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Abstract. Problemsinvolving the managementof groundwater resourcesoccur routinely,
andmanagementdecisionsbasedupon optimizationapproachesoffer the potentialto save
substantialamountsof money. However, this classof applicationis notoriouslydif�cult to
solve dueto non-convex objective functionswith multiple local minima andboth nonlinear
modelsandnonlinearconstraints.Wesolveasubsetof communitytestproblemsfrom thisap-
plication�eld usingMODFLOW, astandardgroundwater�o w model,andIFFCO,animplicit
�ltering algorithmthatwasdesignedto solve problemssimilar to thoseof focusin this work.
While samplingmethodshave receivedonly scantattentionin thegroundwateroptimization
literature,we show encouragingresultsthat suggestthey aredeservingof morewidespread
considerationfor this classof problems.In keepingwith our objectives for the community
problems,we have packagedthe approachesusedin this work to facilitateadditionalwork
on theseproblemsby othersandtheapplicationof implicit �ltering to otherproblemsin this
�eld. Weprovide thedatafor our formulationandsolutionon theweb.

Keywords: Implicit �ltering, Well �eld design,Groundwater�o w andtransport

1. Intr oduction

Groundwaterresourcesareimportantbecauseabout50% of the population
of theUnitedStatesrely uponthis resourcefor drinkingwater. Typicalgoals
in groundwaterresourcesmanagementincludedesigningandmanagingsys-
temsto supplydrinking waterandto restorecontaminateddrinking waterto
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a usablequality at a minimum cost.Accomplishingthesegoalsrequiresa
modelto describethesystemof concern,an appropriateobjective function,
constraints,andan optimizationalgorithm.Theobjective functionandcon-
straintsprovide thelinkagebetweenthesimulationmodelandtheoptimizer.
Becauseporousmediasystemsaretypically heterogeneousover smallscales
anddescribedby nonlinearprocesses,subsurfacesimulatorscanbeexpensive
to evaluateandsubjectto uncertainty, or stochasticin nature.The resulting
optimizationproblemscanalsobedif®cult, with objective functionsthatare
non-convex andhavemultiple localminima,andbothmodelsandconstraints
that arenonlinear. For thesereasons,subsurfaceoptimizationproblemsare
bothimportantandchallenging.

To aid the evolution of optimal designof subsurface¯ow andtransport
applications,a setof communityproblems(CP's) wasdeveloped,[30], that
aretypical of problemscommonlyencounteredandwhich cover a rangeof
complexity. It wasreasonedthat focusingon a commonsetof CP's would
allow for not only advancementof approachesto solve an importantsetof
problems,but alsoa meansto aid comparisonof variousaspectsof the so-
lution approachon thesamesetof problems.It wasalsoanticipatedthat the
CP'swouldcatalyzetheintroductionof new classesof optimizationmethods
into the groundwater®eld andresult in moreactive participationof the ap-
pliedmathematicscommunityin theevolutionof solutionapproachesfor this
classof application.

A subsetof the CP's is a standardwater supply application.Roughly
speaking,theobjective is to locateasetof watersupplyproductionwellsand
®nd theirpumpingratessuchthatcostis minimizedsubjectto constraintson
the total amountof water that mustbe produced,the hydraulicheadin the
wells, theproductioncapacityof a well, andtheportionof thedomainover
which a well may be located.Evaluationof the objective function requires
a groundwater ¯ow simulator that solves for hydraulic headas a function
of spaceandtime given a spatialandtemporaldomain,materialproperties,
auxiliaryconditions,andwell designinformation.

Commonapproachesfor solvingwatersupplymanagementproblemsin-
cludegradient-basedmethodsor geneticalgorithm(GA) approachesin which
acandidatesetof well locationsis selectedandthepumpingrateof eachwell
is a designvariable.Gradient-basedmethodsarenot reliablebecauseof the
non-convex, noisynatureof theproblem.Globaloptimizationmethodssuch
asgeneticandevolutionaryalgorithms[38, 40, 24, 1], simulatedannealing
[28, 39], andtabu search[45] have beenappliedto many subsurfaceremedi-
ationproblems(see[30] for many morereferences).However, thesemethods
canbe expensive. Samplingmethodsarea potentiallyattractive alternative
classof approachfor thissortof problem,whichhavereceivedscantattention
in thewaterresourcescommunitybut have beenconcludedto be deserving
of amorethoroughinvestigation.
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In thispaperwetaketheview thatthereis enoughstructurein theproblem
to useadeterministicsamplingmethod.Thesemethodsaredesignedto solve
problemswith dif®cult, but notviolently oscillatoryoptimizationlandscapes,
suchasthe onesin Figures8, 9, 10, 11 in x 8. Gradient-basedmethodsare
likely to have troublewith suchproblems,either®nding local minima,stag-
nating,or failing to ®ndadescentdirection.In our testingof agradient-based
method,whichwereportin x 8, weobservedthis typeof failure.TheNelder-
Mead[34], Hooke-Jeeves [23], MDS [16, 43], DIRECT [25], and implicit
®ltering [21, 20,26] areexamplesof discretesamplingmethods.

Theobjectivesof thisworkare:(1) toprovideaninitial analysisof asubset
of groundwaterCP's, which have beenrecentlypublished;(2) to formulate
a solution to theseproblemswith a samplingmethod,in this caseimplicit
®ltering; (3) to comparethe resultswith a geneticalgorithmapproach,and
to explain why traditional gradient-basedmethodscan and do fail; (4) to
examinethecharacteristicsof thesolutionspaceandillustratethechallenges
that this classof problem poses;and (5) to point the way toward future
improvementsfor thesolutionof this classof problem.

2. ConceptualModel

An aquifer is a fully saturated,water-bearingregion andis consideredcon-
®nedif boundedon both thetop andthebottomby essentiallyimpermeable
material.An uncon®nedaquiferhasthewatertableasits upperbound.The
maindifferencebetweenthe two geologicalformationsis that the saturated
thicknessof an uncon®nedaquifervariesasthe hydraulicheadvaries,thus
leadingto anonlinearfree-boundaryproblem.

