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Abstract. In the context of Krylov methods for solving systems of linear equations, expressions
and bounds are derived for the norm of the minimal residual, like the one produced by GMRES or
MINRES.

It is shown that the minimal residual norm is large as long as the Krylov basis is well-conditioned.
In the context of non-normal matrices, examples are given where the minimal residual norm is a
function of the departure of the matrix from normality, and where the decrease of the residual norm
depends on how large the departure from normality is compared to the eigenvalues. With regard
to normal matrices, the Krylov matrix is unitarily equivalent to a row-scaled Vandermonde matrix
and the minimal residual norm in iteration % is proportional to a product of ¢ relative eigenvalue
separations. Arguments are given for why normal matrices with complex eigenvalues can produce
larger residual norms than Hermitian matrices, and why indefinite matrices can produce larger
residual norms than definite matrices.
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1. Introduction. We consider the problem of solving a system of linear equa-
tions Az = b by Krylov methods which in iteration ¢ approximate the solution x by
a vector z; from the Krylov space

span{b, Ab,..., A= 1b}.

We are interested in the residual b — Az; with minimal two-norm, and how fast the
minimal residual norm decreases during the course of the iterations. Such a residual
is produced (in exact arithmetic) by GMRES [46, 53] and, if the matrix is Hermitian,
by MINRES [44].

Usually the convergence of Krylov methods is analysed by deriving upper bounds
on the norm of the residual or of the error in terms of a polynomial in the matrix,
e.g. [1, §13], [26, §3], [38, §§2,3], [45, §6.11]. In the particular case of GMRES, upper
bounds on the residual norm in terms of polynomials are given in [4], [41, §3], [46,
§3.4], and the tightness of these bounds is examined in [27, 29, 49]. Convergence
analyses based on Ritz values are given in [5, 43, 52]. The case of nearly singular
matrices is analysed in [3], and comparisons with other methods are made in [2, 33].

In spite of all this work Greenbaum [26, page 58] states that ‘[...] it remains an
open problem to describe the convergence of GMRES in terms of simple characteristic
properties of the coefficient matrix’, and [28, §4] ‘it remains an open problem to
determine the most appropriate set of system parameters for describing the behavior
of GMRES’. Our motivation is to make a contribution towards the solution of these
problems. Our approach differs from existing approaches because we ignore the way
GMRES is implemented (e.g. via Arnoldi’s method) and concentrate on the fact that
the two-norm of the residual is minimized at every iteration.
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Our expressions and lower bounds for the minimal residual norm give informa-
tion about the convergence (in exact arithmetic) of a large number of Krylov methods.
Although residuals of minimal norm are, in general, only produced by GMRES and
MINRES, lower bounds on the minimal residual provide negative information on the
convergence for Krylov methods such as QMR [19, 18], TFQMR [17], CGS [47], BiCG
[39, 16], Bi-CGSTAB [51] for non-Hermitian matrices!, all Krylov methods for Hermi-
tian matrices, and polynomially preconditioned methods (excluded are methods based
on normal equations and methods with restarting). If a lower bound on the minimal
residual norm in iteration ¢ is large, none of these Krylov methods can converge in ¢
iterations.

1.1. Overview. In §2 the minimal residual norm in iteration ¢ is expressed in
terms of the pseudo-inverse of the Krylov matrix in iteration i + 1. As a conse-
quence the minimal residual norm is large if the next larger Krylov basis is well-
conditioned. Therefore a Krylov method cannot converge as long as the Krylov basis
is well-conditioned. However the converse is not true. An example illustrates that an
ill-conditioned Krylov basis does not necessarily produce a residual of small norm.

In §3 we give an example where the minimal residual norm can be expressed
in terms of the departure of the matrix from normality, and the decrease of the
residual norm depends on the how large the departure from normality is compared
to the eigenvalues. Therefore some relation between departure from normality and
eigenvalues may be an appropriate way to describe the convergence of GMRES.

In §4 the current minimal residual norm is related to the previous one via the sine
of the angle between the old Krylov space and the new Krylov vector. This results
in a lower bound for the convergence rate of GMRES in terms of an angle between
Krylov vectors.

In §5 a model problem for normal matrices? with a particular right-hand side is
analysed. This choice of right-hand side allows us to focus on the effect of the eigen-
value distribution on the residual norm. In this case the Krylov matrix is a rectangular
Vandermonde matrix. The minimal residual norm in iteration 4 is proportional to a
product of i relative eigenvalue separations. We also give some arguments for why
complex eigenvalues can produce larger residual norms than real eigenvalues, and why
indefinite matrices can produce larger residual norms than definite matrices.

In §6 we extend the analysis from §5 to normal matrices with arbitrary right-hand
sides. Now the Krylov matrix is unitarily equivalent to a row-scaled Vandermonde
matrix, and the minimal residual norm in iteration 4 is proportional to two factors:
a product of 7 relative eigenvalue separations and the orthogonal projection of b onto
an eigenspace.

The Appendix in §7 contains statements and proofs of auxiliary results.

1.2. Notation. The norm || - || is the Euclidean two-norm, or spectral norm.
The identity matrix of order nis I = (e; ... e, ) with columns e;. The conjugate
transpose of a matrix A is A*; and the Moore-Penrose inverse of a full column rank
matrix A is At = (4*A)~1 A*. The column vector e is the vector of all ones.

Following [14, §1], [26, p 2], [45, §6.1], we define a Krylov method in this context
as a method that approximates in iteration i the solution to the linear system Ax = b

1 The methods above that use the conjugate transpose of A do so only for computing coefficients
in linear combinations, the approximate solution still lies in the Krylov space generated by A.

