATION

In this sectiorwe describéhow we packagedheproblemfor theoptimization
algorithm. The objective functionf T is discontinuousandsomeof the con-
straints(13) and (15) are simple boundson the variables.Implicit ®ltering,
the optimizationmethodwe usein this paperis designedo handledif®cult
objectie functionsandboundconstraints.

If we setn = 5, thenthe constraintg12) and(13) requirethe pumping
ratesto be exactly Q?‘i” =5. Thus,in this situation,we needonly optimize
well locationsandapply constraint(14). If we setn > 5, thenwe mustalso
optimizepumpingratesand,thereforeall theconstraintsnustbe enforcedoy
theoptimizer Constrain{14)is highly nonlineamwhile constrain{12)is nota
box constraintandneitherconstraintanbe handleddirectly by the projected
qguasi-Nevton algorithm.In this casethe objectie function returnsa failure
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wheneither(12) or (14) areviolated.Ourimplementatiorof implicit ®ltering
will assignan arti®cial (seex 6.2) value to the function whenit returnsa
failure.Thisis astandardpproacHtor handlingnonlinearconstraintsn mary
samplingmethods[42, 9, 27].

We will ®x thenumberof wellsandconsideithevectorof designvariables

Z = (X1, 0 X0 Y1, 00 Yn; 1;:::;Qn)T 2 R3:
We de®nethefeasiblesetfor theboundconstraintsas
Do= fZj (13)and(15)holdg= fzjz™" z; zMg: (16)
Our optimizationproblemis
e Ty,
Zrr21||3nof (2); a7

wheref T isgivenby (11)if (12)and(14) aresatis®edandafailureis reported
if eitherof (12) or (14) areviolated.

6. Implicit Filtering

The objective function is highly nonlinearand non-cowex, discontinuous
becausef the jumpsaswells areaddedanddeleted,and noisy becausef
internal iterationsin the simulators.For thesereasonsas we saidin x 1,
a corventional gradient-base@ptimization methodmay fail. A sampling
method which only evaluateshe objecive functionandconstraintgo guide
the optimization,is mostappropriatdor this kind of problem.

In this paperwe uselFFCO [10], a FORTRAN implementationof the
implicit ®ltering algorithm[26, 21, 20]. We basedhis decisionon our own
familiarity with the optimizerandour pastsuccessvith it on otherproblems
of a similar mathematicahature[4, 42, 9], althoughwe are not aware of
ary useof implicit ®ltering for the type of applicationproblemof concern
in this work. This choicesigni®cantlyin uencedhe decisionson handling
constraintaindthelocationsof thewells.

Implicit ®ltering hasbeendescribedn detailandanalyzecdelsevhere.We
referthereaderto [26] for the detailsof thealgorithmandto [26, 21, 11] for
corvergenceanalysis.n x 6.1 we sketchthe algorithmandits implementa-
tion in IFFCOonly in enoughdetail to explain how this choiceaffectedthe
formulationof the problem.
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6.1. THE ALGORITHM

Implicit ®ltering is a projectedquasi-N&ton methodthat uses®nite dif-
ferencegradients.The differenceincrementis reducedas the optimization
progressestherebyavoiding somelocal minima, discontinuities,or nons-
mooth regions that would trap a cornventional gradient-basednethod. The
problemsconsideredn this paperare exactly the kind thatthe methodwas
designedo sole.
Implicit ®ltering begins by rescalingthe variablesso that the feasible
regionis
D=f jO0O ; 1g (18)

We will discussthe algorithmin termsof the scaledfeasibleregion in (18)
but theapplicationin termsof the actualbounds(16).
Tomalkethetransitionfromf T to thescaledorm,wede®ne component-
wise by
=z zM)=Hz zM)

andlet
f()= fT(Z):

Theoptimizationproblemfor f is now
min >pf( ):

For agivendifferenceincrement(calledascalg 2 (0;1=2]and 2 D,
weletr f () bethedifferencegradientwhosecomponentsre

the centraldifferencegradientin the ith coordinatedirectionif both of
g 2D,or

theone-sidedlifferencegradientin thei coordinatedirectionif only one
of g 2 D.