We considera well-®eld designproblem.The hydrologicalsettingsare
homogeneouscon®nedanduncon®nedaquifersin threespatialdimensions.
For theproblemsconsidered,asetof wells is distributedin thedomain.Each
well is allowed eitherto inject or extract water. Well-®eld designproblems
involve the selectionof well locationsand pumpingratesto minimize the
costof waterproduction.Thecostof supplyingwatertypically involvesthe
costto drill, equip,andconnectwells to a treatmentor distribution system,
and the cost to pump the water andmaintainthe well. In turn, the cost to
pumpgroundwaterdependsupontheenergy neededto lift thewaterfrom its
level below thegroundsurfaceto thedischargepointandto supplysuf®cient
dischargepressureto achieve thedesired̄ ow.

The decisionvariablesfor this type of problemare the pumpingrates
f Qi gn

i=1 (m3=s) at then wells in themodelandthe locationsf (x i ; yi )gn
i=1

of the wells. Pumpingratescanbe constantor variablein time depending
uponthe application.In the applicationconsideredin this paper, a constant
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¯ow rate is realistic.This is becauseany transientsdecayvery early in the
®veyeartime horizon.

3. Formulation

Thephysicaldomain,seeFigure1, is 
 = [0; 1000]� [0; 1000]� [0; 30] m
with thegroundelevationatzgs = 60m for thecon®nedaquiferandzgs = 30
m for theuncon®nedaquifer.

Flow in saturatedporousmediacanbedescribed,[30], by

Ss
@h
@t

= r � (K r h) + S; (1)

whereSs (1/m) is thespeci®cstoragecoef®cient, theunknown h (m) is the
hydraulichead,K (m/s) is the hydraulicconductivity [30]. Herethe source
termS is amodelof thewells,asumof � -functionsthatsatis®es

Z



S(t)d
 =

nX

i =1

Qi : (2)


 is thespatialdomain.Thewellsareassumedtoextractfromnearthebottom
of theaquifer. If anumericalsolutionis discretein thez-dimensionthenonly
thebottomlayerof cells/elementsshouldincludethewell sourceterms.

For thecon®nedaquifer, weusethefollowing boundaryandinitial condi-
tions:

@h
@x

�
�
�
�
x=0

=
@h
@y

�
�
�
�
y=0

=
@h
@z

�
�
�
�
z=0

= 0; t > 0 (3)

qz(x; y; 30; t > 0) = � 1:903� 10� 8(m/s) (4)

h(1000; y; z; t > 0) = 50� 0:001y(m) (5)

h(x; 1000; z; t > 0) = 50� 0:001x(m) (6)

h(x; y; z; 0) = hs (7)

Here

qz = � K
@h
@z

is theDarcy ¯ux outof thedomain,anegative signin eqn(4) thusrepresents
¯ow into theaquiferor rechargethatcouldbetheresultof rainfall in®ltration
or leakagefrom anoverlyingaquifer, andhs is thesteadystatesolutionto the
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¯ow problemprior to theadditionof wells.WeuseS s = 10� 6 (1/m).For the
uncon®nedaquifer, (4), (5) and(6) arereplacedwith

qz(x; y; h; t > 0) = � 1:903� 10� 8(m/s); (8)

h(1000; y; z; t > 0) = 20� 0:001y(m); (9)

and
h(x; 1000; z; t > 0) = 20� 0:001x(m): (10)

Ss = 2:0 � 10� 1 is the speci®cyield of the uncon®nedaquifer. For the
homogeneousapplications,K = 5:01 � 10� 5 (m/s).

Dirichlet  Boundary Conditions
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y=1,000 (m)
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y=1,000 (m)

h=20 or 50 (m)
x=1,000 (m)
y=0 (m)

z=30Recharge into Aquifer Top,

No Flow at Aquifer Bottom,
Figure1. PhysicalDomain

4. Objective Function

Weconsideracapitalcostf c andanoperationalcostf o seekingto minimize
f T = f c + f o: Theobjective functiondependsonthepumpingratesf Q i gn

i=1
andlocationsf (x i ; yi )gn

i=1 of n operatingwells.NotethatQi < 0 meansthe
well is extractingwater, andQi > 0 meansthe well is injecting water. For
this work, we begin with a virtual ®xed well ®eld containingN wells with
thenumberof operatingwellsn � N :
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Sincethereis a®xedinstallationcostfor wells,animportantaspectof the
optimizationprocedureis the mannerin which wells areremoved from the
design,therebysigni®cantlydecreasingthe total cost.A well is considered
installedandoperatingif jQi j > 0:0001. If the optimizerspeci®esa value
with jQi j � 0:0001thenwe neitherapply the well sourceterm nor do we
includethecostof thewell in theobjective function.Thisapproachresultsin
non-smoothnessin theobjective function,but providesa reasonablemecha-
nism for removing wells from the designthat our optimizerwascapableof
triggering.

Theobjective functionis givenby

f T =
nX

i =1

c0db0
i +

X

Q i < � :0001

c1jQm
i jb1 (zgs � hmin )b2

| {z }
f c

+ (11)

t f

0

@
X

i;Q i < � :0001

c2Qi (hi � zgs) +
X

i;Q i >: 0001

c3Qi

1

A

| {z }
f o

;

wherethecostcoef®cientscj andexponentsbj aregiven in TableI. Heredi
is thedepthof well i , Qm

i is thedesignpumpingrate,hmin is theminimum
allowablehead,hi is thehydraulicheadin well i , t f is thetotal designtime,
which wastaken as5 years,andzgs is the elevation of the groundsurface.
Injectionwellsareassumedto operateundergravity feed.In f c, the®rst term
denotesthecostto install all thewells,andthesecondtermaccountsfor the
additionalcostfor pumpsfor the extractionwells. In f o we have a lift cost
that appliesto the extractionwells andan injection cost that appliesto the
injectionwells.

Thedesignpumpingratesf Qm
i g, i.e. themaximumratesatwhichagiven

well can pump, dependupon the aquifer properties,casingand discharge
piping size,pumpcharacteristics,screenlengthandopeningsize,effective-
nessof the development,and local geochemicalconditions.One could, in
principal,treatthepropertiesof thewells andpumpsasoptimizationparam-
eters.We do not do this here,andfocuson morefundamentalaspectsof the
formulation.

