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Abstract

A fast algorithm to compute the optimal feedback gain for the
linear quadratic regulator problem is developed and analyzed. The
algorithm utilizes the relation between an invariant subspace of the
corresponding Hamiltonian operator and the solution to the Riccati
equation and the reduced order methods. It is based on the inverse of
the Hamiltonian operator on the reduced order subspace. Large scale
control systems that arise from a discretization of a class of control
problems governed by partial differential equations is used to demon-
strate the feasibility and applicability of Algorithm. A sparsity and
structural property of system matrices are incorporated in Algorithm
and it enables us to compute a stabilizing feedback law for a large
class of distributed control systems.

1 Introduction

Consider the Linear Quadratic Regulator (LQR) problem;

min /OOO((x(t),Qx(t))X + |u(t)]?)dt over u € L*(0,00,U), (1.1)
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subject to the linear control dynamics

d

E:r(t) = Az(t) + Bu(t), z(0) =z € X. (1.2)
Here, z(t) € X and u(t) € U is the state and control functions, respec-
tively. The optimal control to (1.1)—(1.2) is given in the feedback form
u(t) = —B*Tlz(t) where the bounded, self-adjoint (operator) II on X is

the unique nonnegative solution to the algebraic Riccati equation (ARE)
A'lle + TAz — IIBB*llz + Qz =0 (1.3)

for every x € dom (A). Here A*, B* are the Hilbert space adjoints of A and
B, respectively and Ilz € dom (A*) for x € dom (A), and we assume that
(A, B) is (exponentially) stabilizable and (A, )) is (exponentially) detectable.
This result on the LQR problem is stated for the case when X and U are
Hilbert spaces and A is an infinitesimal generator of Cyy semigroup on X [18]
and is standard, we refer e.g. to, [5, 8.

In order to construct the optimal feedback gain K = B*Il via ARE
(1.3) it is normally done that we consider a sequence of LQR problems
(AN, BY Q") on R" based on approximation methods. It follows from
the Gibson’s approximation theory for ARE that if a sequence of approx-
imating finite dimensional control problem (AY BN Q") satisfies the sta-
bility and consistency condition, e.g., see [6, 8|, then the feedback law by
KN = (BY)11Y for (AN, BY, Q") converges to K in norm. Certain class
of control systems, including the fluid control and vibration control prob-
lems results in a large scale control system (A", BY, Q") via discretizations.
So, it is essential to have an efficient method for the Riccati equation that
overcomes problems associated with large dimensionality N.

In this paper we develop and analyze a fast method to compute the op-
timal feedback gain K°” based on the corresponding Hamiltonian, i.e., if we
let p(t) = Ilz(t), then we have

%(w(t),p(t))T = H(a(t),p(1))",



where the Hamiltonian operator H in X x X is defined by
A —-BB*

—Q A"
If A is a closed loop eigenvalue of A — BB*II, then A is an eigenvalue of H.
In fact, if © € dom (A) satisfies (A — BB*Il)z = Az, then Ilx € dom (A")
and
(A—BB'Il)x = \x
(1.4)
—Qr — A'llz = II(A — BB*[I)x = A\ lx.
Thus, A is an eigenvalue of H and the corresponding eigenfunction is given
by (x,11z). That is, if X = R is finite dimensional, then IT = YV =" where
(V,Y) is eigenvectors (in general Schur vectors) corresponding to eigenvalues
A(H) with ReX < 0, e.g., [19, 15, 20]. While these ”eigenvector” methods can
be used satisfactorily (for a discussion of real advantages offered by the Laub-
Schur approach over Potter method, see [15]) for systems with N relatively
small, the computational effort (and time) grows like N® and the storage
requirement is of order N? and they become prohibitive for large systems.
Our proposed algorithms overcome this difficulty by the reduced order
approach in [9]. Algorithm I computes a sub-invariant subspace of # that
corresponds to eigenvalues A € o(?) whose real part Re A < 0 is large and
then forms a feedback gain on the invariant subspace. Algorithm II uses
the inverse of H on the reduced subspace and approximates the invariant
subspace of H. Both Algorithms employ an implicitly Re-Started Arnold
iteration algorithm [21, 22] for finding sub-invariant subspace H (which is
a generalization of the inverse power iterate for ) and use the subspace
method (2.3)—(2.4) for computation of H '(f,g) which requires the basic
operations A™'f and A™*¢. Algorithm I computes the exact eigenvalues
and associated invariant subspace X; of A — BB*II and thus K%z = Ktz
for + € X;. Algorithm II yields approximations to such eigenvalues and
invariant subspaces. However, for Algorithm II these basic operations are