2 Normal matrices are unitarily similar to a diagonal matrix but, unlike Hermitian matrices, their
eigenvalues can be complex. Normal matrices include Hermitian, real symmetric, skew-Hermitian,
real skew-symmetric, unitary, real orthogonal and diagonal matrices.



by a vector from the Krylov space
K; = span{b, Ab,..., A" b}, 1> 1.

This includes all the methods mentioned in the previous section. The Krylov matriz
K;=(b Ab ... A=), i>1

contains the Krylov basis.
If an initial guess z¢ # 0 is available, it is incorporated into the right-hand side
and one considers instead the solution of the linear system

Ay =¢, where ¢ = b — Axo, Yy = xo + .
The Krylov space for this linear system is
span{c, Ac, ..., A" c}, i>1.

Therefore, we assume without loss of generality that any initial guess has already
been incorporated into the right-hand side b.

2. Nothing Happens as Long as the Krylov Basis is Well-Conditioned.
We show that the minimal residual norm is related to the conditioning of the Krylov
basis in the next larger space, and that the residual norm cannot be small as long as
the Krylov basis is well conditioned.

The goal is to find a Krylov vector z € K; that makes the residual norm ||b— Az||
small. But z € K; means that z = K;y for some y, hence

Ib—Az|| = [Ib — AK.y]-

However since K;1+1 = (b AK;), making the residual norm small means approxi-
mating the first column of K;y; by the remaining columns. If the residual norm can
be made small then the columns of K;;; must be almost linearly dependent, which
means ||KT, || is large. The result bel tifies this observati
i1 ge. result below quantifies this observation.
THEOREM 2.1. If K;11 has full column rank then

1

lle; K]

min ||b— Az|| = .
z€K; +1||

Proof. The minimal residual norm for a vector from K; is

min ||b — Az|| = min ||b — AK;y||-
z€EK; Y

Apply Lemma 7.1 in the Appendix with B; = AK; and B = K;;1. O

Therefore if the columns of the next Krylov matrix, K;;1, are very linearly inde-
pendent then the residual norm in the current iteration must be large. The iterative
methods MINRES (for Hermitian matrices) [44] and GMRES (for non-Hermitian ma-
trices) [46, 53] produce such a residual of minimal norm. The following example
represents an extreme case where the residual norms stagnate until the last iteration.

EXAMPLE 1. Let Az = b be a linear system with a circulant matriz, i.e. [2,
Ezample 3.1], [41, Example C],

01 1



In iteration ¢ the relevant Krylov matriz is

Kz'+1 = (61 €n .. €p—jt1 ) .
Since K; 1 has orthonormal columns, ||eIKlT+1|| =1 for all i <n — 1. Therefore the
residual norms remain mazimal until the last iteration
b—A
min A2y e
zek: |||

The same thing happens in the next example.
ExaMmPLE 2. Consider the linear system Ax = b where

wn—l 1
and w = 2™V~ is the nth root of unity. The matriz A is unitary with eigenvalues
evenly distributed around the unit circle. . ‘

In the last iteration the Krylov matriz K, has elements w( D01 1 <4 j<n.

Hence K, = /nF,, where F), is the Fourier matriz. Since F,, is unitary, K, 1
71K* d
n »oan

ler Kt = llei K|l /n = 1/v/n.
Again, the residual norms remain mazimal until the last iteration

b— A
-4zl cicno1

mimn —————
z€K; “b“

Theorem 2.1 implies a lower bound for the relative residual norm.
COROLLARY 2.2. If K;11 has full column rank then

b - Az 1 . 1
e Bl K KL T WKl IKT
i IKiviell let Kl 1Ko || (1K |l

This means, any vector in the current Krylov space has a large relative residual
norm if the Krylov basis in the next iteration is well-conditioned. Therefore a Krylov
method cannot converge as long as the Krylov basis is well-conditioned.

EXAMPLE 3. For the linear system in Example 1 Corollary 2.2 is tight for all i
because K; 1 has orthonormal columns.

For the linear system in Example 2 Corollary 2.2 is tight for i = n — 1 because
K, is a Vandermonde matrix whose nodes are roots of unity, hence its two-norm
condition number is one [21, Example 6.4].

Unfortunately the converse of Corollary 2.2 does not hold: An ill-conditioned
Krylov basis does not necessarily produce a residual of small norm, as the example
below illustrates. In particular this implies that the lower bound in Corollary 2.2 is
not always tight.

EXAMPLE 4. Let A be a square matriz whose field of values contains 0, and
choose b such that b* Ab = 0.
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The relevant Krylov matriz in the first iteration, Ko = (b Ab), has orthonormal

columns and
2
« lloll )
K;Ky = )
2 ( 1 48]

The condition number of K» is

Since ||e}‘K;f|| = 1/||b||, the residual norm in the first iteration is mazimal,

b= Azl _

min ———

zek:  ||b|
Although the residual norm is mazximal, the condition number of Ko can be arbi-
trarily large. For instance, let A be a diagonal matriz of even order n with diagonal

elements
Xj=jh,  Anjp1=—jh,  1<j<n/2
where h > 1, and let b be the vector of all ones. Then b*Ab =0, and

n/2 9
o5 h
|| Ab||* = 2h? E j% = 12 n(n+1)(n +2).
i=1

Thus

“Ab“_h W:O(hn)—)w as h— oo.

1| (155 = S =
] 12

Thus, as the spacing between eigenvalues increases, the Krylov matriz becomes more
ill conditioned, yet the minimal residual norm in the first iteration remains mazximal.

3. The Residual Norm Can Depend on the Departure From Normal-
ity. We present examples where the residual norm can decrease as a function of the
departure of the matrix from normality — even if there is only a single eigenvalue.
Thus the convergence of a Krylov method can be governed by the departure from
normality.

