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Abstract

In this paper, we prove the existence and uniqueness for the three-dimensional Bénard
convection model in porous medium with zero Darcy-Prandtl number using the Galerkin
procedure. In addition, we show that the solutions to this problem are analytic in time
with values in a Gevrey class regularity. We also prove that the solution of the standard
Galerkin method converges exponentially fast, in the wave number, to the exact solution.
This gives an analytical justification to the two-dimensional computational results of
Graham, Steen and Titi [J. of Nonlinear Science 3 (1993), 153-167].
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1 Introduction

Isothermal fluid flows in porous media have appeared in many industrial applications such
as extracting thermal energy, designing insulation system for energy conservation, enhancing
recovery of oil by thermal methods, assessing risks for nuclear waste disposal, etc. In many
cases, people rely on computational simulations for a safe and economical understanding of
the physical problems before the actual experiments, which are not easy to perform in the
case of porous media, and thus pose a great number of challenges to numerical analysts due
to the high degree of difficulties of the problems.

In this paper, we study a Bénard convection model in porous medium equations (2.1)-
(2.7). This is one of the few three-dimensional models in Fluid Dynamics which is known
to be globally well-posed for all positive time (see Fabrie [1986]). Specifically, Fabrie [1982]
used the Galerkin approximation procedure to show the global existence and uniqueness of
strong solutions to the two-dimensional version of the Bénard convection in porous medium
problem (2.22)-(2.28). His proof for the two-dimensional case follows the same steps as for
the two-dimensional Navier-Stokes equations (see, e.g., Constantin and Foias [1988], Foias,
Manley and Temam [1987], Lions [1969], Temam [1983 & 1984]). However, Fabrie [1986]
indicated that one would not be able to use the Galerkin approximation procedure to show
the global regularity for the three-dimensional Bénard convection in porous medium problem
(2.22)-(2.28); and thus he presented an alternative proof to the global regularity in this
case. Roughly speaking, he first showed the short-time existence using iterative linearization
procedure, and then he took advantage of the maximum principle for the temperature to
establish the global existence. In fact, the maximum principle for the temperature is the
key point in the proof of the global regularity for the system (2.22)-(2.28); and since one
could not show the maximum principle for the temperature at the Galerkin-approximation
level, Fabrie [1986] made the aforementioned claim. As a result, one would not be able
to justify the Galerkin procedure as a numerical scheme for approximating solutions to the
three-dimensional Bénard convection in porous media. In this paper, however, we establish in
Section 4 the global existence and uniqueness of solutions to the three-dimensional problem
using the standard Galerkin method. Furthermore, following the work of Foias and Temam
[1989] (see also Promislow [1991] and Ferrari and Titi [1998]) we show in Section 5, again
by using the Galerkin procedure, that the solutions to the system (2.22)-(2.28) belong to
a certain Gevrey class of regularity for all time ¢ > 0; and in particular that the solutions
are teal analytic. As a consequence of this regularity result, we justify not only the use of
the Galerkin procedure as a numerical scheme, but we also show that the Galerkin scheme
converges exponentially fast, in the wave numbers, to the exact solutions. This result holds
both in two and three-dimensional cases. In particular, it holds for solutions which lie on
the global attractor in both two and three-dimensional cases. This exponential-convergence
result gives the analytical justification for the computational results of Graham, Steen and
Titi [1993] for the two-dimensional case. To be more specific, it is well-known that the
Nonlinear Galerkin method improves the convergence rate of the standard Galerkin method
by an algebraic power (see Devulder, Marion and Titi [1993] and references therein). Since
in the case of the system (2.22)-(2.28) the convergence rate of standard Galerkin is already
exponential it will be difficult to observe the algebraic improvement of the Nonlinear Galerkin
approximation in practical computations, as it was remarked in Graham, Steen and Titi [1993]
(see also Jones, Margolin and Titi [1995]).
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2 The Physical Model

Let Q be the box {(z,y,2) |0 <2 < L, 0 <y <(,0<z < L}in IR filled with fluid-saturated
porous medium. In the presence of gravity, the walls of the box are insulated and the box is
heated from below with the constant temperature Ty and cooled from above with T < T.
Under Darcy’s law and the Boussinesq approximation, the governing equations for convective
flow through porous medium (see e.g. Beck [1972] and Joseph [1976] and references therein)
are of the form

_10q s v
€ 13—? = [1 =T = T)lgk - 05" Vp - 174, (2.1)
oT R .
(cg)mﬁ + coo(q-VT) = RAT, (2.2)
(Cg)m = (1 - 6)(69)5 + €cpo,
with
V-q=0, (2.3)
subject to the boundary conditions
G, =0, (2.4)
T($7y707t) = T07 T($7y7£7t) = T17 (25)
oT aT oT aT
— t)= —(L )= — )= — Y4 t) = 2.
8.7; (07y7 Z7 ) 8x( 7y7 Z7 ) 8y (3770,27 ) 8y ($7 7Z7 ) 07 ( 6)
and initial conditions
T(x7y7z7 0): To(x7y7z)7 (_i(‘r7y7 Z? 0) = (_io(‘r7y7 Z) (2'7)

where ¢, T and p are the fluid velocity, temperature and pressure respectively; & stands for
the thermal conductivity of the saturated medium, k for the vertical unit vector, i for the
unit vector normal to the boundary surface, g for the gravity, v for the volumetric coefficient
of thermal expansion of the fluid, ¢ for the porosity of the medium, gy for fluid density, v for
the kinematic viscosity of the fluid and &’ for the permeability of the medium; (¢o).,, (co)s
and cgg are the heat capacities per unit volume of the saturated medium, the solid material

of the porous medium and of the fluid respectively.
We denote by Pr = Uk/"ﬁ the Darcy-Prandtl number and by Ra = X22£ (To — T1) the

L2 Ry
Rayleigh-Darcy number. Note that when the temperature gradient between the bottom and

the top of the box € is small, the fluid is motionless and only heat conduction occurs. However
for large gradient temperature (i.e. for large Rayleigh-Darcy number Ra), the fluid will be
in motion and the heat convection will take place.

We next rescale the equations (2.1)-(2.7) to obtain the dimensionless ones. Let us start
by performing the following substitutions

q = Ra'*(£)¥ T=(To-T)T p = Ral/?(¥5%0)p
z = LF y=Ly 2= L5
T L 7 Y4 £2

to equations (2.1)-(2.7) and rename the variables [Z, 7, 2, L0, T,pas [z,y,z, L, {,T,p| respec-
tively, to obtain the non-dimensionalized system:
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8\_; N ~ 1 —|— 7T1 ~ .
Pr—+v+Vp+ Ra'?Tk = Ra*/?— "1 | in Q, 2.8
ar P +(To— 1) (2:8)
8T 1/2 - .
ha— — kAT + Ra'/*(v-VT)=0 in Q, (2.9)
T
Vv=0 in €, (2.10)
T(: 0)= 1 T° 0 Lo Q 2.11
('raya‘/a ) TO_TI ('rayaz)a V('raya"a ) NR(LI/Z m ’ ( . )
v m|8Q =0, (2.12)
with the boundary conditions
To T
T = T 1 2.1
($7y7077—) TO_Tl’ ($7y7 77—) TO_Tl ( 3)
T T T
(89 (0,y,2z,7)= %(L,y,z,r) = z—y($70,z,r) = g—y(x,ﬁ,z,r) =0, (2.14)
where h = ( )

and k = %. Note that in porous medium flows, the Darcy-Prandtl number
Pris commonly very small as &' ~ 107%*cm? — 1078cm? (see Joseph [1976] p. 56 for more
details), and it is reasonable to neglect it. The non-zero Darcy-Prandtl number case is
treated in Oliver-Titi [1998]. For now we assume Pr = 0. Moreover, by rescaling the time

with 7 = (Cc;)omt equations (2.8)-(2.9) become

¥+ Vp+ Ra'/kT = Ram%k n 0 (2.15)