restricted on the subspace spanned by the reduced order basis of dimension
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L. The operation count and storage requirements are of O(L?). As a result
it does not have a storage limitation as Algorithm I may have (see Section
2) and it is very efficient and accurate as well. We strongly believe that by
Algorithms the myth of ”solving Riccati equation to determine the optimal
feedback gain is very impractical” is no longer true. We will demonstrate
it through some specific control problems in Section 2. It is of our plans to
apply Algorithms to concrete control problems including 3D Navier Stokes
control flow problems.

In [2] a hybrid method combining the Chandrasekhar algorithm [3], Newton-
Kleiman method [13] along with an innovative use of the Smith algorithm
[23] for solution of Lyapunov equations is developed. It requires the basic
operation (I —r A)~'z, € X and a very efficient method when the rank of
@ is small. In [17] an improvement of the hybrid method using ADI method
[16] for Lyapunov equations is reported.

The outline of the paper is as follows. Algorithms I and II are introduced
and explained and the computational issues are addressed in Section 2. Also,
numerical tests for control problems of the heat equation are presented. The
corresponding formula to (2.3)—(2.4) for the generalized control system of the
form (2.5) and the corresponding second order control system is developed
in Section 3. Section 4 presents a convergence analysis of Algorithm 1. In
Section 5 the reduced order approaches to address the storage problem of

Algorithm I are described. Section 6 validates Algorithm II.

2 Algorithms

Algorithm I Find the (generalized) eigenpairs (\;, (z;,p;)) with Re A; < 0
of H, where the eigenvalues \; are ordered with respect to their real part.
Form the matrices V' and Y consisting of the first L vectors of x; and p;,
respectively. Define K*¢ = B*Y(V*V)"'(V,¢)x, ¢ € X, where ¢ —
(V*V) 1(V,¢)x is the orthogonal projection of X onto X; = range(V).

Moreover, the span X; = {z;, 1 <i < L} forms an invariant subspace of the



closed loop system A — BK and K%z = Ktz for z € X;.

If we use the approximation system (A", BY Q") and approximate H

by HY;

AN _BN(BN)T

HY =

QY (AN
in Algorithm I, then L can be much smaller than N and thus Algorithm
offers a reduced order method for construction of the optimal feedback gain
[9]. If X = R" is equipped with the norm Va” Mz, then K* is the matrix
representation

Kt =BY(V*MV)tv* (2.1)

where (V,Y) is consisting of the first L eigen (Schur)-vectors of H™.
Algorithm I requires to find sub-invariant subspaces of the Hamiltonian
H. We employ an implicitly Re-Started Arnold iteration algorithm [21, 22]

for finding the sub-invariant subspace X; for a linear system
H(z,p) =(f,9) in X xX. (2.2)

Thus, the efficiency of the combined algorithm depends on an efficient method
to solve (2.2). To this end, we apply the subspace method [12] (see, Remark
1.1) for solving (2.2); i.e.,

(z,p) =H'(f,9) = (AT (Bu+ ), =AT" (g + QAT (Bu+ f)).  (23)
where u = B*p € R™ satisfies
u+B*AQA 'Bu=—-B*A (g + QA 'f) on R™. (2.4)
In fact, if w = B*p, then
O=u—Bp=u+BA*QA 'Bu+B*A *(g+ QA *f).

