
A Fast Algorithm for Determining OptimalFeedba
k GainKazufumi Ito and Jari Toivanen�July 18, 2008Abstra
tA fast algorithm to 
ompute the optimal feedba
k gain for thelinear quadrati
 regulator problem is developed and analyzed. Thealgorithm utilizes the relation between an invariant subspa
e of the
orresponding Hamiltonian operator and the solution to the Ri

atiequation and the redu
ed order methods. It is based on the inverse ofthe Hamiltonian operator on the redu
ed order subspa
e. Large s
ale
ontrol systems that arise from a dis
retization of a 
lass of 
ontrolproblems governed by partial di�erential equations is used to demon-strate the feasibility and appli
ability of Algorithm. A sparsity andstru
tural property of system matri
es are in
orporated in Algorithmand it enables us to 
ompute a stabilizing feedba
k law for a large
lass of distributed 
ontrol systems.1 Introdu
tionConsider the Linear Quadrati
 Regulator (LQR) problem;min Z 10 ((x(t); Qx(t))X + ju(t)j2) dt over u 2 L2(0;1; U); (1.1)�Center for Resear
h in S
ienti�
 Computation, Department of Mathemati
s, NorthCarolina State University; resear
h partially supported by the Army Resear
h OÆ
e underDAAD19-02-1-039 and the AFOSR under FA9550-04-1-0220.1



subje
t to the linear 
ontrol dynami
sddtx(t) = Ax(t) +Bu(t); x(0) = x0 2 X: (1.2)Here, x(t) 2 X and u(t) 2 U is the state and 
ontrol fun
tions, respe
-tively. The optimal 
ontrol to (1.1){(1.2) is given in the feedba
k formu(t) = �B��x(t) where the bounded, self-adjoint (operator) � on X isthe unique nonnegative solution to the algebrai
 Ri

ati equation (ARE)A��x+ �Ax� �BB��x+Qx = 0 (1.3)for every x 2 dom (A). Here A�; B� are the Hilbert spa
e adjoints of A andB, respe
tively and �x 2 dom (A�) for x 2 dom (A), and we assume that(A;B) is (exponentially) stabilizable and (A;Q) is (exponentially) dete
table.This result on the LQR problem is stated for the 
ase when X and U areHilbert spa
es and A is an in�nitesimal generator of C0 semigroup on X [18℄and is standard, we refer e.g. to, [5, 8℄.In order to 
onstru
t the optimal feedba
k gain Kop = B�� via ARE(1.3) it is normally done that we 
onsider a sequen
e of LQR problems(AN ; BN ; QN) on RN based on approximation methods. It follows fromthe Gibson's approximation theory for ARE that if a sequen
e of approx-imating �nite dimensional 
ontrol problem (AN ; BN ; QN) satis�es the sta-bility and 
onsisten
y 
ondition, e.g., see [6, 8℄, then the feedba
k law byKN = (BN)��N for (AN ; BN ; QN) 
onverges to Kop in norm. Certain 
lassof 
ontrol systems, in
luding the 
uid 
ontrol and vibration 
ontrol prob-lems results in a large s
ale 
ontrol system (AN ; BN ; QN) via dis
retizations.So, it is essential to have an eÆ
ient method for the Ri

ati equation thatover
omes problems asso
iated with large dimensionality N .In this paper we develop and analyze a fast method to 
ompute the op-timal feedba
k gain Kop based on the 
orresponding Hamiltonian, i.e., if welet p(t) = �x(t), then we haveddt(x(t); p(t))T = H(x(t); p(t))T ;2