5. Constraints

Weconstrainthehydraulicheadandpumpingratesfor theobjective function
givenin (11).Theconstraintsaregivenby
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TableI. Objective FunctionData

data value units

c0 5:5 � 103 $=mb

c1 5:75 � 103 $=[(m3=s)b1 � mb2 ]

c2 2:90 � 10� 4 $=m4

c3 1:45 � 10� 4 $=m3

b0 0.3 -

b1 0.45 -

b2 0.64 -

zgs 60con�ned m

zgs 30 uncon�ned m

di zgs m

Qm
i 1:5Qi m3=s

QT =
nX

i =1

Qi � Qmin
T ; (12)

Qemax � Qi � Qimax ; i = 1; :::; n; (13)

and
hmin � hi � hmax ; i = 1; :::; n; (14)

whereQT is the net pumpingrate,Qmin
T is minimum allowable total ex-

tractionrate,Qemax is the maximumextraction rateat any well, Q imax is
the maximuminjection rate at any well, hmax is the maximumallowable
head,andhmin is theminimumallowablehead.Valuesfor theboundsin the
constraintsaregiven in TableII. We requirethat thewells beat least200m
from theboundaryon whichDirichlet boundaryconditionsareapplied,i. e.

0 � x i ; yi � 800: (15)

In additionto (15), we do not allow two wells to occupy the samegrid
point. In the courseof the optimization,if two wells converge to the same
location,ourchoiceof simulatorwould implementthetwo wellsasonewell,
operatingat thesumof thetwo pumpingrates.In turn,only onewell would
operatein the¯ow simulation,yet two wellswouldbeincludedin theinstal-
lationcost.For ourchoiceof spatialdiscretization,this indirectly impliesthat
thedistancebetweenwells is at least20mapart.

Constraint(12)setsaminimumtargetfor extraction,which is thepurpose
of thewell ®eld.For theproblemconsideredhere,theinstallationcostsarefar
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morethattheoperatingcostsfor a singleyear. Therefore,oncetheminimum
extractiontargetis reached,it wouldonly makesenseto drill additionalwells
if thelong-termoperatingsavingsis signi®cant.Since®vewellsextractingat
themaximumlevel satisfy(12) with equality, onelogical formulationof the
problemis to ®nd theoptimallocationof ®vewells,eachextractingasmuch
aspossible.

Constraint(13)re¯ectsphysicallimits onthepumpsandwell design.Well
designsaretypically limited by the sizedistribution of the porousmedium
andtheresultingsizeof thewell screen.

The upperboundin constraint(14) keepsthe hydraulicheadbelow the
surfaceelevationandthe lower boundensuresthatexcessive drawdown will
not occur. This constraintis a linear function of the pumpingratesfor the
con®nedcasebut a nonlinearfunction for the uncon®nedcase,andin both
casesahighly nonlinearfunctionof thelocationsof thewells.

TableII. ConstraintData

data value units

Qmin
T � 3:2 � 10� 2 m3=s

Qemax � 6:4 � 10� 3 m3=s

Qimax 6:4 � 10� 3 m3=s

hmin 40 con�ned m

hmax 60 con�ned m

hmin 10uncon�ned m

hmax 30uncon�ned m

5.1. OPTIMIZATION PROBLEM FORMULATION

In thissectionwedescribehow wepackagedtheproblemfor theoptimization
algorithm.Theobjective functionf T is discontinuous,andsomeof thecon-
straints(13) and(15) aresimpleboundson the variables.Implicit ®ltering,
theoptimizationmethodwe usein this paper, is designedto handledif®cult
objective functionsandboundconstraints.

If we setn = 5, thenthe constraints(12) and(13) requirethe pumping
ratesto be exactly Qmin

T =5. Thus,in this situation,we needonly optimize
well locationsandapplyconstraint(14). If we setn > 5, thenwe mustalso
optimizepumpingratesand,therefore,all theconstraintsmustbeenforcedby
theoptimizer. Constraint(14)is highlynonlinearwhileconstraint(12)is nota
boxconstraint,andneitherconstraintcanbehandleddirectlyby theprojected
quasi-Newton algorithm.In this casetheobjective functionreturnsa failure
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wheneither(12)or (14)areviolated.Ourimplementationof implicit ®ltering
will assignan arti®cial (seex 6.2) value to the function when it returnsa
failure.Thisisastandardapproachfor handlingnonlinearconstraintsin many
samplingmethods,[42, 9, 27].

Wewill ®x thenumberof wellsandconsiderthevectorof designvariables

Z = (x1; : : : ; xn ; y1; : : : ; yn ; Q1; : : : ; Qn )T 2 R3n :

Wede®nethefeasiblesetfor theboundconstraintsas

D0 = f Z j (13)and(15)hold.g = f Z j Z min
i � Z i � Z max

i g: (16)

Ouroptimizationproblemis

min
Z 2D 0

f T (Z ); (17)

wheref T isgivenby (11)if (12)and(14)aresatis®edandafailureis reported
if eitherof (12)or (14)areviolated.

6. Implicit Filtering

The objective function is highly nonlinearand non-convex, discontinuous
becauseof the jumpsaswells areaddedanddeleted,andnoisy, becauseof
internal iterationsin the simulators.For thesereasons,as we said in x 1,
a conventional gradient-basedoptimization methodmay fail. A sampling
method,which only evaluatestheobjecive functionandconstraintsto guide
theoptimization,is mostappropriatefor thiskind of problem.

In this paperwe useIFFCO [10], a FORTRAN implementationof the
implicit ®ltering algorithm[26, 21, 20]. We basedthis decisionon our own
familiarity with theoptimizerandour pastsuccesswith it on otherproblems
of a similar mathematicalnature[4, 42, 9], althoughwe are not aware of
any useof implicit ®ltering for the type of applicationproblemof concern
in this work. This choicesigni®cantlyin¯uencedthe decisionson handling
constraintsandthelocationsof thewells.