%—f — kAT + Ra'*(¥.VT)=0 in Q, (2.16)

Vv=0 in Q (2.17)

T(z,y,2,0)= T T, T(z,y,2) in 9, (2.18)

{z’-ﬁ‘m =0, (2.19)

T(x,y,0,1) = % T(z,y,1,1) TOT—1T1 (2.20)

Z—Z(O, y,z,t) = g—f(L, y,z,t) = ?)—Z;(x,o, z,t) = g—z(ac,ﬁ, z,t) = 0. (2.21)

By letting T = 6 + % — z and replacing p by p + Ralﬂ[é —2(1- m)]’ equations
(2.15)-(2.21) can be rewritten with the new variables as:

V+Vp+ Ra'?kf=0 in Q, (2.22)

00

5 — rA0+ Ra'*(¥.V0) — Ra'*(¥-k)=0 in Q, (2.23)

Vv=0 in 9, (2.24)
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0(z,y,2,0)=0%z,y,2) in Q, (2.25)
v-m‘89 =0, (2.26)
0(z,y,0)=0, 6(z,y,1)=0, (2.27)
00 00 00 00
8—$(0,y,p) = a—x(L,y,z) = 8—y(m,0,z) = a—y(m,l,z) =0. (2.28)

Notice that for this system we have to specify the initial data only for 8, i.e. 6°, and that
the initial velocity v can be recovered from 6° by solving equation (2.22). This is unlike the
non-zero Darcy-Prandtl number case where one has to specify both the initial conditions for
6o and v (see, for instance, Oliver-Titi [1998] for details and other related results).

3 Preliminaries and Functional Setting

Let LP() and H*(Q) denote the usual LP-Lebesgue space of integrable functions and H*-
Sobolev spaces respectively for 1 < p < oo and k € IR. The inner product in L%(Q) will be
denoted by (-,-). Let

V:i={0 € C>®(Q) | 6 satisfies (2.27) and (2.28) }

V := Closure of V in the H' — norm
H := Closure of V in the L? — norm,

and let us denote the L2-norm of H by |||z, and the norm of V' by ||-||yv. The inner product
of H is exactly the inner product of L*(Q). Notice that due to the boundary conditions (2.27),
the Poincaré inequality implies that the V-norm and the H'-Sobolev norm are equivalent
and thus ||8]|v = ||V x.

We set the operator A = —A subject to the boundary conditions (2.27) and (2.28) with
domain

D(A) = {v € H*(Q) | o satisfies (2.27) and (2.28) }.

One can show using the Lax-Milgram Theorem and the elliptic regularity for the box domain
(see Grisvard [1985] p. 147) that A™! : L2(Q) — D(A) exists and is a self-adjoint positive
operator. Furthermore, by the Rellich Lemma (see, e.g., [1]) A™' : L?(Q) — L?(Q) is
compact, and therefore L?(Q) has a complete set of orthonormal eigenfunctions of A. Indeed,
the eigenfunctions are

g ) :
0; ;1 (X) =1/ 7 cos(%x) cos(‘%y) sin(k7z), (3.1)

fori,7=10,1,2,..; k=1,2,... with the corresponding eigenvalues
%3 g
Nk = (D24 (X0 4 (k2 (32)

Let 0 < Ay <Ay < --- <A, < --- denote the set of distinct eigenvalues A; ;1’s ordered
by their magnitude. We set H,, = span{; ;1 | A\ijr < A}
Let us define

Vi={de (C™(Q))° | 5-1?1‘89:0 and V-6=0 on 9},
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V := Closure of V in the H' — norm,

H := Closure of V in the L% — norm.

Let P, : (L%(Q2))® — H be the Helmholtz-Leray orthogonal projection. By applying P, to

(2.22) and using (2.24) and (2.26), we have
v + Ra'?P,(kf) = 0. (3.3)

Proposition 3.1 Given a function 8 € V, there exists a unique solution vV to the problem

(2.22), (2.24) subject to boundary conditions (2.26). Moreover, V satisfies
I¥llv < e2Ral/2)j8]v (3.4

If, in addition, 8 = 0, ; 1 as in (3.1), then the corresponding solution ¥ is given by
8 .
Evi7j7k7

[ 1k i ] T

— sin(

R(Zl/27l'2

V=
Aijk

where A; ;1 is given in (3.2) and

I3
- ik
Vijk(X) = 7
-2

— COS

;2

L

L

—) cos(]%y) cos(kmz)

(Em) sin(‘%y) cos(kmz)

%m) cos(‘%y) sin(k71z) ]

P
—(ﬁ‘F ﬁ—g)COS(

1,2,...

fori,j=0,1,2,..; k=

Proof. By applying the div operator, i.e. V-, to equation (2.22) and taking scalar product of
(2.22) with 1 at the boundary of 2, we get

0o

—Ap = Ralﬂg (3.6)
dp

It is known that the solution p to the above Neumann boundary value problem can be
determined uniquely up to a constant. Thus from (2.22), ¥V is uniquely determined. The
uniqueness is also clear from equation (3.3). In addition, the elliptic regularity estimates
for the above Neumann boundary value problem in certain nonsmooth domains (see e.g.
Grisvard [1985], p. 126 & 150) give

3
M2Vplna@ + 32 1Diipllnea) < o1 RV Loy

7,7=1

(3.8)

for 1 < ¢ < oo, (see also the Helmholtz decomposition for general L?(§2) spaces, for 1 < ¢ <
o0, in Fujiwara and Morimoto [1977]). But from (2.22) and (3.8), we get

1/2

[¥llwia) < Ra'?|0]lwiage) + IVPllwiaq) < c2Ra?|16]lwr.a(q).
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In particular, for ¢ = 2 we have (3.4).

Now suppose 6 = 6, ;. for some 4,57 = 0,1,2,..; k = 1,2,..., then by the method of
separation of variables we can find the corresponding solution to Neumann boundary value
problem (3.6)-(3.7). In fact, the exact solution is

Ra'?(kr) |8 i Jjm
— . Vi cos(fm) cos(Ty) cos(kmz).

=C+
P ik

Therefore it follows from (2.22) that

_ Ra'’*(km) /8
N /\i,j,k LL

T
L
2l cos(

{

T
L
T

L

i (k) cos(%m) cos(—

—x) sin( 7

— sin(—=z) cos(]ly) cos(kmz)

{

T

g
{

y) cos(kmz)

y)sin(krz)

0

g
_poi2 |8 0
Ra N\ 77 . .

cos(ﬁm) cos(ﬁry) sin(k71z)

L 14

- ” : 5
al sin(ﬁx) cos(]z

L L

y)cos(kmz)

= ——\/ — cos(%m) sin(%y) cos(kmz)

£—2) cos(%;r) cos(‘%y) sin(k7z)

Remark 3.2 Observe that Voo = 0 for all k > 0.

Due to the linearity of the problem (2.22), (2.24) subject to boundary conditions (2.26),
one can easily verify the following Corollary.