Equation (2.4) is on R™ for u with symmetric positive matrix (I+B*A *QA ' B).
Here, (2.3)—(2.4) proceeds with



e evaluation of A 'f, r=—-B*A *(¢g+ QA 'f),
e solution u to (2.4) with right hand side r

er =A'f+A'Buand p = A *(QA (g + Qx)) to complete the
solution to (2.3).

Thus, the subspace method for solving (2.2) needs only the one solution
for Az = f, the one solution A*p = ¢ and the solution to (2.4) in R™. In
summary it reduces dramatically storage and computational requirements for
solving (2.2). The proposed combined algorithm is very efficient and enables
us to compute the Riccati-based feedback gain for a (super) large system. If
m is very large, then we use the conjugate gradient method for solving (2.4)
which only needs the vector operation B*A *QA 'Bu, u € R™. Otherwise,
we form A~'B and solve (2.4) using the Cholesky factorization on R™.

An implementation of the proposed algorithm using matlab is as follows.

[u, €] = eigs(Qrice,2 * N?,2 % L,0,a,b,q); e = diag(e);
j = find(real(e) < 0); u=v(:,7); [t,i] = sort(—real(e(j)));
Y=u([N+1:2xN],i(1:L)); V=u(l:N,i(l:L));
K=V V'« MxV)\(Y'*b);
function |y] = ricc(zx)
n = size(xx,1)/2; © = reshape(xz,n,2); f=uz(:;,1); g =x(:,2);
fO=a\f; b0 = a\b; u= —(eye(m) + b0 x g x b0)\ (b0 * (g + ¢ * f0));
w=f0+b0xu; p=—(a')\(g +q*x); y=[z;p];

where eigs is an matlab routine and ricc.m is an matlab m-file. A user can

provide the routine to evaluate a\ f and (a')\g.

Remark 1.1

e Formula (2.3)—(2.4) directly apply to H for the original control problem
(1.1)-(1.2). In practice we use an approximating system (A", BY, Q")
to approximate # by H" and then a matlab routine eigs, which im-
plements the Arnold method among with (2.3)-(2.4) is used to find

invariant subspaces of H .



e Accuracy of sub-invariant subspaces based on HY depends on those of
(4Y, BY, Q™).

e [n general, an approximating system has the form

d
Max(t) = Hux(t) + Byu(t) (2.5)

where M is the mass (symmetric, positive) matrix on R", H is the

stiffness operator on RY and By is the input matrix. Thus,
A=M"'H, B=M"'B

and QY = M if QQ =the identity operator in (1.1). It will be shown
in Section 2 that for system of the form (2.5) we have an equivalent
formulation of (2.3)—(2.4) in which one can avoid forming A = M 'H
and B = M ' B, and performing M ' f completely. This is especially

efficient for the second order control (3.3) as described in Section 2.
e Formula (2.3)-(2.4) is the right precondition system [12] of (2.2);

HR 2= (f.9), (z,p)=R 'z

A 0
e (45

In fact, note that if 2=z — (f,g), then

with preconditioner

HR™'2=(f9)-R(f.9)=—-(H-R)R™(f,9) =i €Y

where HR ™ = (H—R)R™ +1 and Y = range(H —R). Thus 2 € Y
satisfies

P+ H-R)R '2=7finY (2.6)
This is the reduced equation in the sparse subspace Y = R™ with

0 BB*

H_R:<0 0

) and Y = range(B) x {0}
It is easy to see that (2.6) is equivalent (2.4).
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In order to demonstrate an applicability of Algorithm I we consider a

boundary control of 2 and 3 D heat equations on domain Q2 = (0, l)d, d=2,3;

gy(t, x) =vAy(t,z), z€Q
3(t )—zm: (t) be(x) € 092
8ny » _12111’5 e\x), X

where v > 0 is a diffusion constant and b;(x) are the distribution functions

on the boundary 0f). Suppose we use the central difference approximation

based on the uniform Cartesian gridpoints with mesh size h = — in each
n

direction. Then we have N = (n+1)% and for the two dimensional case (2.5)
is with

H=v(H @ +Q1®@H), M=h(Q Q)