Although it is known that the convergence of GMRES for a highly non-normal
matrix is not determined by eigenvalues alone [28, §4], [41, §3], [42, §2], the exam-
ples below present a quantitative dependence on the departure from normality: The
decrease in the minimal residual norm depends on how large the departure from nor-
mality is compared to the magnitude of the eigenvalue.

Every square matrix A has a Schur decomposition A = Q(A + N)Q*, where Q
is unitary, A is diagonal with the eigenvalues of A on its diagonal, and N is upper
triangular with zero diagonal. If N = 0 then A is normal. Henrici calls || N|| the
two-norm departure of A from normality [31, §1.2] (or simply: non-normality).

Let
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The two-norm departure of A from normality is |n|. If n = 0 then A = I is normal.
When 71 # 0 then A is diagonally similar to a Jordan block, A = XJX !, where

1 1 1

1 nnfl

and n is the order of A. Hence the single eigenvalue 1 is maximally defective for 5 # 0.
Consider the linear system

17 0
(3.1) Az=b  where A= L A
. ;-’ 1

When n = 0 then b is an eigenvector of A, while for 5 # 0 b is a principal vector of
maximal grade.
In iteration ¢ > 1, the Krylov matrix is

0 0 0 0

0 0 0 0

00 0 ni

K1 = ) ,

00 O Qi i1t
00 7 :

0 n auan ... Qi1

1 1 1 1

where a;; = (;) (see Lemma 7.2). The Krylov basis is well conditioned when || > 1.
Below the minimal residual norm is expressed as a function of the departure from
normality.
THEOREM 3.1. Let Az =b be as in (3.1). Then

b= Azl |
mimn —————— = ) %"
zeki [|B]] L+ n? +---+ [nl

Proof. Lemma, 7.2 in the Appendix states

21

The proof follows from Theorem 2.1. O

Therefore, although the matrix A looks perfect when it comes to the eigenvalue
distribution, it is the departure from normality that governs the convergence. In
particular, the residual norm decreases very slowly when the departure from normality
is large.




COROLLARY 3.2. Let Az =b be as in (3.1). If |n| > 1 then

—A 1
min I dl >

ek bl T Vi

and if |n| < 1 then
Ib— Azl

mn — &~ i.
ek [[bl] i

This means the minimal residual norm in iteration ¢ is large when the non-
normality of the matrix is large. In this case a Krylov method can be expected to
use the maximal number of iterations in order to attain reasonable accuracy. When
the non-normality is small, the minimal residual norm decreases as a power of the
non-normality.

We extend the above statements to eigenvalues other than one. Consider the
linear system

A9 0

32) Az=b  where A= A . A£0, b=|":
2) | :
s 1

When A = 0 then no solution to Az = b lies in a Krylov space K; for any ¢ > 1
[36, Theorem 2]. So the interesting case is A # 0.
THEOREM 3.3. Let Az =b be as in (3.2). Then

o= Ae \/ 7l :

zek:  ||b]] T+ |72+ + |72

>3

Proof. Factor out A and write A = AA, where A is as the matrix in (3.1),

1 7
i=| !
I
1
This implies for the Krylov matrix
Kiga=(b Ab ... Ab)=(b Mb ... XAb)=K; D,
where
1
A . . A
K,'+1E(b Ab Azb), D=

/\i
For the residual norm we need

K\, = (Kf.Kip) 'Kf = DK



Since the first diagonal element of D is equal to one,

erK]

_ x gt
i+l = €1Ki+1-

This implies for the minimal residual of Az = b,

N 1 S S T £
zeki  ||b]] ||e;K}+1|| zek:  ||b]|

Since the linear system Az = b is of the form (3.1), application of Theorem 3.1 gives
the desired result. O

Therefore the minimal residual norm is a function of non-normality divided by
eigenvalue. It makes sense to distinguish between two cases. The matrix A in (3.2) is
highly non-normal in the context of Krylov methods if the non-normality is at least as
large in magnitude as the eigenvalue, i.e. |n| > |A|. The matrix is weakly non-normal
if the non-normality is much smaller in magnitude than the eigenvalue, |n| < |A|.

COROLLARY 3.4. Let Az =b be as in (3.2). If |n| > |A| then

—A 1
min b dl >

ek bl S Vitl

and if |n| < |A| then

This means the residual norm is large when the matrix is highly non-normal, and
it decreases faster as the non-normality of the matrix becomes weaker.

4. Relation Between Successive Residuals. We show that two successive
minimal norm residuals are related by the sine of the angle between the current Krylov
space and the new Krylov vector. This leads to a lower bound on the convergence
rate of GMRES and MINRES.

Let

be the relative residual in iteration i.
THEOREM 4.1. If K;y1 has full column rank then

sind; p;_1 < p; < pi—1,
where 0 < 0; < m/2 is the angle between K; and A'b, and
sin; = ||(T — KK A% /]| 4|
Proof. Applying Lemmas 7.3 and 7.4 in the Appendix to A = K1, B = K;,

c = A'b and 6 = 6; gives

1
ekl < ekl £ g



The desired inequalities follow from Theorem 2.1. O

Thus the current residual norm is not much smaller than the previous residual
norm if the most recent Krylov vector is almost orthogonal to the old Krylov space
KCi. Therefore the convergence rate of GMRES can be bounded below by the sine of
an angle between Krylov vectors.

EXAMPLE 5. The linear system from Erample 1,

01 1
: 0
a=| ° coe=
01 :
1 0 0

presents an extreme case, where each new Krylov vector is orthogonal to the previous
Krylov space, until the very last iteration. Since

Ki=(e1 en ... en_it2), A = en_it1,
we have K}, | A'b = 0. Hence
(I - K;K)Ab= Ab=e, ;41

and sinf; =1 for alli <n —1.