Since 1=2, at leastone of g 2 D. We let the stencil S( ) be
thosepointsin the centeredlifferencestencilthatarein D andusedin the
computatiorofr f.If

f min f 19
() minf() (19)
we say that stencil failur e has occurredand terminatethe quasi-Nevton
iterationatthatscale.
If H is a modelHessiana projectedquasi-Nevton iterationfrom has
thegeneraform

()=PC H *r ()
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whereP is theprojectionontoD

20 if i O
P()i=. j ifo< ;<1
1 if 1

In IFFCO,thesteplength is computedwith aquadratiomodel[10] and
astepis acceptedf the suf®cientdecreaseondition

FCCY fO) rfOTCC) ) (20)

holds.In IFFCO, asis standard, = 10 “. We saythatthe quasi-Nevton
iterationis successfuif
k (Lk : (21)

Thealgorithmicparameter canhave asigni®canteffectontheperformance
of the optimization.For the problemswe considerhere,however, we were
ableto successfullyusethedefaultvalueof = 1.

The ®nite differenceprojectedquasi-N&ton loop in IFFCO is summa-
rizedin algorithmfdquasi. fdquasi is a naturally parallelalgorithm; all
thefunctionevaluationsneededo computer f canbedonein parallel.We
exploitedthis simpleparallelismto performthe computationseportedn this
paper

Algorithm 1fdquasi( ;f;pmax; ; ;amax)
p=1
whilep pmaxandk P( r f())k do
computef andr f
if (19)holdsthen
terminateandreportstencil failur e
endif
updatehemodelHessiarH if appropriatesohveHd = r f ()
usea backtrackindine searchwith at mostamax backtracksto ®nd a
steplength
if amax backtrack$ave beentakenthen
terminateandreportline search failur e
endif
P( +d)
p ptl
end while
if p> pmax reportiteration count failur e

Implicit ®ltering callsfdquasi repeatedlywith a sequencef scaled g.
Algorithmim Iter isasimplesketch.
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Algorithm 2imIter ( ;f;pmax; ;f xg;amax)

fork = 0;:::do
fdquasi ( ;f;pmax; ; k;amax)
endfor

Thealgorithmicparametershatareimportantto implicit ®ltering arethe
limit amax on the numberof stepsizereductionspmax on the numberof
nonlineariterations,andthe parameter in theterminationcriterion. For the
calculationsreportedhere,we setpmax = 100 (the default), = 1 (the
default),andamax = 3 (thedefault). Theparameters im lter thatcontrol
the quasi-Nevton loop are the sequencef scalesf ¢g. Our choicein this
work was

r=2KLo k 10
Theanalysisof implicit ®ltering beginswith the paradigm
f=fs+ (22)

wheref s is a smoothfunctionand representshe “noise” in the problem.
For thetheoreticakcorvergenceresultsin [42, 26,11] we assuméhat is an
everywhere-de®netlnctionon andset

k ks() = max | @IF
Onecanshaw thatif either(19) or (21) hold, that
kP( rfs()k=0( +k kg(y=): (23)

Thecorvergencetheoryfor implicit ®ltering [26, 21,11] arebasedn (23).

IFFCO supportsthe SR1[7, 18] andthe BFGS[41, 8, 19, 22] quasi-
Newton modelsof the HessianWe usedthe SR1updatein this paperIn our
experiencehe SR1updateperformsbetterfor bound-constrainegroblems.

Implicit ®ltering canbe restartedafter it terminatesandthe corvergence
theory[21] is strongerlif onedoesthat.In practice restartingusuallyhasno
effect. For theproblemsn this paperhowever, we hadto restartFFCOonce
to obtainconsistentlygoodresults.