Implicit ®ltering hasbeendescribedin detailandanalyzedelsewhere.We
referthereaderto [26] for thedetailsof thealgorithmandto [26, 21,11] for
convergenceanalysis.In x 6.1 we sketchthe algorithmandits implementa-
tion in IFFCOonly in enoughdetail to explain how this choiceaffectedthe
formulationof theproblem.
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6.1. THE ALGORITHM

Implicit ®ltering is a projectedquasi-Newton methodthat uses®nite dif-
ferencegradients.The differenceincrementis reducedas the optimization
progresses,therebyavoiding somelocal minima, discontinuities,or nons-
mooth regions that would trap a conventionalgradient-basedmethod.The
problemsconsideredin this paperareexactly the kind that the methodwas
designedto solve.

Implicit ®ltering begins by rescalingthe variablesso that the feasible
region is

D = f � j 0 � � i � 1g: (18)

We will discussthe algorithmin termsof the scaledfeasibleregion in (18)
but theapplicationin termsof theactualbounds(16).

Tomakethetransitionfrom f T to thescaledform,wede®ne� component-
wiseby

� i = (Z i � Z min
i )=(Z max

i � Z min
i )

andlet
f (� ) = f T (Z ):

Theoptimizationproblemfor f is now

min � 2D f (� ):

For a givendifferenceincrement(calleda scale) � 2 (0; 1=2] and� 2 D,
we let r � f (� ) bethedifferencegradientwhosecomponentsare

� thecentraldifferencegradientin the i th coordinatedirectionif bothof
� � � ei 2 D, or

� theone-sideddifferencegradientin thei coordinatedirectionif only one
of � � � ei 2 D.

Since� � 1=2, at leastone of � � � ei 2 D. We let the stencil S(� ) be
thosepointsin the centereddifferencestencil that arein D andusedin the
computationof r � f . If

f (� ) � min
� 2 S(� )

f (� ) (19)

we say that stencil failur e has occurredand terminatethe quasi-Newton
iterationat thatscale.

If H is a modelHessian,a projectedquasi-Newton iterationfrom � has
thegeneralform

� (� ) = P(� � �H � 1r � f (� )) ;
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whereP is theprojectionontoD

P(� ) i =

8
<

:

0 if � i � 0
� i if 0 < � i < 1
1 if � i � 1

In IFFCO,thesteplength� is computedwith a quadraticmodel[10] and
astepis acceptedif thesuf®cientdecreasecondition

f (� (� )) � f (� ) � � r � f (� )T (� (� ) � � ); (20)

holds.In IFFCO,asis standard,� = 10� 4. We saythat the quasi-Newton
iterationis successfulif

k� � � (1)k � � � : (21)

Thealgorithmicparameter� canhaveasigni®canteffectontheperformance
of the optimization.For the problemswe considerhere,however, we were
ableto successfullyusethedefault valueof � = 1.

The ®nite differenceprojectedquasi-Newton loop in IFFCO is summa-
rized in algorithmfdquasi. fdquasi is a naturallyparallelalgorithm;all
thefunctionevaluationsneededto computer � f canbedonein parallel.We
exploitedthissimpleparallelismto performthecomputationsreportedin this
paper.

Algorithm 1 fdquasi(� ; f ; pmax; � ; � ; amax)
p = 1
while p � pmax andk� � P(� � r � f (� ))k � � � do

computef andr � f
if (19)holdsthen

terminateandreportstencil failur e
end if
updatethemodelHessianH if appropriate;solve H d = �r � f (� )
usea backtrackingline search,with at mostamax backtracks,to ®nd a
steplength�
if amax backtrackshave beentakenthen

terminateandreportline search failur e
end if
�  P(� + �d )
p  p + 1

end while
if p > pmax reportiteration count failur e

Implicit ®ltering callsfdquasi repeatedlywith a sequenceof scalesf �kg.
Algorithm im�lter is asimplesketch.
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Algorithm 2 im�lter (� ; f ; pmax; � ; f � k g; amax)
for k = 0; : : : do

fdquasi (� ; f ; pmax; � ; � k ; amax)
end for

Thealgorithmicparametersthatareimportantto implicit ®ltering arethe
limit amax on thenumberof stepsizereductions,pmax on thenumberof
nonlineariterations,andtheparameter� in theterminationcriterion.For the
calculationsreportedhere,we set pmax = 100 (the default), � = 1 (the
default),andamax = 3 (thedefault).Theparametersin im�lter thatcontrol
the quasi-Newton loop are the sequenceof scalesf � kg. Our choicein this
work was

� k = 2� k� 1; 0 � k � 10:

Theanalysisof implicit ®ltering beginswith theparadigm

f = f S + � (22)

wheref S is a smoothfunctionand� representsthe“noise” in theproblem.
For thetheoreticalconvergenceresultsin [42, 26,11] weassumethat� is an
everywhere-de®nedfunctionon 
 andset

k� kS(� ) = max
� 2 S(� )

j� (� )j:

Onecanshow thatif either(19)or (21)hold, that

kP(� � r f S(� ))k = O(� + k� kS(� ) =� ): (23)

Theconvergencetheoryfor implicit ®ltering [26, 21,11] arebasedon (23).
IFFCO supportsthe SR1 [7, 18] and the BFGS [41, 8, 19, 22] quasi-

Newtonmodelsof theHessian.WeusedtheSR1updatein thispaper. In our
experiencetheSR1updateperformsbetterfor bound-constrainedproblems.

Implicit ®ltering canbe restartedafter it terminatesandtheconvergence
theory[21] is strongerif onedoesthat.In practice,restartingusuallyhasno
effect.For theproblemsin thispaper, however, wehadto restartIFFCOonce
to obtainconsistentlygoodresults.

6.2. FAILURE OF THE FUNCTION

IFFCOrespondsto afailureof f in two ways.If thefailedfunctionevaluation
f T (z) is partof theevaluationof r hf T (� ), thenanarti®cial value[9] of

f � + 10� 6jf � j
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is assignedto f (z). Heref � is thelargestfunctionvaluein thestencilS(� ). If
thefunctionevaluationfailureis partof theline search,thethevaluef scale
is assignedto f T .

f scale is an approximationto the maximumvalueof f T in the feasible
setD0 for theboundconstraints(16). We setf scale to 20% morethanthe
valueof f at theinitial iteratein thispaper.