where the Hamiltonian operator H in X �X is de�ned byH = 0� A �BB��Q �A� 1A :If � is a 
losed loop eigenvalue of A� BB��, then � is an eigenvalue of H.In fa
t, if x 2 dom (A) satis�es (A � BB��)x = � x, then �x 2 dom (A�)and (A� BB��)x = � x�Qx � A��x = �(A� BB��)x = ��x: (1.4)Thus, � is an eigenvalue of H and the 
orresponding eigenfun
tion is givenby (x;�x). That is, if X = RN is �nite dimensional, then � = Y V �1 where(V; Y ) is eigenve
tors (in general S
hur ve
tors) 
orresponding to eigenvalues�(H) with Re� < 0, e.g., [19, 15, 20℄. While these "eigenve
tor" methods 
anbe used satisfa
torily (for a dis
ussion of real advantages o�ered by the Laub-S
hur approa
h over Potter method, see [15℄) for systems with N relativelysmall, the 
omputational e�ort (and time) grows like N3 and the storagerequirement is of order N2 and they be
ome prohibitive for large systems.Our proposed algorithms over
ome this diÆ
ulty by the redu
ed orderapproa
h in [9℄. Algorithm I 
omputes a sub-invariant subspa
e of H that
orresponds to eigenvalues � 2 �(H) whose real part Re� < 0 is large andthen forms a feedba
k gain on the invariant subspa
e. Algorithm II usesthe inverse of H on the redu
ed subspa
e and approximates the invariantsubspa
e of H. Both Algorithms employ an impli
itly Re-Started Arnolditeration algorithm [21, 22℄ for �nding sub-invariant subspa
e H (whi
h isa generalization of the inverse power iterate for H) and use the subspa
emethod (2.3){(2.4) for 
omputation of H�1(f; g) whi
h requires the basi
operations A�1f and A��g. Algorithm I 
omputes the exa
t eigenvaluesand asso
iated invariant subspa
e X1 of A � BB�� and thus Kopx = KLxfor x 2 X1. Algorithm II yields approximations to su
h eigenvalues andinvariant subspa
es. However, for Algorithm II these basi
 operations arerestri
ted on the subspa
e spanned by the redu
ed order basis of dimension3



L. The operation 
ount and storage requirements are of O(L2). As a resultit does not have a storage limitation as Algorithm I may have (see Se
tion2) and it is very eÆ
ient and a

urate as well. We strongly believe that byAlgorithms the myth of "solving Ri

ati equation to determine the optimalfeedba
k gain is very impra
ti
al" is no longer true. We will demonstrateit through some spe
i�
 
ontrol problems in Se
tion 2. It is of our plans toapply Algorithms to 
on
rete 
ontrol problems in
luding 3D Navier Stokes
ontrol 
ow problems.In [2℄ a hybrid method 
ombining the Chandrasekhar algorithm [3℄, Newton-Kleiman method [13℄ along with an innovative use of the Smith algorithm[23℄ for solution of Lyapunov equations is developed. It requires the basi
operation (I � r A)�1x; x 2 X and a very eÆ
ient method when the rank ofQ is small. In [17℄ an improvement of the hybrid method using ADI method[16℄ for Lyapunov equations is reported.The outline of the paper is as follows. Algorithms I and II are introdu
edand explained and the 
omputational issues are addressed in Se
tion 2. Also,numeri
al tests for 
ontrol problems of the heat equation are presented. The
orresponding formula to (2.3){(2.4) for the generalized 
ontrol system of theform (2.5) and the 
orresponding se
ond order 
ontrol system is developedin Se
tion 3. Se
tion 4 presents a 
onvergen
e analysis of Algorithm I. InSe
tion 5 the redu
ed order approa
hes to address the storage problem ofAlgorithm I are des
ribed. Se
tion 6 validates Algorithm II.2 AlgorithmsAlgorithm I Find the (generalized) eigenpairs (�i; (xi; pi)) with Re�i < 0of H, where the eigenvalues �i are ordered with respe
t to their real part.Form the matri
es V and Y 
onsisting of the �rst L ve
tors of xi and pi,respe
tively. De�ne KL� = B�Y (V �V )�1(V; �)X ; � 2 X, where � !(V �V )�1(V; �)X is the orthogonal proje
tion of X onto X1 = range(V ).Moreover, the span X1 = fxi; 1 � i � Lg forms an invariant subspa
e of the4