5. A Model Problem for Normal Matrices. Before deriving general residual
bounds for normal matrices we consider a model problem with a particular right-
hand side to focus on the effect of the eigenvalue distribution on the residual. For
this model problem we derive lower and upper bounds on the minimal residual norm
in terms of relative eigenvalue separations. We also give some arguments for why
complex eigenvalues can produce larger residual norms than real eigenvalues, and
why indefinite matrices can produce larger residual norms than definite matrices.

In the model problem matrix the linear system is

AL 1
(5.1) Az =b where A= , b=1":
A 1

The diagonal matrix represents any normal matrix since the two-norm is invariant
under multiplication by unitary matrices. The Krylov matrix

IR VRO
Ki=1: :
| D VD et

is a n X 14 Vandermonde matrix. Corollary 2.2 implies that the relative residual norm
for the model problem is bounded below by the condition number of the rectangular
Vandermonde K.

EXAMPLE 6. Let Az = b be as in (5.1) where A has equally spaced positive
eigenvalues
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Fix the number of iterations i. As the matriz order n grows the condition number
of the Vandermonde matrix approaches the square root of the condition number of a
Hilbert matriz [15, Proposition 4.2]

Jim [ K | K], |l = VIH | HHGS

where H; is the jth segment of the Hilbert matriz with elements Hk%l, 1<k1<y.
Corollary 2.2 implies that the minimal residual norm in the model problem has the
asymptotic lower bound
lim min ”bﬁbﬁz” > L ~ e 1O
n—oo zeK; -1
: | Hia || 1 H

since the condition number of a Hilbert matriz grows exponentially [32, §26.1]. For
instance [32, Table 26.1]

| Hua || | || ~ 5- 107,

This means when the matrix in the model problem is large it takes at least 10 iterations
to get the relative residual norm down to single precision accuracy of 10~".

However we have no information about the accuracy of this bound, it could be
very loose. The matriz of order 199 in [{3] required many more iterations.

Because the results for rectangular Vandermonde matrices in [15] are essentially
asymptotic, we could not see how to fully exploit them here. At this point it seems
easiest to just convert the rectangular Vandermonde matrix to a square Vandermonde
matrix.

LEMMA 5.1. Let A and b be as in (5.1). If A has i+ 1 distinct eigenvalues then
K1 has a submatriz Vi1 of order i + 1 such

1 iy
< min 12— 421 (i+1)(n—1)

Ki+1 z€EK; “b“

7
Kit1
where

Kiy1 = [|Vigienll ||6TVJF}||7

and | det(Viy1)| is mazimal among all submatrices of order i + 1 of K;y1.
Proof. According to Lemma 7.6 in the Appendix, K;;1 has a submatrix V11 of
order i + 1 such that | det(Vi41)| is maximal and

1

m leiVipill < ||6TK1T+1|| < lle;Vigall-

Applying this bound to Theorem 2.1 gives

1 1
————— < min||b— Az < V(@i +1)(n - i) ——.
—1 = = —1
lleiViyill = =&k llei Vil
a
Therefore the minimal residual norm in iteration ¢ can be bounded in terms of
a (square) Vandermonde matrix of order ¢ + 1 whose nodes are eigenvalues of A.
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The fact that the determinant of this Vandermonde matrix is maximal suggests that
GMRES and MINRES process outlying, far-apart eigenvalues first.
Since

Kit1 < ||Vl VA

one can apply existing results for condition numbers of square Vandermonde matrices
to obtain bounds for the minimal residual norm. According to [8, §1] ‘Vandermonde
matrices have a reputation of being ill conditioned. This reputation is well-deserved
for Vandermonde matrices whose nodes are real’. In particular, the condition number
of a Vandermonde matrix grows exponentially when the nodes are positive [23, §2],
or are located symmetrically around the origin on the real line [23, §3], or are either
all less than one in magnitude or larger than one [50, §4]. Thus there is hope for
fast convergence of GMRES and MINRES (in exact arithmetic) when the matrix
is positive-definite or even indefinite. However, as Example 2 illustrates, allowing
complex nodes makes it easier to construct well-conditioned Vandermonde matrices
[8, §1], which in turn produce large residual norms for many iterations. In Example 2
all residual norms are large because the eigenvalues of A are nth roots of unity. This
can also happen when the eigenvalues lie on the circle but are not necessarily roots
of unity.

EXAMPLE 7. Let A and b be as in (5.1), and suppose that the eigenvalues of A
are constructed from a Van der Corput sequence as follows. Let

k=Y k2, kj€{0,1}
§=0

be the binary representation of a mon-negative number k. The sequence {ax}32,,
where

ap = Zk‘jQ_j_l, kj € {0, 1},
j=0
is called ‘Van der Corput sequence’ [8, §1]. Let the eigenvalues of A be A\, = g2V~ la R

1<k <mn. Then [8 Corollary 3]

IVall IVl < v2n.
Therefore

. |lb—=Az|| 1
min >

2€ka-1 I T V2n

which means that even after n — 1 iterations the minimal residual norm is still not
small.

However, a Vandermonde matrix can be ill conditioned while the first row of its
inverse has small norm, as Example 4 illustrates. According to Corollary 2.2, the
condition number is only a lower bound for the residual norm, and it may not be
tight. Therefore the existing results on condition numbers of Vandermonde matrices
[20, 21, 22, 23, 50] appear to be of limited use in this context.