(Bo)ijk = v b(wi, y;, 2) € 09,
where ® denotes the Kronecker product and H; is the tridiagonal matrix of

the form

and @ is the diagonal matrix of the form @y = diag([.5,1,---,1,.5]). In
this case H 'x can carried out by FFT with order N log(N) operations and
O(N) storage. In the followings we summarize the results for the case @ = I
and v = .1. In Figure 1 the resulting feedback gains for L = 30,50, 100, N
are shown for the two dimensional case with the control at the x = 0 side
with b(0,y) = exp(—50(y — .5)?) and N = 21%. Table 1 shows Error defined
by
Error = |[KY — K¥|y/| KN,

and CPU times for the above matlab implementation and for the case using

FFT solver. The full dimension K% is computed by a matlab routine lqr
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with CPU 24.39 (sec). With our algorithm it takes 27.53 (sec) and 9.40 (sec)
using FF'T, i.e., even for full dimension case N = L Algorithm I can be more
efficient due to Formula (2.3)—(2.4).

L=30 L=50

0.014 0.014
0.012 0.012
0.01 0.01
40 40
0.014 0.014
0.012 0.012
0.01 0.01
40 40

Figure 1: Feedback Gains based on eign-subspace with dimension L

For the three dimensional case in Table 2 we summarize our results.

With 2N = 281 = 1,062, 882 it was not possible to use Algorithm I with
L = 20 due to lack of memory space (> 1GB). CPU time glows linearly in L
for this case. The storage becomes a problem with increasing L before CPU
time does for a large scale problem.

This storage problem is resolved by the reduced order approach in Section

5 and by the inverse Hamiltonian based reduced order method in Section 6.



L  Error CPU (sec) CPU(FFT)

30 0.0124 4.00 0.50
50  0.0086 5.97 0.91
100  0.0053 14.58 4.45

Table 1: Feedback Gains based on eign-subspace with dimension L

L N CPU(sec) iter.

50 213 33.82
100 213 69.68
200 213 206.15
50 413 234.75
100 413 601.96
10 813 421.36

PN IO I NN

Table 2: 3D boundary control for heat equation with Dimension L of eigen-
subspace, iteration counts, and CPU times

It is based on the fact that invariant subspaces of %! are same as those of
#H and that %" is Hamiltonian. It uses the restriction of ™' on X x X by

-1 wr 0 -1 w 0
w0 ) ()

where X = W*X and W is the reduced order orthonormal basis of X. Such

a basis can be generated by applying the proper orthogonal decomposition

~

approach [1, 14] and the reduced-basis method [10, 11]. Let L = dim(X),
H ' has the (2L) x (2L) matrix representation. Thus, we just need to store
(2L) x (2L) Schur basis (compared to (2N) x (2L) Schur basis for Algorithm

D).
Algorithm II Find the (generalized) eigenpairs (A;, (Z;,p;)) with Re \; < 0

of #7'. Form the matrices V and Y consisting of vectors of z; and p;,
respectively. Define KX¢ = BW*Y (V*V)'VW*p, ¢ € X.

The convergence of Algorithm II follows from the completeness of the reduced
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order basis and further we refer it to the analysis in Section 6. The compu-
tation of H (f,§) can be carried out exactly as for ' (see, (6.2)-(6.3))
and is restricted to the reduced basis. The other advantage of Algorithm
IT is that matlab routine eigs is applied for (2L) x (2L) matrix (compared
to (2V) x (2N) for Algorithm I) and results in a significant reduction of
storage requirement and computational complexity. On the other hand, Al-
gorithm I leads to the exact eigenvalues and associated invariant subspace
X, of A — BB*II and thus K’z = KLz for x € X;. Algorithm II yields
approximations to such eigenvalues and invariant subspaces.

Our numerical tests of Algorithm II for our heat equation examples show
that it performs as well as Algorithm [. We are able to solve 3D problem
with L = 10® = 1000 and the resulting feedback is very accurate.