losed loop system A� BKop and Kopx = KLx for x 2 X1.If we use the approximation system (AN ; BN ; QN) and approximate Hby HN ; HN = 0� AN �BN(BN )T�QN �(AN )T 1A :in Algorithm I, then L 
an be mu
h smaller than N and thus Algorithmo�ers a redu
ed order method for 
onstru
tion of the optimal feedba
k gain[9℄. If X = RN is equipped with the norm pxTMx, then KL is the matrixrepresentation KL = B�Y (V �MV )�1V � (2.1)where (V; Y ) is 
onsisting of the �rst L eigen (S
hur)-ve
tors of HN .Algorithm I requires to �nd sub-invariant subspa
es of the HamiltonianH. We employ an impli
itly Re-Started Arnold iteration algorithm [21, 22℄for �nding the sub-invariant subspa
e X1 for a linear systemH(x; p) = (f; g) in X �X: (2.2)Thus, the eÆ
ien
y of the 
ombined algorithm depends on an eÆ
ient methodto solve (2.2). To this end, we apply the subspa
e method [12℄ (see, Remark1.1) for solving (2.2); i.e.,(x; p) = H�1(f; g) = (A�1(Bu+ f);�A��(g +QA�1(Bu+ f)): (2.3)where u = B�p 2 Rm satis�esu+B�A��QA�1Bu = �B�A��(g +QA�1f) on Rm: (2.4)In fa
t, if u = B�p, then0 = u� B�p = u+B�A��QA�1Bu+B�A��(g +QA�1f):Equation (2.4) is onRm for uwith symmetri
 positive matrix (I+B�A��QA�1B).Here, (2.3){(2.4) pro
eeds with 5



� evaluation of A�1f; r = �B�A��(g +QA�1f),� solution u to (2.4) with right hand side r� x = A�1f + A�1Bu and p = A��(QA�1(g + Qx)) to 
omplete thesolution to (2.3).Thus, the subspa
e method for solving (2.2) needs only the one solutionfor Ax = f , the one solution A�p = ~g and the solution to (2.4) in Rm. Insummary it redu
es dramati
ally storage and 
omputational requirements forsolving (2.2). The proposed 
ombined algorithm is very eÆ
ient and enablesus to 
ompute the Ri

ati-based feedba
k gain for a (super) large system. Ifm is very large, then we use the 
onjugate gradient method for solving (2.4)whi
h only needs the ve
tor operation B�A��QA�1Bu; u 2 Rm. Otherwise,we form A�1B and solve (2.4) using the Cholesky fa
torization on Rm.An implementation of the proposed algorithm using matlab is as follows.[u; e℄ = eigs(�ri

; 2 �N2; 2 � L; 0; a; b; q); e = diag(e);j = find(real(e) < 0); u = v(:; j); [t; i℄ = sort(�real(e(j)));Y = u([N + 1 : 2 �N ℄; i(1 : L)); V = u(1 : N; i(1 : L));K = V � (V 0 �M � V )n(Y 0 � b);fun
tion [y℄ = ri

(xx)n = size(xx; 1)=2; x = reshape(xx; n; 2); f = x(:; 1); g = x(:; 2);f0 = anf ; b0 = anb; u = �(eye(m) + b00 � q � b0)n(b00 � (g + q � f0));x = f0 + b0 � u; p = �(a0)n(g + q � x); y = [x; p℄;where eigs is an matlab routine and ri

.m is an matlab m-�le. A user 
anprovide the routine to evaluate anf and (a0)ng.Remark 1.1� Formula (2.3){(2.4) dire
tly apply toH for the original 
ontrol problem(1.1){(1.2). In pra
ti
e we use an approximating system (AN ; BN ; QN)to approximate H by HN and then a matlab routine eigs, whi
h im-plements the Arnold method among with (2.3){(2.4) is used to �ndinvariant subspa
es of HN . 6