Below we use the fact that the elements in the first row of the inverse of a Van-
dermonde matrix have simple expressions to bound the norm of the first row of the
inverse.
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THEOREM 5.2. Let A and b be as in (5.1). If A has i+ 1 distinct eigenvalues
then

1 . |Ib—Az|| i+ 1)(n—1)
< min < 15
A A A T it
where
1+1
, A — Al
Yi41 = 1n H )

1<g§z+ll W, |)\l|
and A1,...,Niy1 are i + 1 distinct eigenvalues of A that maximise

i+l i1

I I » =l

j=1 I=j+1

Proof. The norm of e{Vijr} in Lemma 5.1 can be bounded by an element of largest
magnitude,

-1 *xy7—1 . -1
3 | < : </ _ n
151?532'){4-1 |(K+1)1]| = ||€1Vz+1|| <vi+1 15?2%1 |(W+1)1J|
Define
; = min _—
T GG [Vl

and express the residual bounds in terms of ~v;41,

———— vix1 < min ||b— Az|| < /(@i +1)(n — %) Yip1-

g i < [oin | z[| < V(i +1)(n — i) Yipr

The expression for the elements in the first row of the inverse of a Vandermonde
matrix in Lemma 7.7 implies

i1 |
Vidul= I =5
I=1,1#4] A= Al

which gives the desired expression for ~; ;. O

Since both, lower and upper bounds contain the factor 7;;1, the minimal residual
norm in iteration ¢ is a multiple of 7;4;. This means the minimal residual norm is
proportional to a product of pair-wise relative distances between i + 1 eigenvalues,
and these 7 + 1 eigenvalues maximise a product of pair-wise absolute distances. In
particular in early iterations the residual is proportional to a product of relative
eigenvalue distances where the eigenvalues are far apart in the absolute sense. In this
sense Theorem 5.2 corroborates the convergence model for GMRES in [4].

5.1. Iteration ¢ = 1. We interpret the bounds in the first iteration for different
types of matrices.
The minimal residual norm in the first iteration is bounded by
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where

A2 — A1

7= max{ M, Pal}

and A; and A, are eigenvalues at a maximal absolute distance. That is |A; — Ay| =
spread(A), where the spread of A is defined as [35, p 264]

spread(A) = 1<I?31)(<n |A; — Al

Thus
1 spread(A)< . |Ib— Az

Vin  p@) ek ol
where p(A) = maxi<j<n |A;| is the spectral radius of the normal matrix A. The
residual norm in the first iteration is large if the the relative size of the eigenvalue
distribution is large.
We consider three special cases.
1. Let A be Hermitian positive-definite. Then

1 (1 1 >< . lb— Az

— - — min ———,

Vv2n K(A)) ~ zeka [|0]|
where k(A) = p(A)/ min; <j<p |A;| is the condition number of A. The residual
norm in the first iteration is large if the Hermitian positive-definite matrix is
ill-conditioned.

2. Let A be singular Hermitian positive semi-definite. Then spread(A4) = p(A)
and the residual norm in the first iteration is not small,
1 |b— Az

—— < min

V2n T z€K1 ||b|| )

3. Let A be Hermitian indefinite with
A1 = —spread(A4)/2, A2 = spread(4)/2.

Then the residual norm can be larger than for a positive semi-definite matrix,

\/5 . |Ib— Az||
Z < min /—=—21,
n S B

The following examples illustrate how the bounds in Theorem 5.2 can be inter-
preted for different eigenvalue distributions.

5.2. One cluster and One Outlier. Suppose the normal matrix A in (5.1) has
one cluster of eigenvalues centered at a point ¢ in the complex plane with radius € > 0,
and a single outlier ¢+ 4§. The number |§] is the absolute distance between cluster and
outlier. We make two assumptions: First, the absolute separation between cluster
and outlier is much larger than the absolute cluster radius,

18] > e.
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Second, the relative cluster radius is small

€
— < 1.
lc]
In iteration ¢ = 1 two eigenvalues with maximal absolute distance are A\; = ¢+ §
and Ay =~ ¢. Then
1)
c+4d|)’

and the minimal residual norm in the first iteration is proportional to the relative
separation between cluster and outlier.

In iteration ¢ = 2 three eigenvalues that maximise the product of pair-wise abso-
lute distances are A\; = ¢+ 4, and Ay =® A3 =~ ¢. Then

~mind |2 |22 | £
L c| Tle+d| e [

The first term in the minimum represents the relative separation of the outlier from
the two eigenvalues in the cluster. The second term in the minimum consists of
two factors, the relative separation of cluster and outlier, and the relative separation
between the two eigenvalues in the cluster.
5 e \i !
c+6‘Gﬂ> '

In iteration 4,
If the outlier is farther away from zero than the cluster, i.e. |¢ + 8| > |¢|, then

5 . i1
c+4d| \|c ’

and the minimal residual norm decreases as a power of the relative cluster radius,
with the relative separation between cluster and outlier being only a multiplicative
factor. This agrees with the bounds [4, Corollary 4.2] and [46, Theorem 5].

To compare definite versus indefinite matrices, consider two special cases. When
cluster and outlier lie in the same quadrant of the complex plane, say ¢ = %(5, SO
c+46= %5 , then the minimal residual norm in iteration ¢ is proportional to

1 . € i—1
—oi( =) .
% ()

When cluster and outlier lie in different quadrants, say ¢ = —14, so ¢+ 8 = 14,
then the minimal residual norm in iteration ¢ is proportional to

e\t
2' | — .
()

In this case there appears to be little difference between definite and indefinite matri-
ces. Although the indefinite matrix has a larger relative separation between cluster
and outlier, this separation has little influence on the residual because it occurs only
as a multiplicative factor.

c

?