Corollary 3.3 Suppose
N; 7N] 7Nk

> Cijibijis

2,j=0
k=1

6 =

or some positive integers N;, N;, Ny, then the solution ¥V corresponding to the problem (2.22),
tive int N;, N;, Ny, then the solution v ding to th blem (2.22
(2.24) subject to boundary conditions (2.26) is

Nz‘,%]:,Nk C. ‘kRal/Qﬂ'Z g

— 75 —
V= — e\ —V{ ik
i,=0 ’\m}k (L

k=1
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Since {6; ;r’s} form a basis for H, then by Proposition (3.1) and Corollary (3.3), we
conclude that any solution Vv of the system (2.22)-(2.28) lie in the L?-closure of the span of
{Vije:1,7=0,1,2,..5 k =1,2,...}. This does not mean, however, that {v;;;’s} form
a basis for H. Indeed, in the next proposition, we will complement {V;;} to obtain an
orthonormal basis for H.

Proposition 3.4 (Fabrie [1989]) Let

% sin(%.r) cos(‘%y) cos(kmz)
Wik = _TZ cos(%;r) sin(]%y) cos(kmz)
0
fori,j,k=10,1,2,..., then {¥V;;x’s,W; ;’s} form an orthogonal basis for H.

Proof. First notice that the functions

sin( fx) cos(%y) cos(kmz)

Uk = cos(%x) sin(%y) cos(kmz)
i g

cos(f:c) cos( 7 y) sin(kmz)

for i,75,k = 0,1,2,... form a complete orthogonal basis in (L?(2))3, which by Helmholtz
Decomposition Theorem (see, e.g., Fujirawa & Morimoto [1977]), can be decomposed into
Go ® H, where

Gy ={VIL € (L*(Q))*: 1l € W"*(Q)}.

But each function u;;j is a sum of VII;;; and the linear combinations of {v;;x}’s and
{W;;x}’s, where

I 5 = cos(%x) cos(%y) cos(kmz).

We then conclude that {V; ;’s, W; ;x’s} are dense in H, and since they are orthogonal, they
form an an orthogonal basis for H. [ |

Although the basis for H, {V; ;x’s, W; ;x’s}, are found explicitly, the solution space for
the velocity is spanned only by {V;;:’s}. We summarize this observation in the following
lemma:

Lemma 3.5 Let v € H satisfy

V=Y aiiVigkt Y BiikWiike
ik ik

Suppose v solves (2.22)-(2.28) for 8 € V, then
Bijk =0,

fori,j=0,1,2,..;k=1,2,...
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As a result, one finds that {6, ; x’s} and {V; ;x’s} are the right bases for the spaces of the
solutions for the temperature # and the velocity v, respectively. Therefore, one can employ
these functions as bases for a Galerkin approximation (or numerical) procedure.

Remark 3.6 The bases{0; ; s} and {¥; ;1 ’s} also appear in a different context, developed by
Beck [1972]. Namely, while studying the linear stability of the steady state, § = 0 and v = 0,
of the system (2.22)-(2.28), Becks finds that {6; ;1 ’s} and {V; ;i’s} are the eigenfunctions
of the corresponding linearized system with the eigenvalues different from {; ;1 ’s} given in

(3.2).

Next, we define the bilinear form B(:,-) : V. x D(A) — H, such that B(v,¢) =V -V¢
for every v € V and ¢ € D(A). Also, by using the Generalized Stokes Formula (see, e.g.,
Constantin and Foias [1988] and Temam [1984]) and the boundary conditions (2.27)-(2.28),
one can easily check that for any v € V and 6 € D(A)

(B(¥,0),6) = 0. (3.9)

By using the Cauchy-Schwarz inequality and the Sobolev Embedding Theorem (see, e.g.,
Adams [1975], Constantin & Foias [1988], Renardy & Rogers [1993], Temam [1998]), for the
three-dimensional spatial space, one can easily show the following interpolation inequalities.
Namely, that there is a constant cz, which is scale invariant, such that for any function
u € H'(Q) we have:

lullogay < eallellma) (3.10)
1/4 3/4 3/4 1/4 3/4

lull 70 <wu/\wu/)<c/wu/\wu/)twmim, (3.11)
1/3 2/3 1/2 1/2 1/2

lullzagay < Ilull g lul7hiq, < e *llullsig lulliig, by (3:11). (3.12)

Lemma 3.7 For any 6 € D(A), let V € V satisfying (3.3), then there exists a constant a;
such that
- 3/2 1/2
IBE.0)llar < ar Ra' 210113/ [ 40] 3 (3.13)

Proof. One can easily verify the following estimates using the Holder inequality, (3.4), (3.10),
(3.12) and (3.4)

IBE,0)m < |95V o
— 1/2 1/2
< aolFlvI6I 146}

< ayRa'||6)[7/) 6]}, .

Definition 3.8 Let 8° € V be given, and let T > 0. A strong solution of (2.22)-(2.28) in the
dé

interval [0, 7] is a function 8 € C([0,7];V) N L*([0,T]; D(A)) such that pr € L*([0,7]; H),

and

% +KA8 + Ra'?B(V,0) - Ra'/*V-k=0 in H (3.14)
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for every t € [0, 7], with vV given in equation (3.3). That is for every w € H we have

(0(t2),0) = (B(11), ) + H/t2(Ae(T),w)dr

t1

+Ral? [ (B3, 00) )dr - RV [ (@) w)ir =0, (315)

11 tq

for every ty,t3 € [0, 7], where V is given by (3.3).

4 Global Existence and Uniqueness

Following the proof of existence of strong solutions to the Navier-Stokes equations (see, e.g.,
Constantin and Foias [1988], Lions [1969], and Temam [1983,1984]) we first introduce the
Galerkin approximating system to the dimensionless system (2.22)-(2.28) along with some
a-priori estimates to obtain the short-time existence of strong solutions. Then we will prove
a version of the Maximum Principle to guarantee the global existence of solutions. Let us
start with the short-time existence of strong solution theorem.

Theorem 1 If 8° € V, then there exists T* = T*(||0°||v, Ra) > 0, such that the system
(2.22)-(2.28) has a unique strong solution 6 on [0,T7].

Proof. Let us now consider the Galerkin approximation system and prove the short-time
existence of solutions as it has been done for the Navier-Stokes equations in Constantin-Foias
[1988] and Temam [1984]

dé,,

— 5t 5 AO + Ra'*P,, B(V,,0,,) — Ra'/*P,,(¥,,-k) = 0, (4.1)
Vm = —Ra'*P,, P, (k6,,), (4.2)

with initial value
0,,(%,0) = 02,(X) = P,6°(X) (4.3)

where v,,, € H,,, and 0,, € H,,. The ordinary differential system (4.1)-(4.2) has short-time
unique solution because it has a Lipschitz nonlinearity. It is well-known that for such systems,
the solution exists as long as it is finite. Therefore to estimate the interval of existence we
will estimate the interval for which the solution is finite. By taking the L2-inner product of
(4.1) with 6,,, we have

1d .
5%”07’%”%[ + ’{”Al/Qem”%I + Ral/Q(B(‘_;m7 Om),0m) — Ral/Q(Gm'kyem) = 0. (4.4)
It follows from (3.9) and (4.2) that (B(¥n,0,),0,) = 0 and Ra'/?|(¥,,-k,8,,)| < Ral|6,||%,
respectively. So that equation (4.4) becomes

1d

5 710l + Al A 20,17 < RallOm (4.5)
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Neglecting the non-negative term «||A/26,, |3, and using Gronwall’s inequality, we get
a aT
10 (D11 < 110 (0)1F €78 < (16°17 €77 = po(T,116%]17)°, (4.6)

for any 7 > 0 and for all ¢ € [0,7]. Next we take the L?-inner product of (2.23) with A46,,
and obtain

L8+ 1Al < RV2(B (G, 0), A0,)] + Ra |Gk, 26,,)]. (4.7)

2dt

We are going to estimate the first term on the right hand side of (4.7) as follows,