6.2. FAILURE OF THE FUNCTION

IFFCOrespondso afailureof f in twoways.If thefailedfunctionevaluation
f T(2) is partof theevaluationof r ,f T( ), thenanarti®cial value[9] of

f + 10 Sjf |
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isassignedof (z). Heref isthelargestfunctionvaluein thestencilS( ). If
thefunctionevaluationfailureis partof theline searchthethevaluef scale
is assignedof T.

f scale is an approximationto the maximumvalueof f T in the feasible
setDg for the boundconstraintg16). We setf scale to 20% morethanthe
valueof f attheinitial iteratein this paper

This approacho handlingconstraintss naturalif thefailure of theobjec-
tive functionis aconsequencef, for example aninternaliterations failureto
corverge.In thecaseof theproblemconsideredhere while theconstraintare
directly speci®edoy (14), the evaluationof h requiresa call to the simulator
which, asa function of the well locations,is highly nonlineareven for the
continuousproblem. For the discreteproblem consideredhere, wherethe
well locationsareroundedto grid pointsbeforethe call to the simulator the
constrainfunctionis discontinuous.

7. Evaluation of the Objective Function

IFFCOrequiresanexternalsubroutineto evaluatethe objectie functionf T.
To do this we must computethe hydraulic headvalues,f h;g, at the well
locationsf (x;;yi)g for a given setof pumpingratesf Q;g. Computationof
f hjg usesagroundvater ow simulatorto solve (1). For thiswork we usethe
U.S. GeologicalSurney codeMODFLOW-96 [31]. MODFLOW is a block-
centered®nite differencecodethatsimulatessaturatedyroundvater ow and
allows for a variety of boundaryconditionsandirregular physicaldomains.
MODFLOW is widely usedandwell supported.

A MODFLOW simulationrequiresan input ®le containingthe location
andpumpingratesof thewells in the model.If n > 5, eachfunction evalu-
ationrequiresa new setof pumpingratesandthusthe MODFLOW well ®le
mustbe createdeachtime the objective functionis evaluated Moreover, once
the MODFLOW simulationis complete the valuesof h; mustbe extracted
from the MODFLOW output®le. A typical function evaluationis shavn in
Figure2.

Togeneratéhenecessargata®lesto run MODFLOW we usedtheGroundvater
ModelingSystem(GMS), version3.1. GMS is a modularinterfaceto a vari-
ety of ow andtransportcodesjncludingMODFLOW. GMS hasagraphical
ernvironmentthat allows the userto generategrids, de®necharacteristicef
the porousmedia, and visualize solutions.GMS was usedto generatethe
startingheadsfor (7), to createthe necessarylata®les for MODFLOW, to
determineanappropriatenitial iteratefor the optimization,andthenagainto
testtheresultsof the optimizer
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Round Well Locations
To Grid Points

Write Pumping Rates
and Well Locations
To MODFLOW Well File

Run MODFLOW
Simulation
Extract Values of h

Figure 2. Objective FunctionEvaluation

8. Numerical Results

We considertwo formulationsof the designspace For this work, theinstal-
lation costof anextractionwell, whichis roughly$20,000,s high compared
to the annualoperatingcost which is roughly $1,000.Sincen = 5 wells
extractingat Q®™® = 0:0064(m3=s) satis®esthe water supply demand
(12)exactly, oneobviousformulationisto®x n = 5andf Qg>; = 0:0064
andseektheoptimallocationsf (x;; yi)g-; to minimizeonly theoperational
cost(f °in (11)). We alsoincludeaformulationin whichwe startwith N = 6
wells and seekthe optimal locationsand pumpingratesto minimize (11),
fT = fC+ fO Intuitively, sincethe installationcostis so high, we would
expectthe®ve well con®guratiorto have thelowestcost.

We examinedthe performanceof one gradient-basedode,the FDNIPS
solverfromtheOPT++v2.0[33] framevork. Thiscodeis anonlinearinterior
point codebasedon the work in [17, 2, 3]. The codeuses®nite difference
gradientseithertrustregionor line searclglobalization andachoiceof three
merit functions.We tried several combinationf the options.In every case
the optimizationfailed after 1000 callsto the function or failed becausehe
line searcthadreducedhe steplength40timeswithouta suf®cientdecrease
in themeritfunction.