Yo R min{

2

7

%

c

)

Yit1 & min {

b= Az
min ~
ek ol




15

5.3. Two Clusters. Suppose the normal matrix A in (5.1) has one cluster of
eigenvalues centered at ¢ and a second cluster centered at ¢ + §. The two clusters
have the same number of eigenvalues and the same absolute cluster radius € > 0.
The number |d| is the absolute cluster separation. We assume again that the absolute
cluster separation is much larger than the absolute cluster radius, |§| > €, and that
one of the clusters has a small relative cluster radius, €/|c| < 1.

The minimal residual norm in iteration ¢ is proportional to

-4z 5 T e \ 7
min ——— | min .
c+46 |+ 9]

zeki[|b]l

The last factor represents a power of the relative cluster radius, and the preceding
factors represent a power of the relative cluster separation. In contrast to the previous
example of one cluster and one outlier the relative cluster separation now has more
influence on the residual norm. This is because the relative separations in ;41 come
from eigenvalues whose absolute distances are maximal, which means 7;+1 is made
up of (i — 1)/2 eigenvalues from the cluster around ¢ and (i — 1)/2 eigenvalues from
the cluster around ¢ + §. Again, this agrees with the more qualitative bound [4,
Proposition 5.1].

To compare definite versus indefinite matrices, consider again two special cases.
When cluster and outlier lie in the same quadrant of the complex plane, say ¢ = %5,
soc+d= %6 , then the minimal residual norm in iteration 4 is proportional to

e
() ()

When cluster and outlier lie in different quadrants, say ¢ = —%5, soc+ 6 = 50,
then the minimal residual norm in iteration ¢ is proportional to

0

C

)

C

’

%
[ €
(i)
9]
The residual norm for the definite matrix is smaller by a factor of (3) %" than the

residual norm for the indefinite matrix. That’s because the relative cluster separation
for the definite matrix is

5 ‘_2

c+46 3’

which is smaller by a factor of 1/3 than the relative cluster separation of the indefinite
matrix

6 —_—
c+d|

In general, we conjecture that indefinite matrices can produce larger residual
norms than definite matrices because eigenvalues with opposite signs lead to larger
relative cluster separations.
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6. Normal Matrices. We extend the analysis from the previous section to ar-
bitrary right-hand sides. The minimal residual norm in iteration ¢ is now proportional
to two factors: a product of i relative eigenvalue separations and the orthogonal pro-
jection of b onto an eigenspace.

A normal matrix A has an eigenvalue decomposition A = QAQ*, where @ is
unitary,

A1
A: s
An

and )A; are the eigenvalues of A. The elements of the transformed right-hand side are

b1

D] =Q%.

bn
The Krylov matrix is unitarily equivalent to a row-scaled Vandermonde matrix
by | NED VIR '
Ki=Q : :
bn, I D VD G
Conversely, in [50, §3] a row-scaled Vandermonde matrix is treated as a Krylov matrix.

Below are the bounds for the minimal residual norm for a normal matrix with

arbitrary right-hand side. The bounds are weighted by the orthogonal projection of b
onto some eigenspace, as is the product of relative eigenvalue distances. Denote by d
the number of distinct eigenvalues of A minus the eigenvalues of A whose eigenspace
is orthogonal to b, and by §; the norm of the orthogonal projection of b onto the

eigenspace associated with ;.
THEOREM 6.1. If A is normal and 1 < i< d—1 then

1 b—A
——— Vi+1 < min % < v(i+1)(d_i) Yit+15

Vi+1 2€K;
where
1
Bi Y1 A=Al
Yi+1 = max TN T (
% 1<5<i+1 ||b|| l:g;q’ |)\l|

and A1, ..., N1 are i + 1 distinct eigenvalues of A that mazximise

it+1 i+l

108 II =l

J=1 1=+l

Proof. As above, write K; = QDV;, where D is the diagonal matrix whose
elements are b; and V; is a n x ¢ Vandermonde matrix. Since the diagonal matrices
D and A commute the residual norm can be written as

Ib— AKy|| = ||De — DAViy]|,
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where e is the vector of all ones.

First remove rows with multiple eigenvalues in V; to create a Vandermonde matrix
with distinct nodes. Suppose A\; = A so that rows j and k of V; are identical.
Eliminate one of these rows in D (AV;), say row k, by a plane rotation Pjy,

b ) )
P (b2>()\j DL A;):(BV)(,\J- XX,

where v = /|b;|? + |bg|? is the norm of the orthogonal projection of b onto the space
spanned by columns j and k of Q). Aside from introducing a zero row, the plane
rotation Pj;, preserves the Vandermonde structure. Now look at what happens to the
right-hand side De. Since Pjy, is solely determined by the components b; and by, in D,
it automatically eliminates the corresponding row in De. At last, permute zero rows
to the bottom of the matrices.

The whole transformation can be expressed as a unitary matrix U. The down-
sized quantities are

(3)-en - (4) v

Hence
|b— AK;y|| = |U(De — DAV;y)|| = ||D (e — AV;y)]|.

We still have to count how many non-zero rows are left. Since the plane rotations
are designed to eliminate multiple eigenvalues, the number of non-zero rows cannot
exceed the number of distinct eigenvalues of A. It is less than that if all components
of Q*b associated with a particular eigenvalue A; are zero. This can only occur if b
is orthogonal to all columns of () associated with A;, which in turn means that b is
orthogonal to the whole eigenspace of A;.