� A

ura
y of sub-invariant subspa
es based on HN depends on those of(AN ; BN ; QN).� In general, an approximating system has the formM ddtx(t) = Hx(t) +B0u(t) (2.5)where M is the mass (symmetri
, positive) matrix on RN , H is thesti�ness operator on RN and B0 is the input matrix. Thus,A =M�1H; B =M�1B0and QN = M if Q =the identity operator in (1.1). It will be shownin Se
tion 2 that for system of the form (2.5) we have an equivalentformulation of (2.3){(2.4) in whi
h one 
an avoid forming A = M�1Hand B = M�1B0 and performing M�1f 
ompletely. This is espe
iallyeÆ
ient for the se
ond order 
ontrol (3.3) as des
ribed in Se
tion 2.� Formula (2.3){(2.4) is the right pre
ondition system [12℄ of (2.2);HR�1z = (f; g); (x; p) = R�1zwith pre
onditioner R = � A 0�Q �A� � :In fa
t, note that if ẑ = z � (f; g), thenHR�1ẑ = (f; g)�R�1(f; g) = �(H�R)R�1(f; g) = r̂ 2 Ywhere HR�1 = (H�R)R�1 + I and Y = range(H�R). Thus ẑ 2 Ysatis�es ẑ + (H�R)R�1ẑ = r̂ in Y (2.6)This is the redu
ed equation in the sparse subspa
e Y = Rm withH�R = � 0 BB�0 0 � and Y = range(B)� f0gIt is easy to see that (2.6) is equivalent (2.4).7



In order to demonstrate an appli
ability of Algorithm I we 
onsider aboundary 
ontrol of 2 and 3 D heat equations on domain 
 = (0; 1)d; d = 2; 3;��ty(t; x) = ��y(t; x); x 2 
��ny(t; x) = mX̀=1 u`(t) b`(x); x 2 �
where � > 0 is a di�usion 
onstant and bi(x) are the distribution fun
tionson the boundary �
. Suppose we use the 
entral di�eren
e approximationbased on the uniform Cartesian gridpoints with mesh size h = 1n in ea
hdire
tion. Then we have N = (n+1)d and for the two dimensional 
ase (2.5)is with H = � (H1 
Q1 +Q1 
H1); M = h (Q1 
Q1)(B0)ijk = � b(xi; yj; zk) 2 �
;where 
 denotes the Krone
ker produ
t and H1 is the tridiagonal matrix ofthe form H1 = �h0BBBBB� 1 �1�1 2 �1. . . . . . . . .�1 2 �1�1 1:
1CCCCCAand Q1 is the diagonal matrix of the form Q1 = diag([:5; 1; � � � ; 1; :5℄). Inthis 
ase H�1x 
an 
arried out by FFT with order N log(N) operations andO(N) storage. In the followings we summarize the results for the 
ase Q = Iand � = :1. In Figure 1 the resulting feedba
k gains for L = 30; 50; 100; Nare shown for the two dimensional 
ase with the 
ontrol at the x = 0 sidewith b(0; y) = exp(�50(y � :5)2) and N = 212. Table 1 shows Error de�nedby Error = jKL �KN j2=jKN j2and CPU times for the above matlab implementation and for the 
ase usingFFT solver. The full dimension KN is 
omputed by a matlab routine lqr8



with CPU 24.39 (se
). With our algorithm it takes 27.53 (se
) and 9.40 (se
)using FFT, i.e., even for full dimension 
ase N = L Algorithm I 
an be moreeÆ
ient due to Formula (2.3){(2.4).
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Figure 1: Feedba
k Gains based on eign-subspa
e with dimension LFor the three dimensional 
ase in Table 2 we summarize our results.With 2N = 2 813 = 1; 062; 882 it was not possible to use Algorithm I withL = 20 due to la
k of memory spa
e (> 1GB). CPU time glows linearly in Lfor this 
ase. The storage be
omes a problem with in
reasing L before CPUtime does for a large s
ale problem.This storage problem is resolved by the redu
ed order approa
h in Se
tion5 and by the inverse Hamiltonian based redu
ed order method in Se
tion 6.9