For comparisonwe includeresultsobtainedwith a simplegeneticalgo-
rithm (GA). The performancef a GA for constraineaptimizationproblems
often dependsstrongly on a numberof factorsincluding the methodused
to encodethe designvariables,the choiceof selection,crosseer, and mu-
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tation operatorsandthe mannerin which constraintsare handled[36, 29].
Here,we considera single-objectie GA which incorporatesoth real-and
binary-codedvariables,and useshinary tournamentelection[15]. For the
real-codedrariablesthe simulatecbinary crosseer (SBX) operatof15, 14]
with polynomialmutationis usedwhile single-pointcrosseer with bitwise
mutationareusedfor binary-codedsariables.

An approachhasedon [12] is usedto includeconstraintsvithout the use
of penalty parametersBox constraintssuchas thosein (13) are enforced
automaticallyin the generatiornof candidatedesignvariables,while a con-
straintsuchas(12) is formulatedasa non-n@ative functiong(Z) 0. The
GA tournamentselectionprocesds then modi®edto accountfor the three
scenarios(1) whentwo feasiblesolutionsarecomparedthe onewith lower
objective valueis preferred;(2) whena feasibleandinfeasiblesolutionare
comparedthefeasibleoneis taken;and(3) whentwo infeasiblesolutionsare
comparedhe onewith lower overall constraintviolationis preferred12].

Parameterdik e the populationsize,numberof generationsaswell asthe
probabilitiesanddistribution indexes choserfor the crosseer andmutation
operatorseffect the performanceof a GA [36, 29]. For the purposef our
comparisonwe wishedto limit the numberof simulationsperformedby
the GA to a rangeof 2 to 3 timesthe numberrequiredby IFFCO. Since
the total numberof objective function evaluationsis roughly the productof
the populationsizeandnumberof generationsthis restrictedour choicesto
fairly small populationsandfew generationsWe alsowishedto usesimilar
parameteraluesacrosshe variousproblems Althoughwe did not perform
a systematicstudyto ®nd the bestpossiblecombinationswe experimented
with a seriesof populationsizes,numbersof generationsandcrosseer and
mutationparameterso ®nd a combinationthat gave representate perfor
mancefor eachof the problemswe consideredUnlessnoted thevaluesused
arelisted Tablelll.

The GA codeusedis implementedn C andis available for download
from [13]. The useris requiredto implementproblem-speci®goutinesfor
evaluatingobjectie functionsandconstraints.
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Tablelll. GA parameters

30 sizeof population

30 numberof generations

0.9 cross@er probability

0.1 real-codednutationprobability

20 distributionindex for real-codecdcrosswer
10 distributionindex for real-codednutation
0.5 hinary-codednutationprobability

0.1 niching-parametefior constraints

8.1. SPATIAL DISCRETIZATION

We usethesamespatialdiscretizatiorfor bothformulations For thecon®ned
aquiferwediscretizeéhedomain = [0; 1000] [0; 1000] [0;30Q] (m)onan
equallyspacedb0 50 10grid. Fortheuncon®nedquifer we usedMiOD-
FLOW to determinethe saturateddomain ¢ = [0; 1000] [0; 1000]
[0; 27] andthendiscretized ¢ onanequallyspaceds0 50 10
grid.