Ra2|(B(V, 0), Abr)| < RaM? || B(Fm, 0|11 || A2
< @ Ral| V20,57 (| A8, 37 (using (3.13))
< A0+ 0,6 (by Voung's ineq.). (45)
Similarly,
Ra”zl("f’m-ﬁﬁwm)ls%HAOmH%JrRTaQH@mH% HA0 HH+R |16 2 (4.9)
Inserting (4.8) (4.9) in (4.7), we obtain
(lgR(l Ra? Ra*

16m Iy + —— A |10 V] < 04—(\!9m

d
01V + sl A6y < 2[——— 2 4 01)%,  (4.10)

where a4 = 2max{as, 1} and 01 = ﬁ. Now we let y(t) = a1 + |6, (¢)||3. Then y'(t) <
@y
asy>(t) and by integrating this inequality we get

2
yZ(t)S#QO()O)aﬂ f0r0§t<m.
Since y(0) < o1 + [|6°||%, we have
1m0 < (1) < —— TNy foroctc — 0
Vo — 201+ 16°]13)2aat 2(o1 + [16°11% )2 as
In particular, for all m > 1 and for all ¢ € [0, 7]
16 (1)1 < V2(01 + [16°]15) := (p})?, (4.11)

where T*([|8°||v) :=
(4.11), we get

PRI IEALE Integrating (4.10) over the interval [0,7™*] and using

T*
H/O 148 (D[ Frdr < 10°11F + asT™[(p1)* + 11" := £ (p5)* (4.12)
Consequently we have from (4.6), (4.11) and (4.12) that

{6} C L([0,00); H)N L2([0,T7]; V) 0 LX([0,T7); D(A)), (4.13)
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and that the sequence {#,,} is bounded in the corresponding norms. Moreover it follows from
(4.2) that
{¥m} € L7([0,00); H) N L([0, T7]; V) 0 LX([0, T7); H), (4.14)

and that the sequence {V,,} is bounded in the corresponding norms.

Next we will show that d—? € L*([0,7*); H) and the corresponding norm in this space is

bounded uniformly in m. In fact, we will show that the norm of dg;;n is bounded uniformly in

L*([0,T*]; H) due to (4.13) and (4.14). However it is sufficient, aécording to equation (4.1),
T*

to show that / | Ra*/ 2Py (B(V ., 0,))||3dt is bounded uniformly in m; particularly,
0

T* T*
[ 1RGP (B, 8t < [ Rall(B(Fm, 6
0 0

T*
< aiRcﬁ/ 10l | 4Byl irdt  (using (3.13))
0
op 2 [T 6 1,71/2 r 2 71/2
< atRa([ 1050 [ 140, )
< atRa () 0k (3.15)

Now we are ready to pass to the limits. Note that the sequence {6,,} is bounded in
L2([0,T*]); D(A)), then by the weak compactness theorem, there exists a @ € L?([0,7*]; D(A))
and a subsequence {6,,:} of {6,,} such that {,,/} converges weakly to 8 in L?([0,T*]; D(A)).
In addition, since by the Rellich Lemma (see, e.g., [1]) D(A) is compactly embedded in V,
and since the sequence {d—?} is bounded in L?([0,7*]; H), one can employ the Aubin’s

Compactness Theorem (see, e.g., Constantin and Foias [1988] p. 69, Lions [1969] and Temam
[1984]) to show that {6,,/} converges strongly to 6 in L%([0,7*];V). Let us from now on
denote all the subsequences of {f,,} by itself by extracting and relabeling. Thus, {6,,} also
converges strongly to # in V' almost everywhere in [0,7™]. In particular,

160:(t)||[v — ||0(t)||v pointwise everywhere on £ C [0,7™]; |[0,T*]\E|= 0. (4.16)

Similarly, one can establish the uniform bound in L?([0,7*]; H) for {d:;—tm} through equation

(4.2) and then use (4.14) to show that there exists a function v € L%([0,T*]; H?) such that
{V,n} converges strongly to ¥ in L?([0,7*]; V). In summary, we have

Ab,, — A weakly in  L*([0,T*]; H)

6,, — 0 strongly in  L*([0,T*];V)
db,, dé . 2 7.
— — = weakly in  L*([0,77]; H),
Vi — v strongly in  L*([0,T*]; V),

respectively. Thus it follows that for every t5,¢; € [0,7*] and every w € H

t t
K/ 2(A0m,w)d.7' — /@/2(A0,w)d7', (4.17)

11 t1



Bénard Convection in Porous Medium 13

and

t . t N
/Q(Ral/QPm(\'f’m-k),w)dr — [ (R k), w)dr (4.18)

131 tq

Moreover, since the sequence {f,,} is bounded in L*([0,7™*]; H) and {dg;;n} is bounded in

L%([0,T*]; H), we conclude from the Arzela-Ascoli Theorem that {f,,} converges to # in
C([0,7*]; H), hence in Cw([0,7*]; H) and Cw([0,T*]; V). In particular, we have

(O (12),w) = (Om(t1),0) — (8(12),w) = (0(tr),w), (4.19)

for every tg,t; € [0,7*] and every w € H.
We then take the L%-inner product of (4.1) with w € H and integrate over the interval
[t1,12] C [0,7] to get

(0, (t2),0) — (B (1), ) + ﬁ/tQ(AHm,w)dT

31

1 1
- —Ral/Q/2(Pm(B(\7’m,0m)),w)dr—|— Ralﬂ/ (Po(Fm-k),w)dr. (4.20)
131 tq
Next we will show that

1 1

/2(Pm(B(\7’m,0m)),w)dr—/2(B(\7’, 8),w)dr — 0, (4.21)
11 tq

as m — oo for every t9,t; € [0,7]. But first notice that

| P (B(¥1m,0m)) — B(¥,0)|| 1BV = ¥, 0|l + | B(Y, (8,0 — )|

¥ = ¥llze (IV0mlle + ¥l ze IV (0 — 0)l|Ls

< agll|¥m — V16111 A6 15 +
1/2 1/2

¥l 18 = O A8 — 01377,

<
<

hence
12 t2
P B0.0,0) = BE0)trl < [P (B 0,)) = 5501 [l
1

< agllwll / e L R e [ N [ R O

< all [{ /j ¥~ FlRdr} " /b 10l dr} /tQ 46,013}
{0} = oar} ] [ a0 - o} a22)

Now since {6,,} converges weakly to 6 in L?([0,T*]; D(A)) and {V,,} converges to Vv strongly
in L?([0,7*]; V), condition (4.21) is attained. Next we use (4.18)-(4.19) and (4.21) to pass
to the limit as m — oo for (4.20) to get

(0(t2),w) — (6(t1),w) + K/tj2(z40,w)d7' = —Ra'/? /t2(B(G,0),w)dT

1

+Ra1/2/t2(G-R w)dr (4.23)
t1
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for every w € H and for every t1,t3 € [0,7*]. Moreover since #,, converges to 6 weakly in
L%([0,T%]; D(A)) and strongly in L%([0,T*]; V), we have from (4.6), (4.11) and (4.12) that

[10(t)||zr < liminf ||60,,(t)[|zr < po forall te€]0,00), (4.24)
0()llv <liminf |6, (0)|lv < py forae. t€[0,T7, (4.25)

and

T T
/ 1 AB(7) || dr < liminf/ 146, (7|27 < (pb)2, (4.26)
respectively. Consequently we have

6 € L*([0,00); H)N C([0,T7); H) N L¥([0, T*]: V) 0 L2([0, T*]; D(A)), (4.27)

and
¥ € L9([0,00); ) N C([0, ], ) M L([0, 7 V) 1 20, T Y. (4.28)

By integrating (4.10) over [s,t] C [0,7%] for s < t, we get

t Ra4 t
HOm(t)HQerH/ 148, (7)|| Frdr < Ilﬁm(s)HQerm?/ 0 (DI} +01)’dr. (4.29)

Due to (4.16),(4.25), (4.26) and the following property

lim sup(ay, + b,) > limsup(a,) + liminf(b,,),

n—od n—od

for any sequences a,, b, > 0, inequality (4.29) becomes

0G0 + 5 [ 140 < 10GNF + s () 4 Pt =), (430)

for every s and t € I, s < t, F is given in (4.16). By rearranging (4.30), we obtain:

ool = llecs) 1] < | [ A |+ a () - s) ()

which one can extend to all s and ¢ in [0, 7*] by manipulating sequences in F that converge
to elements in [0,7*]\£. Now using (4.31) together with the fact that § € Cw([0,T*];V),
we get 8 € C([0,T*]; V).