Thisapproachto handlingconstraintsis naturalif thefailureof theobjec-
tivefunctionis aconsequenceof, for example,aninternaliteration's failureto
converge.In thecaseof theproblemconsideredhere,while theconstraintsare
directlyspeci®edby (14), theevaluationof hi requiresacall to thesimulator
which, asa function of the well locations,is highly nonlineareven for the
continuousproblem.For the discreteproblemconsideredhere,where the
well locationsareroundedto grid pointsbeforethecall to thesimulator, the
constraintfunctionis discontinuous.

7. Evaluation of the Objective Function

IFFCOrequiresanexternalsubroutineto evaluatetheobjective functionf T .
To do this we must computethe hydraulic headvalues,f h i g, at the well
locationsf (x i ; yi )g for a given setof pumpingratesf Qi g. Computationof
f hi g usesagroundwater¯ow simulatorto solve (1).For thiswork weusethe
U.S.GeologicalSurvey codeMODFLOW-96 [31]. MODFLOW is a block-
centered®nite differencecodethatsimulatessaturatedgroundwater¯ow and
allows for a variety of boundaryconditionsandirregular physicaldomains.
MODFLOW is widely usedandwell supported.

A MODFLOW simulationrequiresan input ®le containingthe location
andpumpingratesof thewells in themodel.If n > 5, eachfunctionevalu-
ationrequiresa new setof pumpingratesandthustheMODFLOW well ®le
mustbecreatedeachtimetheobjective functionis evaluated.Moreover, once
the MODFLOW simulationis complete,the valuesof h i mustbe extracted
from theMODFLOW output®le. A typical functionevaluationis shown in
Figure2.

Togeneratethenecessarydata®lesto runMODFLOW weusedtheGroundwater
ModelingSystem(GMS),version3.1.GMS is a modularinterfaceto a vari-
etyof ¯ow andtransportcodes,includingMODFLOW. GMShasagraphical
environmentthat allows the userto generategrids,de®necharacteristicsof
the porousmedia,and visualizesolutions.GMS was usedto generatethe
startingheadsfor (7), to createthe necessarydata®les for MODFLOW, to
determineanappropriateinitial iteratefor theoptimization,andthenagainto
testtheresultsof theoptimizer.
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8. Numerical Results

We considertwo formulationsof thedesignspace.For this work, the instal-
lationcostof anextractionwell, which is roughly$20,000,is highcompared
to the annualoperatingcost which is roughly $1,000.Sincen = 5 wells
extractingat Qemax = � 0:0064(m3=s) satis®esthe watersupplydemand
(12)exactly, oneobviousformulationis to ®x n = 5andf Qi g5

i=1 = � 0:0064
andseektheoptimallocations,f (x i ; yi )g5

i=1 to minimizeonly theoperational
cost(f o in (11)).Wealsoincludeaformulationin whichwestartwith N = 6
wells and seekthe optimal locationsand pumpingratesto minimize (11),
f T = f c + f o: Intuitively, sincethe installationcost is so high, we would
expectthe®vewell con®gurationto have thelowestcost.

We examinedthe performanceof onegradient-basedcode,the FDNIPS
solver from theOPT++v2.0[33] framework.Thiscodeis anonlinearinterior
point codebasedon the work in [17, 2, 3]. The codeuses®nite difference
gradients,eithertrustregionor line searchglobalization,andachoiceof three
merit functions.We tried several combinationsof theoptions.In every case
theoptimizationfailedafter1000calls to the functionor failedbecausethe
line searchhadreducedthesteplength40 timeswithoutasuf®cientdecrease
in themerit function.

For comparison,we includeresultsobtainedwith a simplegeneticalgo-
rithm (GA). Theperformanceof aGA for constrainedoptimizationproblems
often dependsstrongly on a numberof factorsincluding the methodused
to encodethe designvariables,the choiceof selection,crossover, andmu-
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tation operators,andthe mannerin which constraintsarehandled[36, 29].
Here,we considera single-objective GA which incorporatesboth real- and
binary-codedvariables,andusesbinary tournamentselection[15]. For the
real-codedvariables,thesimulatedbinarycrossover (SBX) operator[15, 14]
with polynomialmutationis usedwhile single-pointcrossover with bitwise
mutationareusedfor binary-codedvariables.

An approachbasedon [12] is usedto includeconstraintswithout theuse
of penaltyparameters.Box constraintssuchas thosein (13) are enforced
automaticallyin the generationof candidatedesignvariables,while a con-
straintsuchas(12) is formulatedasa non-negative functiong(Z ) � 0. The
GA tournamentselectionprocessis thenmodi®edto accountfor the three
scenarios:(1) whentwo feasiblesolutionsarecompared,theonewith lower
objective valueis preferred;(2) whena feasibleandinfeasiblesolutionare
compared,thefeasibleoneis taken;and(3) whentwo infeasiblesolutionsare
comparedtheonewith loweroverall constraintviolation is preferred[12].

Parameterslike thepopulationsize,numberof generations,aswell asthe
probabilitiesanddistribution indexeschosenfor thecrossover andmutation
operatorseffect the performanceof a GA [36, 29]. For the purposesof our
comparison,we wished to limit the numberof simulationsperformedby
the GA to a rangeof 2 to 3 times the numberrequiredby IFFCO. Since
the total numberof objective functionevaluationsis roughly theproductof
thepopulationsizeandnumberof generations,this restrictedour choicesto
fairly smallpopulationsandfew generations.We alsowishedto usesimilar
parametervaluesacrossthevariousproblems.Althoughwe did not perform
a systematicstudyto ®nd the bestpossiblecombinations,we experimented
with a seriesof populationsizes,numbersof generations,andcrossover and
mutationparametersto ®nd a combinationthat gave representative perfor-
mancefor eachof theproblemsweconsidered.Unlessnoted,thevaluesused
arelistedTableIII.