L Error CPU (se
) CPU(FFT)30 0.0124 4.00 0.5050 0.0086 5.97 0.91100 0.0053 14.58 4.45Table 1: Feedba
k Gains based on eign-subspa
e with dimension LL N CPU(se
) iter.50 213 33.82 7100 213 69.68 4200 213 206.15 250 413 234.75 7100 413 601.96 410 813 421.36 7Table 2: 3D boundary 
ontrol for heat equation with Dimension L of eigen-subspa
e, iteration 
ounts, and CPU timesIt is based on the fa
t that invariant subspa
es of H�1 are same as those ofH and that H�1 is Hamiltonian. It uses the restri
tion of H�1 on X̂ � X̂ byĤ�1 = � W � 00 W � �H�1� W 00 W �where X̂ =W �X and W is the redu
ed order orthonormal basis of X. Su
ha basis 
an be generated by applying the proper orthogonal de
ompositionapproa
h [1, 14℄ and the redu
ed-basis method [10, 11℄. Let L = dim(X̂),Ĥ�1 has the (2L)� (2L) matrix representation. Thus, we just need to store(2L)� (2L) S
hur basis (
ompared to (2N)� (2L) S
hur basis for AlgorithmI).Algorithm II Find the (generalized) eigenpairs (�i; (x̂i; p̂i)) with Re�i < 0of Ĥ�1. Form the matri
es V̂ and Ŷ 
onsisting of ve
tors of xi and pi,respe
tively. De�ne K̂L� = B�W �Ŷ (V̂ �V̂ )�1V̂ W ��; � 2 X.The 
onvergen
e of Algorithm II follows from the 
ompleteness of the redu
ed10



order basis and further we refer it to the analysis in Se
tion 6. The 
ompu-tation of Ĥ�1(f̂ ; ĝ) 
an be 
arried out exa
tly as for H�1 (see, (6.2){(6.3))and is restri
ted to the redu
ed basis. The other advantage of AlgorithmII is that matlab routine eigs is applied for (2L) � (2L) matrix (
omparedto (2N) � (2N) for Algorithm I) and results in a signi�
ant redu
tion ofstorage requirement and 
omputational 
omplexity. On the other hand, Al-gorithm I leads to the exa
t eigenvalues and asso
iated invariant subspa
eX1 of A � BB�� and thus Kopx = KLx for x 2 X1. Algorithm II yieldsapproximations to su
h eigenvalues and invariant subspa
es.Our numeri
al tests of Algorithm II for our heat equation examples showthat it performs as well as Algorithm I. We are able to solve 3D problemwith L = 103 = 1000 and the resulting feedba
k is very a

urate.3 Se
ond order SystemFor system of the form (2.5) A = M�1H; B = M�1B0 and A� = H�M�1and (2.3){(2.4) 
an be equivalently written as(x; p) = H�1(f; g) = (H�1(B0u+Mf);�MH��(g +QH�1(B0u+Mf)):(3.1)where u = B�0M�1p 2 Rm satis�esu+B�0H��QH�1B0u = �B�0H��(g +QH�1Mf) on Rm: (3.2)In fa
t,0 = u� B�0(M�1p) = u+B�0H��QH�1B0u+B�0H��(g +QH�1Mf):Thus, we 
an avoid forming A; B and performing M�1f 
ompletely for(2.3){(2.4).Furthermore, for the se
ond order 
ontrol system;M0 ddty(t) +D0 ddty(t) +H0y(t) = B0u(t) (3.3)11