To prove the uniqueness, let #; and #; be any two strong solutions of the system (3.3)
along with (2.23)-(2.28) and let ¥y, v be the corresponding velocities. Thus

(V1 — V) + Ra'/*R,[k(6; — 6,)] = 0, (4.32)

and

d .
(01 =0:) + wA(Br —62) + Ra'*(%1-V)(6; — 6,)

+ Ral/Q(Gl — ‘_;Q)VHQ - RQI/Q(‘_;l - ‘_;Q)IA{ = 07 (433)
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where the above equation holds in L2([0,T*]; H). Let us set 60 = (61 —63) and §v = (V1 —V2).
Insert (4.32) into (4.33) and act the result on A86 € L*([0,7*]; H), to get

|86]1% + k| A86]17; < Ra'P|(B(¥1,80), A68)| + Ra'/*|(B(6,8), A66)|

2 dt‘ B(%
+Ra([B,(ké8)] -k, As8)|, (4.34)

for all ¢ > 0. But note that the three terms on the right hand side of equation (4.34) can be
approximated as follows

Ra'?|(B(%1,80), A60)] < Ra?||%1 oy [IV66]] 1 (| A66]|
< diy Rallf: o) 166137 A86]13
<y, Ral|6y||v 1|66])3/ (| As6][3)

a7Ra
< ZlAshll + 16113 (166]|%
< gqun%ﬁLi( A s

Ra'/?|(B(89,6,), A80)| < Ra'*(|6¥]| (0 [1V82ll 100y (14661
aho Ral|80]| oy 1162011/ (| 486211 1| A66]|

aro Ral|86]|v [|Ad6s|| | A86] 1

IN N IA

ag Ra?

I

I
=l Ad615 + 186115 11427,

and
. . 1 1
Ral([B, (ke9)] -k, A60)| < T[| A66I[3; + aaRa®~[|86][3 < Z[|A66][% + aaRa®~[|86)]?-

So (4.34) becomes

arRa*(p})? N agRa?
K

K3

d 1
166113 + xl] 48617 < 2 146517 + ag Ra®—] [|86][5.

and therefore by Gronwall’s inequality, we have

t arRa*(p})?  agRa®
o, S Ay + o L
v €

1862115

IN

arRa*(py)* 2l agRa®
—_— a”—|t
poetyy el o)

IN

for all ¢ € [0,7%]. Since [|66°]|v = [|61(0) — 62(0)||v = 0, the above inequality implies that
66(t) = 0 for a.e. t € [0,T*]. |

As a result of the above proof one can also conclude the continuous dependence of the
solutions on the initial data. Therefore, we have the following;:

Corollary 4.1 The initial-boundary value problem (2.22)-(2.28) is well-posed in V.
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We would like to remark here that since § € D(A) C H?*(Q) a.e. in (0,7*], by the
Sobolev Embedding Theorem we have 8 € C(Q) a.e. in (0,7*]. Now let tq € (0,7*) such
that [|6(to)|| L (q) finite. Let us recall that T'(t) = 6(t) + TOJE)Tl — z. Thus at t = ty, we have
£ <T(X,tg) <E for some constants £ and K. We are going to prove that T actually satisfies

the Maximum Principle from ¢3 onwards. Namely, we will prove

Proposition 4.2 Let 0° € V and 6(X,t) be the strong solution of (2.22)-(2.28) on Q x [0, 7].
Let tg € [0, 7] be such that k < T( to) <R, for almost every X € 2, for some finite numbers
k& and K. Then we have K < T(X,t) < K for almost every X € Q and for almost every

t € lto, 7). -

Proof. The technique employed in this proof has been adopted ;from Foias, Manley and
Temam [1987] (see also Ly, Mease and Titi [1996]). We first let

T(X,t)—& T(X,t R
fw(iyt)::[T(i,t)—ﬁhEmaX{T(i,t)—ﬁjo}:{ (%:1) (%,1) >

0 otherwise.

Since 6 € L*([0,7];D(A)), we have T € L2([0,7]; H%(Q)), so that M(X,t) € H(Q) for
almost every ¢ € [0,7] (see Gilbarg and Trudinger [1983] p. 153 for more details). By
rewriting equation (2.16) in the following form

%(T —R)— kA(T —F) + Ra/¥¥-V(T —%))=0 in Q. (4.35)

Note that (4.35) holds in H for a.e. ¢t € (0,7]. Now we take the L?-inner product of (4.35)

with M € HY(Q) C H to get
(%(T —R),M)— (A[T —&], M) + Ra**(¥-V(T — %), M) = 0, (4.36)
for almost every t € [tg, 7]. Note that,
0 1d
—(T-%),M M
(at( H)? ) thH HH7

also observe that from the generalized Stokes Theorem (see, e.g., Constantin Foias [1988] and
Temam [1984])

T
_(A[T -], M) = HVMH%I—/ M=) pr4s
aq On
= [[VM|3} (using (2.13)-(2.14))
> M|M|F,
and
M? Wk

Ra'*(%-V(T —F),M) = Ral/z[/m —VRdS — (V¥ (5-)] =0 (by using (2.12)-(2.10)).

2
Therefore (4.36) implies that

d
ZAMIE < —2MIMIE and hence Ml < 1M (o) e 2~ o),
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for any t > to. But M(ty) = 0, it follows that ||M(¢)||z < 0 and thus M(X,t) = 0 and
T(X,t) <E for almost every X € 2 and every ¢ € [to, 7].

Similarly, by letting m(X,t) := [T(X,t) — ] = min{T(X,?) — £,0} one can repeat the
above argument to show that 7(X,?) > & for almost every X € Q and every t € [to, 7]. [

Since T'(X,t) = 0(X, 1)+ % —z we conclude from the previous proposition the following
Corollary:

Corollary 4.3 Let 8° € V and 6(X,t) be the strong solution of (2.22)-(2.28) on Q x [0,7].
Then for a.e. tg > 0,

1o
To—-T

18000 < prelte) = T (1o ey + 1+ (4.37)

for almost every t € [to, T].

Recall from Theorem 1 that we have short time existence of the strong solution for any
initial data 8° € V. Next we show that the strong solution exists globally. Let us assume
that [0, Timax) is the maximal interval of existence. Then either Ti,ax = 0o and we are done
or Tinax < o0 and limsup, - [|(t)[[y = co. We suppose the latter and show that it is
impossible. ;From the definition of strong solution, we have Af belongs to H for almost
every t € (0,Tmax). Let tg € (0,Tmax) such that 6(ty) € D(A) C L>®(Q). We also have
a6 € L*([to, Tmax]; H) and thus we can let equation (2.23) act on A8 € L?([to, Tmax); H), its

dt
dual space, to get

t 4o ¢ ¢ ¢ .
/(E,AO)dH-m/ |03 dr < Ralﬂ/ |(B(\7‘,0),A0)|dr—|—Ra1/2/ (3K, A0)|dr, (4.38)
to @ to to to

0
for every t € (g, Tmax). It follows from Chapter III Lemma 1.2 of Temam [1984] that
dé

(E?