3 Second order System

For system of the form (2.5) A = M™'H, B = M'By and A* = H*M™*
and (2.3)-(2.4) can be equivalently written as

(@,p) = H'(f,9) = (H ' (Bou+ M[),~-MH™(g + QH ™ (Byu + M)).
(3.1)
where u = By M 'p € R™ satisfies

uw+ BiH *QH 'Byu=—BiH *(g+QH 'Mf) on R™. (3.2)
In fact,
0=u— By(M 'p)=u+ BiH *QH 'Bou+ B{H *(g+QH 'MFf).

Thus, we can avoid forming A, B and performing M 'f completely for
(2.3)-(2.4).

Furthermore, for the second order control system;

Mo 5(0) + Do y(t) + Hay(t) = Bou(t) 33)

11



where M,, H,, D, are mass, stiffness and damping operators, respectively,

we can take an advantage of the structure property as follows. If we let

z(t) = (y(t), %y(t)) € X, then

Hy 0 d 0 H 0

o(t) = z(t) + u(t) (3.4)
0 Mg _HO _DO BO

and we equip X by norm |(u, v)|% = (Myv,v) + (Hou, u). Note that for (3.4)
AN f = H 'M(fy, f2) = (=Hy {(Mo fo + Do f1), fr)
A™"g = MH (g1, 92) = (92 — Dg(Hg '91), —MoHg '91)

and
H™'Byu = (—=Hy'Byu,0), BiH *(g1,92) = —BoHy ' g1

Thus, it follows from (3.1)—(3.2) we have for (3.3)—(3.4)
(w,p) =H'(f,9) with

r = (—H&l(Bou + M0f2 + Dgfl), fl) (35)

p=((9+ Q)2 — DiHy (g + Q)1, MoHy ' (g + Qo))

where v € R™ satisfies

u+ ByHy*QuHy 'Bou = BiHy*(g+ QH™'Mf); on R™. (3.6)
All required operations are carried out with the original system matrices
(MO,H(),_DO) of (33)
4 Convergence Analysis of Algorithm I

Let us assume that A has a compact resolvent. Let P be the projection

operator defined by
P = /()\] — A) td)
r
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where I" is a closed Jordan curve isolating the first L eigenvalues of the closed-
loop operator A = A — BK. We let X; = PX and X, = (I — P)X. Then

we have the decomposition on X; x X5

0  PB(K?-K")
A—BK*=A—-BK” +
0 (I - P)B(K” — K¥*)

Note that KX = K% P where P is the orthogonal projection of X onto X;.
Thus,

e If the eigenspace spanned by {z;} of A— BK is complete, then P — T
and thus
K — K| = |Kop(I — P)| = 0 as L — oo.

o If (I — P)BK*(I — P)| is sufficiently small, then A — BK* generates

an exponentially stable semigroup on X.
It follows from (1.4) that for ¢ € X,
II(A— BB*Il)¢ + A*lp + Q¢ = 0,
or equivalently
(g, (A= BB"1)¢) + (A = BB*I)y, 11¢) + ((Q + (K*)"K”)¢, ¢)) (4.1)

for all ¢ € X, and ¢ € X. Let IT = PIIP. Then, II has a matrix represen-
tation on X; as
MV(V*MV) 'Y (V*MV) 'WV*M.

It follows from (4.1) that
(I, (A = BB 1)) + (A = BB )Y, 119) + (Q + (K7)" K}, 6))
for all ¢, 1 € X;. That is,
I = /oo PS*(H)P((Q + (KP)*K°P)PS(t) P dt
0
where S(t) is the semigroup on X generated by A — BK.
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5 Proper Orthogonal Decomposition and Reduced-
order Control

In this section we describe the reduced order approaches. As pointed out
in Introduction the storage requirement for Algorithm I becomes a problem
with increasing L. It is necessary to reduce the dimension of X for large
scale systems.