The GA codeusedis implementedin C and is available for download
from [13]. The useris requiredto implementproblem-speci®croutinesfor
evaluatingobjective functionsandconstraints.
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TableIII. GA parameters

30 sizeof population

30 numberof generations

0.9 crossover probability

0.1 real-codedmutationprobability

20 distribution index for real-codedcrossover

10 distribution index for real-codedmutation

0.5 binary-codedmutationprobability

0.1 niching-parameterfor constraints

8.1. SPATIAL DISCRETIZATION

Weusethesamespatialdiscretizationfor bothformulations.For thecon®ned
aquiferwediscretizethedomain
 = [0; 1000]� [0; 1000]� [0; 30] (m) onan
equallyspaced50� 50� 10grid. For theuncon®nedaquifer, weusedMOD-
FLOW to determinethe saturateddomain
 unc = [0; 1000]� [0; 1000]�
[0; 27] � 
 andthendiscretized
 unc on an equallyspaced50 � 50 � 10
grid.

8.2. FIVE WELL FORMULATION

8.2.1. Initial Iterate
IFFCOrequiresa feasibleinitial iterate.Figure3 shows thesteadystate¯ow
®eld for the con®nedaquifer. Sincethe headvalueis high in the lower left
cornerwe initially placedonewell there.After the wells areactivated,the
constrainton thedrawdown is violatedif thewellsaretooclosetogether. We
lookedat severaldifferentinitial iteratesuntil we foundonethatsatis®edthe
drawdown constraintfor boththecon®nedanduncon®nedaquifer. Wefound
thatplacingtheremainingfour wells closeto thespeci®edheadboundaries
and signi®cantlyapartfrom eachother was feasiblefor both physicaldo-
mains.Figure4 shows therelative locationof thewellsandthepressurehead
®eldfor thecon®nedaquiferwith thewellspumpingattheinitial iterate.Note
thesameinitial well locationswereusedfor bothaquifers.
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Wereferto thecon®nedaquiferasCON anduncon®nedaquiferasUNC.
The function valueat the initial iteratewas$23,204for CON and$26,958
for UNC. TableIV shows theminimum costfoundandthenumberof calls
to MODFLOW for bothoptimizersandaquifers.IFFCOreducedthecostby
6% for the con®nedaquiferand 11% for the uncon®nedaquifer. For both
aquifers,the minimum cost found by the GA after 10 generationswas5%
higherthanthecostfoundby IFFCO–whichis highconsideringthedecrease
from the initial iterate.TableV shows the initial x-y coordinatesfor the 5
wells and the optimal locationsfor eachaquifer. The well locationsat the
optimal point lie on the boundaryconstraint,(15). This is physically rea-
sonable,sincethe headvaluesarehigherin that region dueto the Dirichlet
boundaryconditions.The GA's costwashigherthanIFFCO's becausewell
5 in the con®nedcaseandwell 1 in the uncon®nedcasearenot relocated
closeenoughto theDirichlet boundaryconditionswheretheheadvaluesare
higher.

In ourevaluationof performance,wecountonly theexpensive callsto the
simulatorasopposedto cumulativecallsto thefunction.This is theapproach
takenin [6]. To seehow this is amorerealisticwayto measurecost,consider
thecasewherethelinearconstraint(12) is violated.Onecandetectthisviola-
tion, andreturna failure for f , without calling theexpensive ¯ow simulator.
IFFCO is beingmodi®edto make it easyfor the userto evaluatecostat a
®nergranularitythanthis, to allow for theuseof multiple simulatorswithin
theevaluationof theobjective functionandconstraints.While this is asimple
changein a serialcode,correctlycountingthecallsto thevarioussimulators
in aparallelimplementationrequiresconsiderablecare.

Figure5 is a plot of thevalueof theobjective functionagainstthecumu-
lative numberof callsto thesimulator. IFFCOis currentlybeingmodi®edto
allow theuserto easilycountcalls to theobjective functionandcalls to the
individualsimulatorsthatareusedto computeit. Wesetafunctionevaluation
budgetof 10,000for this work and IFFCO converged to an optimal point
within approximately3% of the budget,terminatingthe optimizationbased
on the sequenceof ®nite differencescales.Figure 5 shows that after only
roughly 100 function evaluations,the objective function doesnot decrease
signi®cantly.

Figures6 and7 show theheadcontoursin thelayerscontainingthewells
with thewellsat theoptimallocations.

8.3. SIX WELL FORMULATION

The resultsabove are basedon the heuristic that installing the minimum
numberof wells (5) that meetthe extractiontarget is the bestapproach.To
testthis, we comparedthe®ve well con®gurationwith all wells pumpingat
themaximumextractionrateto a six well con®gurationwith both locations
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TableIV. Cost:5 Wells

Optimizer Problem min f MODFLOW Calls

IFFCO CON $21,830 275

GA CON $22,822 330

IFFCO UNC $23,930 302

GA UNC $25,164 328

TableV. OptimalLocations

Init Co IFFCO GA IFFCO GA

(m) CON(m) CON(m) UNC (m) UNC (m)

X(1) 350.0 401.7 655.1 464.2 600.0

Y(1) 725.0 800.0 737.8 800.0 216.2

X(2) 775.0 800.0 794.3 800.0 397.5

Y(2) 775.0 800.0 782.3 800.0 774.4

X(3) 675.0 776.9 755.6 800.0 796.5

Y(3) 675.0 481.1 203.1 445.4 706.0

X(4) 200.0 138.2 569.3 138.2 149.7

Y(4) 200.0 800.0 798.3 800.0 771.9

X(5) 725.0 798.4 303.8 800.0 799.3

Y(5) 350.0 168.9 501.6 144.8 513.3

andpumpingratesasdecisionvariables.Weincludedtheinstallationcost(f c

in (11)) in the objective function for theseruns. If the six well problemis
initialized with all wells pumpingat themaximumextractionrate,thenone
well is removed from the designin the courseof the optimizationand the
minimum functionvalueis within 0.2%of that found with the original ®ve
well con®guration.If thesix wellsareinitializedwith

Qi = Qmin
T =6; i = 1: : : 6;

which is a feasibleand sensibleinitial iterate,then a suboptimalpoint is
found.All wells remainpumpingcloseto theinitial pumpingrates,although
thelocationsalignwith thespeci®edheadboundaryconditions.