Also by justifying similarly as in (4.15), one can obtain the following estimates

1d
Af) = =1|0]|2.
)= 52l

t t
k'l [(B(5,0), 40)dr < asRapc(to) [ 613/ 401 ar
0

to
Kk [t agRa*p? (1 ¢
< 5 panar + 2EO2) [ ygayzar  (as0)
4 to K to
and . . .
Ral/Z/ |-k, 46)|dr < 5/ |A83,dr + R—“/ 116][2, dr. (4.40)
to 4 Ji & Jig
Thus, putting together equations (4.38)-(4.40), we have
td e ! 2 Lo
[ 28l dr + 5 [ 1128]3dr < aro [ (6], (1.41)
10 T to to
2 2 4
for every ¢ € (tg, Tmax), Where a1 = Ra” aglta ,0200(150) + Ai] It follows from Gronwall’s
K 1

Lemma that
16T < [16(t0)[|3 e ") (4.42)
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for any ¢ € (fo, Tmax) and hence,

lim sup [|0(1)||v < [|6(to)]|3-e*10 Tmax—to) « 0

t—Tmax

which contradicts the assumption. As a result we have established the global existence of
strong solution.

Theorem 2 Let 6° € V, then for any T > 0 the system (2.22)-(2.28) has a unique strong
solution @ on [0,7]. Moreover, there exist two positive constants py and py depending on 6°,
k, Ra and ||, but not on T such that

16(t)]| < po, (4.43)

and
Nellv < p1 (4.44)

for every t € [0,7].

Proof. It follows from the Corollary 4.3 that for almost any to > 0,
166)]1zr < 190210 () < 19202 poc(t0)

for every t > to. However if we take the L2-inner product of (2.23) with 6(¢) and follow
similar steps as in the proof of Theorem 1, especially (4.5), we obtain

1d

S 1613 + R8I < Ral6ll}. (4.45)

So that [|8(1)[|3 < ||6°]|%€ L. Thus by letting po(8°) := max{||6°]| 7 €20, Q| %p . (t0)},
inequality (4.43) is achieved. To show (4.44), we integrate (4.45) with respect to 7 over the
interval [t, (¢ 4+ 1)] for t > tg to get

1+ Ra

t+4+1 1
/t 16]1F-dr < —[[16()[17r + Rapg] < Po- (4.46)
Recall from (4.41) that
d 2 2 Ra®  , 5 2 2
10Oy +sIAOOE < ——lagps (t) O] + 16(1)]] ]
Ra? Ra?
< Ta%pgo(to)HH(t)H%v + TP(QJ' (4.47)

By the Generalized Gronwall’s inequality (see Temam [1988] p. 88) we have

t+1 Ra? Ra?
ol < ([ 10lpdr + =p8) - expl a3 (to)]

1+ Ra + Ra® Ra?

< R el adp ()], by (4.46) (4.48)



Bénard Convection in Porous Medium 19

for all ¢ > to. Recall also from (4.25) that [|8(1)||2 < p}® = v2(1 + ||6°]|3) for all £ € [0,T™],

1
where T* := and from (4.42) that [|8(t)]|2 < ||8(tx)||% - explaig - (t — to)] for
4(1+ "00"%/)2(14 ( ) H ( )HV = ” ( O)HV P[ 10 ( 0)]
all t > tg. Thus by letting to = T and

14+ Ra + Ra? Ra?
ot t= max (VAL + 1), 1000 exlaro - (t0 + D] T e P 0252 1oy,

inequality (4.44) is attained.

Let us denote by #(z,t) = 5(¢)fy(z) the solution operator. Then based on the definition
of strong solution, for any 6y € V and any T > 0 we have S(¢)8y € L%([0,T]; D(A)) and hence
S(t)8p € D(A) for almost every ¢ > 0. In fact we will show in the next section that S(¢)fy is
analytic in time with value in D(A) so that 5(¢)fy € D(A) for all t > 0. Moreover since D(A)
is compactly embedded in V', we conclude that S(¢): V — V is a compact operator. Thus
the ball B(0,p1) = {6 € H'(Q) | ||0]| < p1} is an absorbing set in H'(Q) and the w-limit set
of B(0, p1) under S(¢), which we denote A,

A= ﬂUS B(0,p1))

s>0 t>s

where the closure is taken in the H! topology, is the global attractor (see Temam [1988]
and references therein). The global attractor A is necessarily a nonempty compact subset
of H(Q). We would like to remark here that the existence and the dimension estimates of
the global attractor for the two and three-dimensional Bénard convection in porous medium
with zero Darcy-Prandtl number have been established by Fabrie [1990].

5 Analyticity in Time and a Gevrey Class Spatial Regularity

It is well known that the Nonlinear Galerkin method converges algebraically faster, to the
exact solution of dissipative systems, than the standard Galerkin method (see, for instance,
Devulder, Marion and Titi [1993]). However, Graham, Steen and Titi [1993] did not observe
this advantage of the Nonlinear Galerkin method in their computations of the two-dimensional
Bénard convection in porous medium. Their explanation of these computational result was
that for this system the standard Galerkin method is already converging exponentially fast
and that is why one does not observe the algebraic improvement of the Nonlinear Galerkin
method. We will present here a rigorous justification to the explanation given by Graham,
Steen and Titi [1997].

Following Foias and Temam [1989] (see also Ferrari and Titi [1998]) let us start with the
definition of the following Gevrey class.

Definition 5.1 Let o > 0, we denote by G, = D(60A1/2) the Gevrey class of all functions
6 c L3(Q)

sy 1/2
= 3 i () satsting 52 7 jousuf <
=0 1,7=0
k=1 k=1

Let 61,0, € G, we denote the inner product in G, by

(61,02)c, = (720,674 0,)
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and the corresponding norm
Al/2 Al/2 Al/2
1011E, = (8,0)c, = (7" 70,7 70) = || 6|3
It also follows immediately from the Cauchy-Schwarz inequality that

o Al/ o Al/ oAl oAl
1(61,82)c,] = (747701, 05) < |4 01| (| sl (5.1)

One can see that elements in this Gevrey class will have high-mode coefficients decay
exponentially in wave number to zero. Thus if we can show that the strong solution belong
to some Gevrey class of regularity, then the result of the standard Galerkin converging ex-
ponentially can be easily achieved. The Gevrey regularity for the two-dimensional and the
short-time three-dimensional Navier-Stokes equations have been established earlier by Foias
and Temam [1989]. Similar results regarding the Navier-Stokes equations can be found in
Henshaw, Kreiss and Reyna [1990]; however, their approach is quite different from the one
by Foias and Temam [1989]. Promislow [1991] has generalized the result of Foias and Temam
[1989] to parabolic equations with polynomial nonlinearities and Ferrari and Titi [1998] gave
a general proof for parabolic systems with analytic nonlinearities. Along with the Gevrey
regularity, Foias and Temam [1979] showed, by complexifying the time domain, that the so-
lutions to the Navier-Stokes equations are analytic in time. Here we will indeed follow the
work of Foias and Temam [1989] and [1979] to show that the solutions are analytic in time
with values in a Gevrey class of regularity, but first let us show the following lemma:

Lemma 5.2 If 0 € G, and V is the corresponding solution of (2.22)-(2.28), then for any
peH,
s Al/2 o o Al/2 5113/2 o Al/2 1/2
(M B(3.0). )| < diRa 2| 0% (] 20131 (5.2)

and

IB(¥,6)||c, < diRa'/?| A 20127 || A0|| 2. (5.3)

Proof. To show (5.2), we first express 8, ¢, and Vv in terms of Fourier expansions instead
of {6; ;%’s} and {V;;x’s}, which can be achieved because the solution spaces, as shown in
Corollary (3.3), are spanned by sines and cosines. Then we use the estimates similar to Foias
and Temam [1989] as for the case of the Navier-Stokes equations to achieve (5.2). Namely,
we first write 6, ¢ and V as

0=5"Cpel(K X = ST M K)o § B0 ),
K m =
where Cg, By € €, C; = C_g, Dy € €2, and k,m, i € Z°. Note that |Cy| < d|0; ;4]
and |Dg| < d4|0; ;1|. Also,

aAl/2 — N s AL/?
(7" 7 B(¥,0),0)| = |(B(¥,0),e"* ")
< (LORa'? Y |Dg-kCpEgy|e k1
K+fi=m
< (LORA? Y [Bgl e K] [Cpf e Byl
K+di=m

[ 6@ < éallulln, (54)
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— —

n k
with D% = Dy €7/; C: = C; e?lkl. First notice that ||&||g = ¢||z. The term ||&1&a| 7
on the right hand side of (5.4) is estimated using procedures similar to those in the proof of
Lemma 3.7, Proposition 3.1 and Corollary 3.3 to obtain

where (%) = Y IB31e/ 0T 8); g2) = YOI ogle KR g(2) = 3 Bl 0B ),

1/2 1/2
l6&llr < l&llel€lln < dlelvIEl?) ALY
< diRa e )|y | 0N (1 A0

i Rat 2| PO e g3,

Consequently, (5.2) is obtained and (5.3) follows immediately. ]

Theorem 3 Let 7 > 0, 8° € V and 6 be the strong solution of (2.22)-(2.28) on Q x [0, 7].
There exists a T = 7(||0°||v, Ra, k) > 0 such that for any to € (0,7) the strong solution 6(t)
is analytic, in time, in the interval [ty, 7| with values in D(Al/ZetoAl/Z)).

Proof. Let Hp :={n+i£ | n € H, £ € H} be the complexification of the space H. For any
61,0, € Hg the usual complex inner product in Hg is defined as (61,6,) = [ 61(X)0,(X)dx,
where 6, denotes the complex conjugate of 6. Similarly Vg and Dg(A) are the complexifi-
cation spaces of V' and D(A), respectively.

Let us consider the complexified system of (4.1), (4.2) and (4.3). In particular, we consider
the following complexified Galerkin system

‘%(4) + KA, (C) + Ra P P(B(Vu(€),0:(0))) = Ra 2 Pu(V,u(¢)-k) =0, (5.5)
Vm(C) = —Ra'/*P,, B, (kb,,(()), (5.6)
0,,(%,0) = 02,(X) = P.0°(%) (5.7)

where ( = se’® € € with s > 0 and a € (=%, %), so that cos a is always positive. We would
like to remark here that the system (5.5)-(5.7) is an analytic system of O.D.E. which admits
a unique analytic solution 6,,(¢) in the neighborhood of 0 of the complex plane. Moreover,
since #° is real-valued, the solutions 8,,({) with ¢ restricted to the neighborhood of (0, 7]
in the real line will coincide with the usual Galerkin solutions. As before we will show first
some estimates on the various norms which are uniformly independent of m. Then we will
pass to the limit to obtain the time-complexified solution.

Let us take the scalar product of (5.5) with A46,,(¢) in Gscosa, then multiply by ¢ and
take the real part to get

. dé,,
Re{eza(escosaA1/2d_C(C)’ eSCOSQAlpAOm(C))} + K cos a”eScosaAlﬁAgm(C)H%{
_ Ral/QRe{eia(escosaA1/2Pm(‘—;m(c)‘12)7escosaA1/2A0m(C))} _

Ra'/*Re{ e (2N P B(9,,(0),0,(C)), 24P 40, (C) ). (5.8)
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But observe that the terms in (5.8) can be estimated by using inequalities (5.1) and (5.3)

oy _SCoS 1/2d0 scos aAl/?
L L LA (9))
d SCOsS /
~ Re {(ds(e 4l 2141/20 (C A1/20 }_
coS aRe{(escosaAl/Z)A1/20m(f),escosaAl/Z)AOm(C))}

1d
= 31400 (Ol v, — cos aRe{(AY20,1(0), ABu(OD)6ivcor |-

K COS &

|COS aR’e (A1/20m(c)7Aem(c))Gscosa| < HA0 ( )H —I_ a11HA1/20 ( )H2G5c05a7

|Ra1/2Re{ oz( scosaA1/2Pm(‘—;m(C)‘f{) escosaA1/2A0m(C))}|
= [Ra'*Re ¢ (Pru(V1(€) k), 48:1(C))G,cor

K COS @
< 146, (ONI%. ... + @120 (OIE. ... .
and
|Ra1/2Re{ oz( scosozAl/2P B( (C)yem(C))yescosaAl/QAem(C))}|
= |R(]J1/2:R'e ela(Pm(‘_;m(C)ng(c))7A0m(C))Gsco>a|
S HRal/QB(‘_;WHOm)HGscosa HAHmHGscosa
< aoRa |40, |42 1AL, (by (5.3))
K COS @
< 40, (OlNE o, o + 01301420, (ONIS cos e
where ayp = 2%, a3 = 35)‘;1 and a3 = i;‘iof“a So that (5.8) becomes

SN0+ rcosol| A,
< an||AY20,0E, .+ a2llfnl. .+ as|AY0,)E
< anll A0l oo+ Tl 1540 o
< apglos + | A20n 2, ... T,

@13
and proceed similarly to the analysis performed in Section 4, we attain

-1
where 0y = \[ SR Lot y(Q) = o3 + A1V, (O)1%,,., = 02 + [le* >4 A2, (Q)lI%

SCOSOz/
[e2eo= o420 (O} = |AY20,,(Q)l|3. ... < 2[o2 +]160°]3] := (o) (5.9)

scosa

— ZO( o2 . . .
for all { = se** such that 0 < s < Tara (o2 4TS Hence we obtain a domain of analyticity

D; of 6,,(¢), where D, = {( = se” | |a| < 2 & 0 < s < r}and 0 < 7(||6°]v, Ra, k) =
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—— 22 . Let I" be the boundary of the closed disk of radius r in D, and centered at (.
4axz(oa+[|0°]15,)

Then by the Cauchy integral formula

d*e,, k! [
= / dz. (5.10)

T i G

Thus
|G Ol < / el G 0

\|A1/29 (¢ )HG ccos k!
1

Let S be compact subset of D, and rs = distance(S,9D;). Particularly for £ = 1 and r
smaller than rg, we have from (5.11) that

d 1
”d_CHm(C)”Gscosa S Fplll fOI’ all C 6 S (512)
T

Then by using inequalities (5.12), (5.3), the Young’s inequality and (5.9), equation (5.5)
yields

b (€) :
I{HAOm(C)HGscosa S ” ”Gscosa + Ra”em(c)k'vem(c)”Gscosa —I_ Rauem(C)HGscosa
< — o+ Rall A0 A6+ Rallbn(O)l6. o
rAy
< 1 Ra?