Let W € RV be the reduced order orthonormal basis of X. Such
a basis can be generated by applying the proper orthogonal decomposition
approach [1, 14] and the reduced-basis method [10, 11]. If @ has a small
rank, the basis can be generated by the Krylov subspace

span{[B,Q], A '[B,Q],..., A" '[B,Q]}. (5.1)

This subspace is based on the fact that the solution II to the Riccati equation

satisfies a Liyapunov equation;
(A— BK)'I1 +II(A— BK?”) + (K?)"K” + Q = 0.
The reduced order control system on X =W*X is
min / T QW W) x + [u(®)?) dt
0
subject to

d .
W*MW%:ﬁ(t) =W*HWi(t) + W*Byu(t), z(t) € X.
Thus, we can apply our algorithm (3.1)—(3.2) for the reduced order system

with (W* MW, W*HW, W* By, W*QW).

6 Algorithm II and Inverse Hamiltonian

Let X = M*W*X with W*MW = I be the reduced order subspace and
H~! be the reduced restriction of H~' on X x X defined by

. W*M?3 0 L MW 0
Hl:( . W*M%>H1< 0 M%W). (6.1)

14



Then, Algorithm II uses
(w,p) = H7'(f,9)

= (W*MH Y(Byu+ MWF),~W*MH *(MWg+ QH *(Byu + MW f)).
(6.2)
where u = ByWp € R™ satisfies

w+ BiH"QH 'Byu = —BH *(Wg+QH 'MWf) on R™. (6.3)
In fact let & = M%x(t), then (2.5) is equivalently written as

d
(1) = AL() + Bu(t)

with
A=M"tHM™:, B=M"3:B,, Q=M3:QM"*.

Then, the corresponding Hamiltonian H satisfies

M2 0 H —-BB;\ '/ Mz 0
HL =
0 M: -Q —H 0 M:
and thus from (6.1)
WM 0 H —BB.\ ' [ MW 0
Ht =
0 WM ~Q -H* 0 MW

which results in (6.2)—(6.3). Note that Formula (6.2)—(6.3) uses the same
basic (required) operations as (3.1)—(3.2).
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Next, we claim that H ' is Hamiltonian. In fact,

0 I ”‘_1 0 —I
(o) ()
_( 0 I) WMz 0 o MW 0 (0 —1)
-1 0 0 WrM: 0 MW I 0
w0 0 I\ (0 ~I w0
- 0 W*M?z -1 0 I 0 0o W

el (R FC7A Ll (e S A
0 W*M 2 0 MazW

Thus, the Potter theory [19, 20] validates Algorithm II.

6.1 Spectral Approximations

Let A be an eigenvalue of ™' and I' = {z € C : |z — A\| = 6} is a counter-
clockwise oriented curve in p(H™!) and isolates A\ and define the spectral
projection P:

p=_L (zI —H N tdz (6.4)

i Jr
Let H, ! be a (finite rank) approximating sequence of H . For example,
H,' = P,(H")'P,,

where f’n is the orthogonal projection on to X, x X, and H" : (X, %
Xy,) — (Xu, x Xy,) approximates H. Let A be an eigenvalue of H™!
and A is the domain enclosed by I'. Assume the strong stability: for each
z e A\ {\}

H,'p—H 'pforallp € X x X

and there exists M = M(z) such that
(1=, | <M

16



for sufficiently large n. Then, the corresponding spectral projection P, to

.t is defined for sufficiently large n and

(P = Pa)ol < 0M(L) max [(H™ = H ) (=1 —H)"'¢]  (6.5)

zel

for ¢ € X x X. It follows from [4] that

lim [o(#,") N A] = {A}

(6.6)
lim dim P,(X x X) > dim P(X x X).

Moreover, assume the uniform radial convergence: for all ¢ > 0 and every
compact subset K of p(# ') there exists an N such that for n > N
sup 7, ([(H™' = H (T —H™))) <e

zeK

where r,(S) denotes the spectral radius of a bounded operator S. It then

follows from [4]
lim dim P,(X x X) = dim P(X x X). (6.7)

For example, if H, ' is defined by (6.1) with W = W, increasing family of
the reduced order basis, then it follows from [7] that the strong stability and
uniform radial convergence hold and the accuracy estimate of Algorithm II
is reduced from (6.5).