8.2. FIVE WELL FORMULATION

8.2.1. Initial lterate

IFFCOrequiresafeasibleinitial iterate.Figure3 shavs the steadystate ow
®eld for the con®nedaquifer Sincethe headvalueis high in the lower left
cornerwe initially placedonewell there.After the wells are actvated,the
constrainbnthedravdown is violatedif thewells aretoo closetogetherWe
looked at severaldifferentinitial iteratesuntil we found onethatsatis®edhe
dravdown constrainffor boththe con®nedanduncon®nedquifer We found
that placingthe remainingfour wells closeto the speci®edheadboundaries
and signi®cantly apartfrom eachother was feasiblefor both physicaldo-
mains.Figure4 shavs therelatve locationof thewells andthe pressurdead
®eldfor thecon®nedaquiferwith thewells pumpingattheinitial iterate Note
thesameinitial well locationswereusedfor bothaquifers.
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We referto the con®nedaquiferas CON anduncon®nedaquiferasUNC.
The function value at the initial iteratewas $23,204for CON and $26,958
for UNC. TablelV shaws the minimum costfound andthe numberof calls
to MODFLOW for bothoptimizersandaquifers.IFFCOreducedhe costby
6% for the con®nedaquiferand 11% for the uncon®nedaquifer For both
aquifers,the minimum costfound by the GA after 10 generationsvas 5%
higherthanthe costfoundby IFFCO-whichis high consideringhedecrease
from the initial iterate.TableV shaws the initial x-y coordinatedor the 5
wells and the optimal locationsfor eachaquifer The well locationsat the
optimal point lie on the boundaryconstraint,(15). This is physically rea-
sonable sincethe headvaluesare higherin thatregion dueto the Dirichlet
boundaryconditions.The GA's costwashigherthanIFFCO's becausavell
5 in the con®nedcaseandwell 1 in the uncon®nedcaseare not relocated
closeenoughto the Dirichlet boundaryconditionswherethe headvaluesare
higher

In our evaluationof performancewe countonly theexpensve callsto the
simulatorasopposedo cumulatve callsto thefunction. Thisis theapproach
takenin [6]. To seehow thisis amorerealisticway to measureost,consider
thecasewherethelinearconstraini{12)is violated.Onecandetecthis viola-
tion, andreturnafailurefor f , without calling the expensve ow simulator
IFFCO s beingmodi®edto male it easyfor the userto evaluatecostat a
®ner granularitythanthis, to allow for the useof multiple simulatorswithin
theevaluationof the objective functionandconstraintsWhile thisis asimple
changein a serialcode,correctlycountingthe callsto the varioussimulators
in aparallelimplementatiormrequiresconsiderableare.

Figure5 is aplot of the valueof the objectve functionagainsthe cumu-
lative numberof callsto the simulator IFFCOis currentlybeingmodi®edto
allow the userto easilycountcalls to the objective functionandcallsto the
individual simulatorghatareusedto computat. We setafunctionevaluation
budgetof 10,000for this work and IFFCO corvemged to an optimal point
within approximately3% of the budget,terminatingthe optimizationbased
on the sequencef ®nite differencescales.Figure 5 shavs that after only
roughly 100 function evaluations,the objectve function doesnot decrease
signi®cantly

Figures6 and7 shav the headcontoursin thelayerscontainingthe wells
with thewells atthe optimallocations.

8.3. SIX WELL FORMULATION

The resultsabove are basedon the heuristic that installing the minimum
numberof wells (5) that meetthe extractiontamgyet is the bestapproachTo
testthis, we comparedhe ®ve well con®gurationwith all wells pumpingat
the maximumextractionrateto a six well con®gurationwith bothlocations
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TablelV. Cost:5Wells

Optimizer | Problem| minf MODFLOW Calls

IFFCO CON $21,830 275
GA CON $22,822 330
IFFCO UNC $23,930 302
GA UNC $25,164 328

TableV. OptimalLocations

Init_Co IFFCO GA IFFCO GA
(m) CON(m) | CON(m) | UNC(m) | UNC (m)

X(1)350.0| 401.7 655.1 464.2 600.0
Y(1)725.0| 800.0 737.8 800.0 216.2

X(2) 775.0 800.0 794.3 800.0 397.5
Y(2) 775.0 800.0 782.3 800.0 774.4

X(3)675.0| 776.9 755.6 800.0 796.5
Y(3)675.0| 481.1 203.1 445.4 706.0

X(4) 200.0 138.2 569.3 138.2 149.7
Y(4) 200.0 800.0 798.3 800.0 771.9

X(5)725.0| 798.4 303.8 800.0 799.3
Y(5)350.0| 168.9 501.6 144.8 513.3

andpumpingratesasdecisionvariablesWe includedtheinstallationcost(f ©
in (11)) in the objective function for theseruns.If the six well problemis
initialized with all wells pumpingat the maximumextractionrate,thenone
well is removed from the designin the courseof the optimizationandthe
minimum function valueis within 0.2% of that found with the original ®ve
well con®gurationlf the six wells areinitialized with