where M0; H0; D0 are mass, sti�ness and damping operators, respe
tively,we 
an take an advantage of the stru
ture property as follows. If we letx(t) = (y(t); ddty(t)) 2 X, then24 H0 00 M0 35 ddtx(t) = 24 0 H0�H0 �D0 35 x(t) + 24 0B0 35 u(t) (3.4)and we equip X by norm j(u; v)j2X = (M0v; v)+ (H0u; u). Note that for (3.4)A�1f = H�1M(f1; f2) = (�H�10 (M0f2 +D0f1); f1)A��g =MH��(g1; g2) = (g2 �D�0(H�10 g1);�M0H�10 g1)and H�1B0u = (�H�10 B0u; 0); B�0H��(g1; g2) = �B0H�10 g1Thus, it follows from (3.1){(3.2) we have for (3.3){(3.4)(x; p) = H�1(f; g) withx = (�H�10 (B0u+M0f2 +D0f1); f1)p = ((g +Qx)2 �D�0H�10 (g +Qx)1;M0H�10 (g +Qx)1); (3.5)where u 2 Rm satis�esu+B�0H��0 Q11H�10 B0u = B�0H��0 (g +QH�1Mf)1 on Rm: (3.6)All required operations are 
arried out with the original system matri
es(M0; H0; D0) of (3.3).4 Convergen
e Analysis of Algorithm ILet us assume that A has a 
ompa
t resolvent. Let P be the proje
tionoperator de�ned by P = Z�(�I � ~A)�1 d�12



where � is a 
losed Jordan 
urve isolating the �rst L eigenvalues of the 
losed-loop operator ~A = A� BKop. We let X1 = PX and X2 = (I � P )X. Thenwe have the de
omposition on X1 �X2A� BKL = A� BKop + 24 0 PB(Kop �KL)0 (I � P )B(Kop �KL) 35Note that KL = Kop ~P where ~P is the orthogonal proje
tion of X onto X1.Thus,� If the eigenspa
e spanned by fxig of A�BKop is 
omplete, then ~P ! Iand thus jKop �KLj = jKop(I � ~P )j ! 0 as L!1:� If j(I � P )BKop(I � ~P )j is suÆ
iently small, then A�BKL generatesan exponentially stable semigroup on X.It follows from (1.4) that for � 2 X1�(A� BB��)�+ A���+Q� = 0;or equivalently(� ; (A�BB��)�) + ((A�BB��) ;��) + ((Q+ (Kop)�Kop) ; �)) (4.1)for all � 2 X1 and  2 X. Let �̂ = ~P� ~P . Then, �̂ has a matrix represen-tation on X1 as MV (V �MV )�1Y (V �MV )�1V �M:It follows from (4.1) that(�̂ ; (A� BB��)�) + ((A�BB��) ; �̂�) + ((Q+ (Kop)�Kop) ; �))for all �;  2 X1. That is,�̂ = Z 10 ~PS�(t) ~P ((Q+ (Kop)�Kop) ~PS(t) ~P dtwhere S(t) is the semigroup on X generated by A�BKop.13



5 Proper Orthogonal De
omposition and Redu
ed-order ControlIn this se
tion we des
ribe the redu
ed order approa
hes. As pointed outin Introdu
tion the storage requirement for Algorithm I be
omes a problemwith in
reasing L. It is ne
essary to redu
e the dimension of X for larges
ale systems.Let W 2 RN�N̂ be the redu
ed order orthonormal basis of X. Su
ha basis 
an be generated by applying the proper orthogonal de
ompositionapproa
h [1, 14℄ and the redu
ed-basis method [10, 11℄. If Q has a smallrank, the basis 
an be generated by the Krylov subspa
espan f[B;Q℄; A�1[B;Q℄; : : : ; An�1[B;Q℄g: (5.1)This subspa
e is based on the fa
t that the solution � to the Ri

ati equationsatis�es a Liyapunov equation;(A� BKop)�� +�(A� BKop) + (Kop)�Kop +Q = 0:The redu
ed order 
ontrol system on X̂ =W �X ismin Z 10 ((QWx̂;Wx̂)X + ju(t)j2) dtsubje
t toW �MW ddtx̂(t) = W �HWx̂(t) +W �B0u(t); x̂(t) 2 X̂:Thus, we 
an apply our algorithm (3.1){(3.2) for the redu
ed order systemwith (W �MW;W �HW;W �B0;W �QW ).6 Algorithm II and Inverse HamiltonianLet X̂ = M 12W �X with W �MW = I be the redu
ed order subspa
e andĤ�1 be the redu
ed restri
tion of H�1 on X̂ � X̂ de�ned byĤ�1 =  W �M 12 00 W �M 12 !H�1 M 12W 00 M 12W ! : (6.1)14