Hence

o)
_b =
Ba

is a non-singular diagonal matrix where 3; is the (non-zero) norm of the orthogonal
projection of b onto the eigenspace associated with );. Because the Frobenius norm

is invariant under multiplication by a unitary matrix, |[D||z = || D||r = ||b]|, so we
have not lost any information about the right-hand side b. Hence

AL
A=
Ad

contains distinct eigenvalues of A whose eigenspace is not orthogonal to b, and Vi is
the corresponding d x i Vandermonde matrix.
At this point we have

min ||b — Az|| = min ||ﬁe —A( V,) yl|.
zZ€EK; Yy
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Applying Lemma 7.1 in the Appendix with

N

A

S

b= De, B, = ADV, = i BEﬁi+1:D(e AV;),
gives

min [|b — Az = 1/|le](DVig1)'|-

zeK;

Now extract the best non-singular part from the d x (i + 1) matrix DVj;. Ac-
cording to Lemma 7.6 in the Appendix, there exists a permutation matrix P so that

L B
P(D‘/z—l—l) = (B;) )
where | det(By)| is maximal and

1 * — * [ YT * —
m||6131 " < lles(DVirn) | < ller B

Since Bj is a submatrix of the row-scaled Vandermonde matrix DV;;1, we can write
By = AW;44, where

| D VIR U B
Wipp=11 o, A= ,
D R Bit1
and the distinct eigenvalues A1, ..., A\;y1 maximise
i+1 i1

| det(B1)| = | det(AWig1)| = | det(A)] |det(Wirn)| = [ 85 [ 1N = Adl-

j=1  i=j+1

At last replace W;ll in |leB; Y| by eigenvalues of A. To this end let w* =
e{WZ]_llA_l and bound ||w*|| in terms of an element of largest magnitude,

max |w;| < |w*|| <Vi+1 max |w;|
1<j<i+1 1<5<i4+1

Lemma 7.7 in the Appendix implies

1 i+1 |)\ |

_ _ l

g | = Wi A 50 = 7 1 o=
|ﬂ]| l:1’1¢j| l J|

a

When b is the vector of all ones then Theorem 6.1 reduces to Theorem 5.2. In
contrast to Theorem 5.2, though, ||b|| has now been incorporated into «y;11. As in the
model problem the minimal residual norm is small if the pair-wise relative differences
among all eigenvalues are small. The factor ;11 does not change if A is multiplied
by a scalar. This suggests that scalar multiplication does not affect the convergence
of GMRES or MINRES (in exact arithmetic).

After d iterations, GMRES has found the exact solution and z € Ky solves Ax = b.
This fact is well-known [46, Proposition 2], [36, §10] because d is the degree of the
minimal polynomial of b with respect to A.
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7. Appendix. We express the problem of approximating one column of a matrix
by the remaining columns as a least squares problem, and show that the residual of
the least squares solution is related to a row of the pseudo-inverse.

LEMMA 7.1 (§5 IN [7], §8 IN [6], §83,4 IN [48]). Let

B=(b Bi)

be a matrix with leading column b. If B has full column rank then the residual r of
the solution to the least squares problem miny ||b — Byy|| satisfies

7l = 1/|le; Bl

Proof. The proof is similar to the one in [6, §8].

Approximating b by columns of B; can be expressed as the least squares problem
miny ||b — Byyl||. Let yo be the solution, and r = b — By, the minimal residual.

The Moore-Penrose inverse of the full column rank matrix B is Bt = (B*B)~'B*.
Applying the expression for the inverse in [9, §1] and [13, §2.4] to

e [ D BB
#8= (g pis)

gives

(BB = (b)) (1 —y).
From r*B; = 0 follows

r*b=r*(b— Byyo) = r*r = |Ir|]?,

hence

* (% R\ — 1 *
el(B B) ' = ||’I"||2 (1 _yO)

At last multiply by B* on the right,

_T*

1
efBt = — (b* —y3B}) = :
' lIrl? N T

Therefore || Bf|| = 1/|r||. O
Next we determine the norm of the first row of the pseudo-inverse of the Krylov
matrix for a linear system whose matrix has a maximally defective eigenvalue.
LEMMA 7.2. Let

Az =b  where A= . b=

-3

andn #0. Then

" |
lerKL,, |l = 3
B L+ o[ +... + [n*



Proof. Let A be of order n. An induction shows that

On—(i+1)
,’71
On_1 On—2 : aii—1n"!
b:(”), A=\ n |, Ab= : P2,
1 :
1
Q17
1
where
Q91 = 2
o =1+ -1, 2<1
Qij = 151 + Qi1 5, 2<4, 2<j<i—2
Qi1 = 01,42 +1, 2 <.
Therefore® a;; = (). Hence
K g 0
wi=(b Ab . Ab)=()),
where
00 0 . 7
00 n? :
0 n oaan ... a;1n
1 1 1 - 1

is of order i + 1. Since 1 # 0, Z is non-singular and KLI =(0 Z'). Hence
lei iyl = llefZ )

One can decompose Z = DPR, where

7
n ‘ 1
D= , P = ,
N 1
1
and
11 1 ... 1
1 921 - a1
R =
Qi1
1

3 We thank David Rosnick for this observation.
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Hence e;Z~1 = e R~1PTD~1. Another induction using the above recurrences for a;;

shows that

This implies

e;Z71

At last

efR™'=(1 -1 ... (=1)H1).
nfz'
= (=) .. -1 1) )
U
1
= ((=DHp=t .. —p7t 1).

i
lesBf 17 = llesZ 717 = Y Inl™> = [l (L+1nf* + -+ n*") -
=0

O

Next we relate the first row of a pseudo-inverse to the first row of a submatrix.
Although such a relation follows from [12, Theorem 2.8.2.5], the expression below is
more convenient for our purposes.

LeEMMA 7.3. If A= (B ¢) has full column rank then

where

et Al = !B (I - P),

P=(1-c¢BBt¢) ! et (I — BBY)

is an oblique projector.
Proof. If A has full column rank then

el At = ej(A*A)~1 A*.