Qi = QMN=6;i = 1:::6;

which is a feasibleand sensibleinitial iterate,then a suboptimalpoint is
found.All wells remainpumpingcloseto theinitial pumpingrates,although
thelocationsalign with the speci®ecdheadboundaryconditions.

The objective function for the six well problemcontaineda large instal-
lation cost,f ¢, perwell. A commonapproachfor suchconditionsis to use
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amixed-intgerformulation[37, 44, 30, 35]. Speci®cally giventhe factthat
f ¢ wassigni®cantlylarger thanf® andthat a minimum of ®ve wells were
requiredto satisfythe extractiontamget, a reasonablevay to recasthe prob-
lemwasto includeanintegervariableindicatingwhich, if any, well shouldbe
removedfromthedesignlt wasstraightforvardto includeanintegervariable
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s rangingfrom 1 to 8 in the GA's formulation. A value of s in the range

to six well designs.In addition,a well wasremoved from the designif its
pumpingrate fell belov the installationthreshold,regardlessof the value
of s. The unequalrangesassociatedvith ®ve andsix well designsskewed
the GA's formulationto favor ®ve-well designsThis re ectedour heuristic
thatinstallingthe minimum numberof wells waslikely to be cheapethana
six-well design.

TableVI shavstheminimumcostandthenumberof callsto MODFLOW
for bothoptimizers aquifersfor thebetterinitial iterate. Thecostattheinitial
iteratewas$170,97Zor thecon®nedaquiferand$152,87&or theuncon®ned
aquifer Both the GA and IFFCO were able to remove one well from the
design,resultingin a solutioncomparabldo the ®ve well con®gurationand
reducingthe costby roughly 20%. For the suboptimalinitial iterate,IFFCO
wasonly ableto decreasehe cost1%. The GA did not ®nd anything bet-
ter thanthe initial iteratein 30 generationgover 100 function evaluations)
for either aquiferwith the suboptimalinitial iterateincludedin the initial
population.

8.4. OPTIMIZATION LANDSCAPES

The ®ve well con®gurationdoesnot have a discontinuousnstallationcost.
To geta betterunderstandin@f the objectve function for this formulation,
we ®xed wells 2-5 and computedthe costwhile letting the x andy coordi-
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TableVI. Cost:6 Wells

Optimizer | Problem min f MODFLOW Calls

IFFCO CON $140,237 346
GA CON $140,628 464
IFFCO UNC $124,582 327
GA UNC $127,069 161

natesfor well 1 vary between20 and 800 meters.Figure 8 shaws the cost
landscapaeartheinitial iteratefor the con®nedaquiferandFigure9 shavs
the landscapenearthe initial iteratefor the uncon®nedaquifer The peaks
in thelandscapesccurwhentwo wells get closetogethermakingthe head
valueslow and hencethe operationalcosthigher Whentwo wells gettoo
closethey violate (14), leaving a small infeasibleregion inside eachof the
peaksThesepeaksalsomale thelandscapesonconex andintroducelocal
minima.Whenwetry to evaluatethefunctionataninfeasiblepoint,we donot
plot anarti®cial value.Notethatonly asubsebf is feasible especiallyfor
theuncon®nedaquiferneartheinitial iterate.The high infeasibility wasdue
to repeatediolation of theheadconstrain{14),whichis why theuncon®ned
caseis more challenging.There are also small discontinuitiesapparentn
thelandscapesincewe roundrealnumbergo grid locationsto runthe ow
simulator