The objective function for the six well problemcontaineda large instal-
lation cost,f c, per well. A commonapproachfor suchconditionsis to use
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Figure6. Con�ned Aquifer

a mixed-integer formulation[37, 44,30,35]. Speci®cally, giventhefact that
f c wassigni®cantlylarger thanf o andthat a minimum of ®ve wells were
requiredto satisfytheextractiontarget,a reasonableway to recasttheprob-
lemwasto includeanintegervariableindicatingwhich,if any, well shouldbe
removedfrom thedesign.It wasstraightforwardto includeanintegervariable
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Figure7. Uncon�nedAquifer

s rangingfrom 1 to 8 in the GA's formulation.A value of s in the range
1; : : : ; 6 resultedin shuttingoff the correspondingwell, while s = 7; 8 led
to six well designs.In addition,a well wasremoved from the designif its
pumpingrate fell below the installationthreshold,regardlessof the value
of s. The unequalrangesassociatedwith ®ve andsix well designsskewed
theGA's formulationto favor ®ve-well designs.This re¯ectedour heuristic
that installingtheminimumnumberof wells waslikely to becheaperthana
six-well design.

TableVI showstheminimumcostandthenumberof callsto MODFLOW
for bothoptimizers,aquifersfor thebetterinitial iterate.Thecostat theinitial
iteratewas$170,972for thecon®nedaquiferand$152,878for theuncon®ned
aquifer. Both the GA and IFFCO were able to remove one well from the
design,resultingin a solutioncomparableto the®ve well con®gurationand
reducingthecostby roughly20%.For thesuboptimalinitial iterate,IFFCO
wasonly able to decreasethe cost1%. The GA did not ®nd anything bet-
ter thanthe initial iteratein 30 generations(over 100 function evaluations)
for either aquifer with the suboptimalinitial iterate includedin the initial
population.

8.4. OPTIMIZATION LANDSCAPES

The ®ve well con®gurationdoesnot have a discontinuousinstallationcost.
To geta betterunderstandingof theobjective function for this formulation,
we ®xed wells 2-5 andcomputedthe costwhile letting the x andy coordi-
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TableVI. Cost:6 Wells

Optimizer Problem min f MODFLOW Calls

IFFCO CON $140,237 346

GA CON $140,628 464

IFFCO UNC $124,582 327

GA UNC $127,069 161

natesfor well 1 vary between20 and800 meters.Figure8 shows the cost
landscapeneartheinitial iteratefor thecon®nedaquiferandFigure9 shows
the landscapenearthe initial iteratefor the uncon®nedaquifer. The peaks
in the landscapesoccurwhentwo wells getclosetogether, makingthehead
valueslow andhencethe operationalcosthigher. When two wells get too
closethey violate (14), leaving a small infeasibleregion insideeachof the
peaks.Thesepeaksalsomake thelandscapesnonconvex andintroducelocal
minima.Whenwetry to evaluatethefunctionataninfeasiblepoint,wedonot
plot anarti®cial value.Notethatonly a subsetof 
 is feasible,especiallyfor
theuncon®nedaquiferneartheinitial iterate.Thehigh infeasibility wasdue
to repeatedviolationof theheadconstraint(14),which is why theuncon®ned
caseis more challenging.Thereare also small discontinuitiesapparentin
thelandscapessincewe roundrealnumbersto grid locationsto run the¯ow
simulator.

Figures10 and11 arethesurfacesobtainedwhenwells 2-5 aresetat the
optimallocationsfor thecon®nedanduncon®nedaquifers.

katie.tex; 11/07/2003; 8:20; p.22



23

0

200

400

600

800 0

200

400

600

800

2.25

2.3

2.35

2.4

2.45

2.5

2.55

2.6

x 10
4

y
x

F
u
n
c
ti
o
n
 V

a
lu

e

Figure8. Landscapenearinitial iterate:con�ned aquifer
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8.5. DISCUSSION

� Thenumericalresultsindicatethat thesix well formulationis muchmore
dif®cult thanthe®ve well formulationsinceonewell mustberemovedfrom
thedesignwhile theremainingwellsextractat themaximumextractionrate.
IFFCOdid well on thethesix well formulationwith aninitial iteratewith all
wells extractingat themaximumrate.In theothercasea local minimum is
found.With or without themixed-integer formulation,thesix well problem
proveddif®cult for theGA, sinceremoving awell only ledto afeasibleiterate
if theother®vewerepumpingat themaximumrate.TheGA wasableto ®nd
a feasible®ve well solutionwhenthebetterinitial iteratewasincludedasa
memberof theinitial population.With acompletelyrandominitial population
or with thesub-optimalinitial iterateincluded,theGA solutionfor thecon-
®nedaquiferproblemwasa sub-optimalsix well design.Thesamewastrue
for theuncon®nedcase.However, theGA with a completelyrandompopu-
lation wasunableto ®nd a feasibleiteratefor the uncon®nedproblemeven
whenusinga populationsizeof two hundredandrunningfor two hundred
generations.
� We alsoconsideredthe possibility that,over a longertime period,the six
well modelwith thesuboptimalinitial iteratemaybesuperiorto the®vewell
model.We ran both the con®nedanduncon®nedproblemsfor oneyear to
determinethe annualoperationalcost.One can seethat a time of roughly
130 yearsfor the con®nedaquiferand90 yearsfor the uncon®nedaquifer
is neededto obtain a lower using the six well model.Hencethe ®ve well
resultsare the most realistic.We ran both problemsagainwith the longer
time horizonsto con®rmthat the six well modelwould outperformthe®ve
well model.
� It is commonin practiceto startwith a large,®xedgrid of wells andseek
only theoptimalpumpingrates,removing wells from thedesignasneeded.
We tried this approach,using N = 16 so that we seekthe optimal rates,
f Qi g16