References

[1] J.A. Atwell and B.B. King, Proper orthogonal decomposition for reduced
basis feedback controllers for parabolic equations, Math. Comput. Mod-
elling 33 (2001), 1-19.

2] H.T. Banks and K.Ito, A Numerical Algorithm for Optimal Feedback
Gains in High Dimensional LQR Problem, SIAM J. Control & Opti-
mization, 29 (1991), 499-515.

17



3] J. A. Burns, K. Ito, and R. K. Powers, Chandrasekhar equations and
computational algorithms for distributed parameter systems, Proc. 23rd
[EEE Conference on Decision and Control., Dec., (1984), Las Vegas, NV.

[4] F. Chatelin, Spectral Approzimation of Linear Operators, Academic
Prees, New York (1989).

(5] R.F. Curtain and H. Zwart An Introduction to Infinite-Dimensional Lin-
ear Systems Theory, Springer-Verlag, New York, (1995)

(6] J.S. Gibson, An analysis of optimal modal regulation: convergence and
stability, STAM J. Control Optim., 19 (1981), pp. 686-707.

[7] K. Ito, On the Approximation of Eigenvalues Associated with Functional
Differential Equations, J. Differential Equations 60 (1985), 285-300.

18] K. Ito, Strong convergence and convergence rates of approximating so-
lutions for algebraic Riccati equation in Hilbert spaces,” Proc. Conf.
Control and Identification of Distributed Parameter Systems (July 6-
12, 1986, Vorau), Lecture Notes in Control and Info. Sciences 102,
Springer-Verlag, (1987), 153-166.

9] K. Ito and K. Kunisch, Reduced Order Control based on Approximate
Inertial Manifolds, Linear Algebra and Its Applications (2005), to ap-

pear

[10] K. Ito and S.S. Ravindran, A reduced order method for simulation and
control of fluid flows, J. Computational Physics, 143 (1998), 403-425.

[11] K. Ito and J. Schroeter, Reduced order feedback synthesis for viscous
incompressible flows, Mathematical and Computer Modelling, 33 (2001),
173-192.

[12] K. Ito and J. Toivanen, Preconditioned iterative methods on sparse sub-

spaces, Appl. Math. Letters (2005) to appear.

18



[13] D.L. Kleinman, On an iterative technique for Riccati equations compu-
tations, IEEE Trans. Automat. Control, ACo13 (1968), pp. 114-115.

[14] K. Kunisch and S. Volkwein, Galerkin proper orthogonal decomposition
methods for parabolic problems, Numersche Mathematik 90 (2001), 117-
148

[15] A. J. Laub, A Schur method for solving algebraic Riccati equations,
IEEE Trans. Automat. Control, AC-24 (1979), 913-921.

[16] A. Lu and E. L. Wachpress, Solutions of Lyapunov equations by alter-
nating direction implicit iteration, Computers Math. Applic., 21 (1991),
43-58.

[17] K. Morris and C. Navasea, Solution of algebraic Riccati equatios arising

in control of partial defferential equations.

[18] A. Pazy, Semigroup of Linear Operators and Applications to Partial
Differential Equation, Springer-Verlag, New York (1983).

[19] J. E. Potter, Matrix quadratic solutions, SIAM J. Appl. Math., 14
(1966), 496-501.

[20] D. L. Russell, Mathematics of Finite-Dimensional Control Systems,
Theory and Design, Marcel Dekker, New York, (1979).

[21] R. B. Lehoucq and D. C. Sorensen, Deflation Techniques for an Im-
plicitly Re-Started Arnoldi Iteration, SIAM J. Matriz Analysis and
Applications, 17:789-821.

[22] R. B. Lehoucq, D.C. Sorensen and C. Yang, ARPACK Users’ Guide:
Solution of Large-Scale Eigenvalue Problems with Implicitly Restarted
Arnoldi Methods, SIAM Publications, Philadelphia, 1998.

[23] R. A. Smith, Matrix equation XA + BX = C, SIAM J. Appl. Math.,
16 (1968), 198-201.

19