Figures10and11 arethe surfacesobtainedwhenwells 2-5 aresetat the
optimallocationsfor the con®nedanduncon®nedaquifers.
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8.5. DiIscussIiON

The numericalresultsindicatethatthe six well formulationis muchmore
dif®cult thanthe ®ve well formulationsinceonewell mustbe removed from
thedesignwhile theremainingwells extractat the maximumextractionrate.
IFFCOdid well onthethesix well formulationwith aninitial iteratewith all
wells extractingat the maximumrate. In the othercasea local minimumis
found. With or without the mixed-inteyer formulation, the six well problem
proveddif®cult for theGA, sinceremoving awell only ledto afeasibleterate
if theother®ve werepumpingatthe maximumrate.The GA wasableto ®nd
a feasible®ve well solutionwhenthe betterinitial iteratewasincludedasa
membeiof theinitial populationWith acompletelyrandominitial population
or with the sub-optimalinitial iterateincluded,the GA solutionfor the con-
®nedaquiferproblemwasa sub-optimalsix well design.The samewastrue
for the uncon®nedcase However, the GA with a completelyrandompopu-
lation wasunableto ®nd a feasibleiteratefor the uncon®nedoroblemeven
whenusinga populationsize of two hundredandrunningfor two hundred
generations.

We alsoconsideredhe possibility that, over a longertime period,the six
well modelwith the suboptimainitial iteratemaybe superiorto the ®ve well
model. We ran both the con®nedand uncon®nedoroblemsfor oneyearto
determinethe annualoperationalcost. One can seethat a time of roughly
130yearsfor the con®nedaquiferand 90 yearsfor the uncon®nedaquifer
is neededto obtain a lower usingthe six well model. Hencethe ®ve well
resultsare the mostrealistic. We ran both problemsagainwith the longer
time horizonsto con®rmthatthe six well modelwould outperformthe ®ve
well model.

It is commonin practiceto startwith alarge, ®xed grid of wells and seek
only the optimal pumpingrates,remaoving wells from the designasneeded.
We tried this approachusingN = 16 so that we seekthe optimal rates,
fQigts to minimizef T = ¢+ f°: NeitherIFFCO nor the GA wasable
to corverge to the ®ve well solution. We tried several differentinitial iter-
atesfor IFFCO andat best,in 429 function evaluations,|IFFCO hadleft 10
wells in the designand reducedthe costfrom $ 424,123to $ 262,558for
the con®nedaquifer Theresultsweresimilar for the uncon®nedaquifer but
it waseven morechallengingto ®nd a feasibleinitial iterate.We performed
several experimentswith IFFCO andwith a goodinitial iterate,IFFCOwas
ableto converge to the ®ve well solutionwith upto N = 9 candidatewells
initially ®xedonthegrid. With arelatively large numberof ®xedwells, it was
againnaturalto usea mixed-intgyer formulationfor the GA. This time, the
designvariablesconsistedf arateandbinary“on-off” switchfor eachof the
N = 16wells. Startingfrom arandominitial populationthe GA produceca
six well designfor boththe con®nedanduncon®nedroblemsThe®nal cost
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for the con®nedaquiferdesignwasf’ = $161,588after 510 functioneval-
uations while the uncon®nedhquifersolutionhada costof fT = $142,755
after359functionevaluations.

This applicationis challengingfor formulationswith N > 5 wells since
wellsmustberemoredfrom thedesignspacdo decreasgheinstallationcost.
Remawing wells from the designis an active areaof researclandnumerous
approachesxist for approximating®xed costswith continuousfunctions
(see[32] andthe referencegherein).Our approachfor removing a well if
jQij < 10 # resultsin a discontinuou®xed cost. This approachwasimple-
mentedduetoits simplicity, butalsobecauséheimplicit ®ltering algorithmis
designedor problemswith discontinuousandscapeds thenumberof wells
increasedit wasmoredif®cult to ®nd afeasibleinitial iterateandevenfor the
six well formulation,we foundthatIFFCOrequiredadeceninitial iterate. A
possibleremedyfor this might be to useanotheroptimizationroutineasan
initial iterategeneratofor IFFCO. Thiswill bethe subjectof futurework.
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9. Conclusions