Then, Algorithm II uses(x; p) = Ĥ�1(f; g)= (W �MH�1(B0u+MWf);�W �MH��(MWg +QH�1(B0u+MWf)):(6.2)where u = B�0Wp 2 Rm satis�esu+B�0H��QH�1B0u = �B�0H��(Wg +QH�1MWf) on Rm: (6.3)In fa
t let � =M 12x(t), then (2.5) is equivalently written asddt�(t) = A�(t) +Bu(t)with A =M� 12HM� 12 ; B =M� 12B0; ~Q =M� 12QM� 12 :Then, the 
orresponding Hamiltonian H satis�esH�1 = 0� M 12 00 M 12 1A0� H �B0B�0�Q �H� 1A�10� M 12 00 M 12 1Aand thus from (6.1)Ĥ�1 = 0� W �M 00 W �M 1A0� H �B0B�0�Q �H� 1A�10� MW 00 MW 1Awhi
h results in (6.2){(6.3). Note that Formula (6.2){(6.3) uses the samebasi
 (required) operations as (3.1){(3.2).
15



Next, we 
laim that Ĥ�1 is Hamiltonian. In fa
t,� 0 I�I 0 � Ĥ�1� 0 �II 0 �
= � 0 I�I 0 � W �M 12 00 W �M 12 !H�1 M 12W 00 M 12W !� 0 �II 0 �
=  W �M 12 00 W �M 12 !� 0 I�I 0 �H�1� 0 �II 0 �� W 00 W �
= � W �M 12 00 W �M 12 ! (H�1)� M 12W 00 M 12W ! = �(Ĥ�1)�Thus, the Potter theory [19, 20℄ validates Algorithm II.6.1 Spe
tral ApproximationsLet � be an eigenvalue of H�1 and � = fz 2 C : jz � �j = Æg is a 
ounter-
lo
kwise oriented 
urve in �(H�1) and isolates � and de�ne the spe
tralproje
tion P : P = 12�i Z�(z I �H�1)�1 dz (6.4)Let H�1n be a (�nite rank) approximating sequen
e of H�1. For example,H�1n = ~Pn(HNn)�1 ~Pn;where ~Pn is the orthogonal proje
tion on to Xn � Xn and HNn : (XNn �XNn) ! (XNn � XNn) approximates H. Let � be an eigenvalue of H�1and � is the domain en
losed by �. Assume the strong stability: for ea
hz 2 � n f�g H�1n �!H�1� for all � 2 X �Xand there exists M =M(z) su
h thatj(z I �H�1n )�1j �M16



for suÆ
iently large n. Then, the 
orresponding spe
tral proje
tion Pn toH�1n is de�ned for suÆ
iently large n andj(P � Pn)�j � ÆM(�) maxz2� j(H�1 �H�1n )(z I �H�1)�1�j (6.5)for � 2 X �X. It follows from [4℄ thatlimn [�(H�1n ) \�℄ = f�glimn dimPn(X �X) � dimP (X �X): (6.6)Moreover, assume the uniform radial 
onvergen
e: for all � > 0 and every
ompa
t subset K of �(H�1) there exists an N su
h that for n � Nsupz2K r�([(H�1 �H�1n )(z I �H�1)�1℄) � �where r�(S) denotes the spe
tral radius of a bounded operator S. It thenfollows from [4℄ limn dimPn(X �X) = dimP (X �X): (6.7)For example, if H�1n is de�ned by (6.1) with W = Wn in
reasing family ofthe redu
ed order basis, then it follows from [7℄ that the strong stability anduniform radial 
onvergen
e hold and the a
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