K
A1/2 P+ —(P1) + §HA0m”Gscosa + Rap!,

so that

s cosmAL/? 2 Ra?
Klle* A0, (Ol = Kl A8 (O] Gora < Epi”r - —(p1)’ + 2Rap{ := kp3, (5.13)

forall ( € S. For any ( € D, and X €

|escosozA1/20m()—(»7 C)|é S sup{|Re 6scos194A1/20m()—(»7 C)l%‘l' |Im escosaA1/20m()—(»’ C)%}
XEQ
by using Agmon’s ineq.
g Ag
1/2 - 1/2 N
aralle® N0, (X, Ol 1629 0, (X, Ol 2

<
< aupipy (by (5.9) and (5.13)).

Since 6,,(() is analytic in D, it follows ;from the vector-valued version of the Vitali’s Con-
vergence Theorem (see Marsden and Hoffman [1987] p. 450) that 6,,(() has a subsequence
that converges uniformly to 6(¢{) on every compact subset of D, and #({) is analytic in D..
Note that #(() satisfies the same estimates as 6,,(¢) in D,. In particular, by using (5.13) and
a simple weak-compactness argument, we obtain

”AI/QescosaAl/Qg(Seia)HH < 117}Lnj&fHA1/2€scosaAl/2Om(seia)HH < ,01117
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for se’ € D, with s > 0 and a € (=%, %). Therefore for typ € (0,7) and a = 0, 6(t) is
analytic and

6(t) € D(A2e7A) with || A2 P 0(1)|| <
for all t € [to, 7], where o = to. Finally, it follows from (4.44) that [|0(¢)||v < p1(]|6°|v)
uniformly in time and hence we can repeat the above argument to get

1/2
A2 00 |1 < 2los + p1(16°]1v)] := Gu([16°]|v, Ra, k), (5.14)

for all t € [to, 7]. ]

Corollary 5.3 There exists a constant tg > 0 which depends on ||6°||v, Ra and x such that
the global attractor A C Gy,.

6 Rate of Convergence of the Standard Galerkin

As a result of Theorem 3, we now can show that the standard Galerkin solution 6y of
equations (4.1)-(4.3) converge to the exact solution exponentially fast as a function of N (see
also Doelman and Titi [1993] for similar result concerning the complex Ginzburg-Landau
equation). In particular, we will prove:

Theorem 4 Let 7 > 0, 6° € V and 0 be the strong solution of (3.3) and (2.23)-(2.28) on
Q x [0,7]. Let tg be defined as in Theorem 3 and Ox(X,t) be the Galerkin approzimation of
equations (4.1)-(4.3) with the initial condition On(X,t0) = Pn(6(X, 1)), then there exists a
constant K1 depending on 6°, k, Ra, Ay and T such that for any t € [to, T]

16(1) = On(D)|lv < K1 e~ 0BV, (6.1)

Proof. Let g := 0 — Py# = (I — Pn)#, then it follows from the previous theorem and (5.14)
that

B 1/2 1/2
leOlF <as 3 ARIOs k(D < arse HoANA || AV20)12, < arsGlem PN (6.2)

Aig k> AN
We also let 6 := Pny6 — 6, hence 8 = 6 4+ ¢ + 0 and

? + kA8 + Ra'?Py(B(¥,0) — B(Vn,0n)) — Ra'? Py (v -k — vy -k) = 0. (6.3)

Let us take the L%inner product of (6.3) with A6 to get

S N6 + K65 < RaM(B(3.0) ~ B(En.0n). A8)] + Ra ({3 — In} -k, A8)[. (6.4
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Note that the first and the second terms on the right hand side of (6.4) can be estimated as
follows

Ra'?|(B(¥,0) — B(Vn,0x),A8)| = Ra|(P,(k#)-VO —P,(kfx)-Vly, Ab)|
= Ral||(P.{k(é6 +q+6x)}-V8
— P, (kfn)-V(8—6—q),Ad)||r
= Ra||{P,(ké) + P,(kq)} V0
+ P, (kon)- (V6 + Va) |l (|46l
Ral||§ + gllzs V6125 [1A6]| 7
+ [|0wllze [IV6 + Vallz [|A8]#]
arsRall|6 + qllv 101377 1 40]1 4 [1A6]|z
+ 11611/ A0N 12 116 + qllv 11A8] 7]
by (3.10)(3.12) and Agmon ineq.
2a16Ra[l|6]y/* A0 + 10n113/% [ A0N 1]
<[ 161l + llallv 1 11A6]|z

K 4a?. Ra?
ZHMH% + IZ x [110]lv 1| A6
10N v 1 A0x a1 116113 + (gl 1,

IN

IN

IN

IN

Ra'P|({¥ = Vn} -k, A8)| < Ral8]| (| 46|

I Ra?
—HA5||%1+ —Iléllfq

<
< —HA5HH+ H5Hv7
so that (6.4) can be rewritten as
d
Mol + wllAsllz - < —[4016(H9HV 140z + [[Onllv ([ A0 [|7) + —] 18115
4aisRa’
+——[l0llv 1401z + llonllv 1 A0nm]llall}-  (6.5)
By letting
Ra? 1

9= THG%(H@HV 146l + [[On]lv (| AON] m) + A_l]
and

h =

4a2. Ra?
%[IIHIIV 140z + [18x[lv | A0N||E]ll5,

d
inequality (6.5) can be written as EH(SH% < ¢||6||% + h. Now we apply the Generalized

Gronwall Lemma (see Temam [1988] p. 88) to inequality (6.5) along with the assumption
that 6(0) = On(X,0) — Pn(6°(X)) = 0 and the fact that g > 0 to get

el < [ [ oo [ atriarias] exod [ a(rir)

[/ ds eXp{/ T)dt}. (6.6)

IN
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One can show that for each fixed integer N, the global bounds for the norms of the
Galerkin solution 6y, defined by

df ) i .
d—f + kABy + RaPy(B(P,(kfy),0y) — RaPy(P,(kfx)-k) =0

On(0) = Pn(6(0)),
can be found in the same approach as we did for 8 in Section 4. In particular, one would

obtain, without the loss of generality, the same bounds for 85 (Temam [1977, 1983], Doelman
and Titi [1993]) and thus

t 4(12 Ra? t
/th(S)dS = —— /[I!9Hv 148]1m + [|0n lv [| A0z llallFds
0

to

4atsRa? oealz [T
< Mgt e [ (a0l + A0y
ok
2 02p,2
< 8a15a116;§1Ra p%e—QtoA%i17 (6.7)
ANk
and
! Ra® [t 1
/Q(S)dS = —— [ [4ais(l8llv [[A0]lz + [[On[lv |A0N][H) + —]ds
to K to Al
Ra* [T 4alg 9 9 1
< 5 [ CTS 0 + Ao + 1o
Ra? 8algp: T
s, o
1

where, by substituting (4.43) and (4.44) into (4.47) to have

. [T 2 1 o, Ra® 5 2 2
pi= [ 1A0ds < <1160} + —-ladpi(to)od + pEIT.

By inserting (6.7) and (6.8) into (6.6), we have for any ¢ € [ty, 7]

8a15a2,G? Ra® 1/2 Ra? 8a2.p2 T 1/2
e e P T ()
Ak £OAE A
2 2 2 2 .2
where a7 = %p% exp R:2 [42“113’;2 + AT_l] Finally, by using the definition of §, (6.2)
a1

and (6.9) we get te [to, 7]

. _ 1/2
16() = 6x (Ol = 1Ex8(6) + ¢ = On (DI} < N6 + llallfy < KT e v,

with KZ = (a17 + a15G3). ]
Corollary 6.1 Let 7 > 0 be given, then there exist positive constants K = K(Ra,x,T) and
to = to( Ra, k) such that for every initial data 6° in the global attractor A we
- —toAL/2
16(2) = On(1)[lv < K e 07N+,

for allt € [0,7].
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