Thiswork wasaninitial analysisof a subsebf thecommunityproblemspro-
posedin [30]. The formulationof the objective function and constraintsare
discontinuousand have local minima asthe optimizationlandscapeserify.
Thesefeaturesare the reasonfor the failure of the gradient-basednethod
(seex 8). As pointedout in [30], deterministicsamplingmethodshave not
beenusedto their full potentialin the subsurace optimizationcommunity
In this work we founda solutionto thewell-®eld designapplicationwith the
implicit ®ltering algorithm and we comparedour resultsto thoseobtained
with asimplegeneticalgorithm.

Wefoundtheseproblemgo bechallengingor severalreasonsA minimal
costis obtainedwith few wells pumpingat large rates.For theseproblems,
local minima exist when more wells are extracting at low costs.A large
decreaseén the objective function occurswhena well is removed from the
designspace.The installation cost for this work is discontinuousyet we
found thatwith goodinitial data,that the implicit ®Itering algorithm could
perform well despitethe discontinuousormulationfor N < 9. Another
challengeis thatthe feasibleregion, especiallyfor the uncon®nedaquifer is
small. Althoughimplicit ®ltering startedwith a feasibleinitial iterate,much
experimentalwork wasdoneto ®nd one. The geneticalgorithmwasunable
to ®nd a feasiblepoint for the six well formulationandrequireda feasible
pointin theinitial populationin orderfor the optimizationto progresgor the
uncon®nedaquifer

We canextendthis studyto improve the solutionfor this type of problem.

IFFCOrequiresafeasibleinitial iterate,andthenumericalresultsshav that
agoodinitial iterateis neededor the optimization.Surrogatenodelsbased
on statisticalsampling[5, 6] may bea goodway to explore designspacefor
goodinitial iterates.

As pointedout in [30], a more accuraterealizationof the subsuraceis
neededor solutionsof this classof problemsto be usedin decisionmaking.
Adding heterogeneitieso the domainwould createa more realistic snap-
shot of the subsuréce yet would malke the optimizationlandscapesnuch
more challenging.More robust optimizationtechniquesmay be neededas
the conceptuatiomainbecomesnorerealistic.

We usedMODFLOW to simulate ow for a well-®eld designapplication,
despitethe simulators simplewell model. Thereal-valuedwell locationthat
is outputfrom theoptimizeris roundedo agrid location.Foramoreaccurate
solution,a simulatorthatis ableto moreaccuratelyresole “ow aroundthe
well is essentialA well modelthatneednot placewells atthe centerof acell
would beideal.

Thiswasthe®rstattemptat obtaininga solutionto ary of theproblemspro-
posedn [30]. An in-depthcomparisorof samplingmethodsincludingthose
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thatuseasurrogategesponseasurface,is currentlybeingdoneandis necessary
beforeary solid conclusionganbemadeonwhich methodperformsbestfor
this classof problems.

10. Downloading and Running the TestProblems

Theproblemscanbeobtainedfrom

http://www4.nc su. edu/ “c tk /co mmnit y. html

Thetestproblemsare packagedscompressetdNIX tar ®les. Theserial
codesarefor the g77 compilerandhave beentestedon SUN SparcStations
running Solaris,variousintel platformsrunningRedHat Linux 7.3and8.0,
andanApple MacintoshG4runningOSX10.2.TheMPI versionof thecodes
hasbeentestedonanIBM-SP3andaDELL Linux sener. IFFCOis included
in the packagesThe README ®les in the main directory explain how to
assemblehe®lesandinterprettheresults.

MODFLOW canbeobtaineddirectly from the USGSatthe URL

http://water.u sgs .g ov/s of tware /modfl ow-96.h tml

The USGSprovides compiledexecutabledor SUN, SGI, andDOS sys-
temsaswell asUNIX source Ourpackageprovide make®lesfor someother
UNIX ervironments.
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