i=1 to minimize f T = f c + f o: NeitherIFFCO nor the GA wasable
to converge to the ®ve well solution.We tried several different initial iter-
atesfor IFFCO andat best,in 429 functionevaluations,IFFCO hadleft 10
wells in the designand reducedthe cost from $ 424,123to $ 262,558for
thecon®nedaquifer. Theresultsweresimilar for theuncon®nedaquifer, but
it wasevenmorechallengingto ®nd a feasibleinitial iterate.We performed
severalexperimentswith IFFCOandwith a goodinitial iterate,IFFCOwas
ableto converge to the®ve well solutionwith up to N = 9 candidatewells
initially ®xedonthegrid.With arelatively largenumberof ®xedwells,it was
againnaturalto usea mixed-integer formulationfor the GA. This time, the
designvariablesconsistedof arateandbinary“on-off ” switchfor eachof the
N = 16 wells.Startingfrom arandominitial population,theGA produceda
six well designfor boththecon®nedanduncon®nedproblems.The®nal cost
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for thecon®nedaquiferdesignwasf T = $161,588after510functioneval-
uations,while theuncon®nedaquifersolutionhada costof f T = $142,755
after359functionevaluations.
� This applicationis challengingfor formulationswith N > 5 wells since
wellsmustberemovedfrom thedesignspaceto decreasetheinstallationcost.
Removing wells from thedesignis anactive areaof researchandnumerous
approachesexist for approximating®xed costswith continuousfunctions
(see[32] and the referencestherein).Our approachfor removing a well if
jQi j < 10� 4 resultsin a discontinuous®xedcost.This approachwasimple-
menteddueto its simplicity, butalsobecausetheimplicit ®lteringalgorithmis
designedfor problemswith discontinuouslandscapes.As thenumberof wells
increased,it wasmoredif®cult to ®ndafeasibleinitial iterateandevenfor the
six well formulation,wefoundthatIFFCOrequiredadecentinitial iterate.A
possibleremedyfor this might be to useanotheroptimizationroutineasan
initial iterategeneratorfor IFFCO.This will bethesubjectof futurework.
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9. Conclusions

Thiswork wasaninitial analysisof asubsetof thecommunityproblemspro-
posedin [30]. The formulationof theobjective functionandconstraintsare
discontinuousandhave local minima asthe optimizationlandscapesverify.
Thesefeaturesare the reasonfor the failure of the gradient-basedmethod
(seex 8). As pointedout in [30], deterministicsamplingmethodshave not
beenusedto their full potentialin the subsurfaceoptimizationcommunity.
In this work we founda solutionto thewell-®eld designapplicationwith the
implicit ®ltering algorithmand we comparedour resultsto thoseobtained
with asimplegeneticalgorithm.

Wefoundtheseproblemsto bechallengingfor severalreasons.A minimal
costis obtainedwith few wells pumpingat large rates.For theseproblems,
local minima exist when more wells are extracting at low costs.A large
decreasein the objective function occurswhena well is removed from the
designspace.The installationcost for this work is discontinuous,yet we
found that with goodinitial data,that the implicit ®ltering algorithmcould
perform well despitethe discontinuousformulation for N < 9. Another
challengeis thatthefeasibleregion,especiallyfor theuncon®nedaquifer, is
small.Althoughimplicit ®ltering startedwith a feasibleinitial iterate,much
experimentalwork wasdoneto ®nd one.The geneticalgorithmwasunable
to ®nd a feasiblepoint for the six well formulationandrequireda feasible
point in theinitial populationin orderfor theoptimizationto progressfor the
uncon®nedaquifer.

Wecanextendthisstudyto improve thesolutionfor this typeof problem.
� IFFCOrequiresafeasibleinitial iterate,andthenumericalresultsshow that
a goodinitial iterateis neededfor theoptimization.Surrogatemodelsbased
on statisticalsampling[5, 6] maybea goodway to exploredesignspacefor
goodinitial iterates.
� As pointedout in [30], a more accuraterealizationof the subsurface is
neededfor solutionsof this classof problemsto beusedin decisionmaking.
Adding heterogeneitiesto the domainwould createa more realistic snap-
shot of the subsurface yet would make the optimization landscapesmuch
more challenging.More robust optimizationtechniquesmay be neededas
theconceptualdomainbecomesmorerealistic.
� We usedMODFLOW to simulate¯ow for a well-®eld designapplication,
despitethesimulator's simplewell model.Thereal-valuedwell locationthat
is outputfrom theoptimizeris roundedto agrid location.For amoreaccurate
solution,a simulatorthat is ableto moreaccuratelyresolve ¯ow aroundthe
well is essential.A well modelthatneednotplacewellsat thecenterof acell
wouldbeideal.
� Thiswasthe®rstattemptatobtainingasolutionto any of theproblemspro-
posedin [30]. An in-depthcomparisonof samplingmethods,includingthose
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thatuseasurrogateresponsesurface,is currentlybeingdoneandis necessary
beforeany solidconclusionscanbemadeonwhichmethodperformsbestfor
thisclassof problems.

10. Downloading and Running the TestProblems

Theproblemscanbeobtainedfrom
http://www4.nc su. edu/ ˜c tk /co mmunit y. htm l
ThetestproblemsarepackagedascompressedUNIX tar ®les.Theserial

codesarefor the g77compilerandhave beentestedon SUN SparcStations
runningSolaris,variousIntel platformsrunningRedHat Linux 7.3 and8.0,
andanAppleMacintoshG4runningOSX10.2.TheMPI versionof thecodes
hasbeentestedonanIBM-SP3andaDELL Linux server. IFFCOis included
in the packages.The README ®les in the main directoryexplain how to
assemblethe®lesandinterprettheresults.

MODFLOW canbeobtaineddirectly from theUSGSat theURL
http://water.u sgs .g ov /s of twa re /modfl ow- 96.h tml
The USGSprovidescompiledexecutablesfor SUN, SGI, andDOS sys-

tems,aswell asUNIX source.Ourpackagesprovidemake®lesfor someother
UNIX environments.
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