The partitioning of A gives

.. (B*B B
AA_(C*B c*c)'

Since A*A is Hermitian, the first row of the inverse is [9, (4)]

ef(A*A) L =elSTI(I —(c*¢) 'B*c),

where S is the Schur complement

S = B*B— B*c(c*¢)"! ¢*B = B*B — B*cc!B.

Hence the first row of the pseudo-inverse can be expressed as

€1AT

1571 (I —(c*c)-1B*c) (f)

e}S 1 (B* — B*c(cc®) te*) = e} ST1B*(I — cch).
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Apply the Sherman-Morrison Woodbury formula [24, (2.1.4)] to S~1,
St = (B*B)™'+(B*B)"'B*c(1-c'B(B*B)™'B*c)™' ¢!B(B*B)™*
(B*B)™' +a~ ' Btec!B(B*B) !,
where
a=1-c'B(B*B)"'B*c=1-c¢'BBfec.

Since A has full column rank, its columns are linearly independent and ¢ does not lie
in range(B). Hence a # 0.
Substitute the expression for S~ into the expression for ej Af,

etAt = e [(B*B)"'+a ! Blec! B(B*B)™'| B*(I — cc')
= !Bt (I+a'ec! BBN)(I - cch).
Multiply out the last two factors
(I+atee! BBYI —ech) =T+ a e BBt — cct —ated BBic et =

I+a e BBt — el —a™'(1 — a)ect =T+ a7 tec! BB — a7 tect =
I—ate(I-BBY)Y=I-P.
Since P? = P, P is a projector. [
As a consequence one can relate the first rows of the pseudo-inverse of a matrix
to that of a submatrix. The angle 0 < § < /2 below is the largest principal angle

between two subspaces [24, §12.4.3].
LEMMA 7.4. If A= (B c¢) has full column rank then

1

rAY| < |lerBY|| —
lei ATl < i BY <.
where 0 < 6 < /2 is the angle between range(B) and ¢, and

sind = ||(I — BBY)¢||/|lc]|-

Proof. The previous lemma implies e} At = e} B(I — P), where
P=a"'ecl (I - BB, a=1-cBBlc.
Thus
llet ATl < llei BY|| | — P|.

Since A has full column rank, ¢ # 0 and B # I, and P has rank one. Hence [37,
Corollary 5.3]

1T = Pl = 1P|l = lla~*ell [I(T = BBY)cl[| = | HI( = BBY)c|/lcll-

But 7 — BB is the orthogonal projector onto the orthogonal complement of range(B).
Hence [10, §6], [11, p 10]

I(Z = BBY)c||/llell = sin®,
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and
|II = P|| = |a| 'siné.
At last
¢*BBt¢ ¢*(I - BBY)c
a=1- * = *
c*c c*c
implies

_ (I =BBYe\* _ o
ot = (M55 = ano

Therefore || — P|| = 1/sinf. O

Below we select the most linearly independent rows from a matrix of full column
rank.

LEMMA 7.5. Let B be a (k+ m) X k matriz of full column rank. If P is a
permutation matriz such that

k
k(B
pe=* ( 32>
where | det(By)| is mazimal® then ||B2Bi'|| < Vkm.
Proof. This proof was inspired by the existence proof of a strong rank revealing

QR decomposition [30, Lemma 3.1]. }
Choose a permutation matrix P so that |det(B;)| > | det(B1)|, where

- (B
- (3)
and P is any permutation. That is, P permutes the rows of B such that the k leading
rows have a determinant of maximal magnitude among all sets of k rows of B.
Since B has full row rank, B; is non-singular. Therefore one can apply Cramer’s

rule [34, §0.8.3] to the linear system with matrix Bj and right-hand side Bje;. Let
Bj be the matrix obtained by replacing row [ of B; with row j of By. Then

|det(By)| _

—1y . | _
|(BzB1 )]l| |det(Bl)| =

since | det(By )| is maximal. This implies for the norm of the entire matrix [24, (2.3.8)]
IB2By || < VEm. O

We use the previous result to bound the norm of the first row of a pseudo-inverse
of a full column rank matrix.

LEMMA 7.6. Let B be a n X k matriz of full column rank. If P is a permutation
matriz such that

k
ok B
PB_TL—k'(Bg)

4 This means, P permutes the rows of B such that, among all sets of k rows of B, the k leading
rows have a determinant of maximal magnitude.
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where | det(By)| is mazimal then

1

— |le*B7 Y < |le*Bt| < |le* B
k(n_kH)lll LI < lleiBY| < [le; By |l

Proof. Writing

gives
I T
Bt = (B*B)'B* =B (I+27*2)"" (I Z*)P:Bl_1< ) P.
Thus
;
" ip1 (1
les B = [l B, * ( Z) I

Lower and upper bounds for ||eXBY|| in terms of ||e;B; || are
T
* 19— I * * — I
lesm 11 )1 < et < et ()

Since the singular values of (é) are [25, §2]

we get for the upper bound

T
I 1 1
1(7) I=— 5 = <1,
Omin ( ) 1 + Tmin (Z)

Z

where 0,5, (+) denotes the smallest singular value of a matrix, and for the lower bound

I
I1(7) 1= VI+TZT.
Consequently the important norm is bracketed by

*Bfl
IiBy | sty < et By

Vi+|Zl? —

According to Lemma 7.5, choosing a permutation matrix P so that |det(B)] is
maximal leads to ||Z|| < \/(n — k)k. Since k > 1, 1+ ||Z||? < k(n—k+1). 0

Now we give expressions for the elements in the first row of the inverse of a
Vandermonde matrix.
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LEMMA 7.7. Let

| D VIR
V=l :
1 Ay ... At

be a Vandermonde matriz of order n with distinct nodes \j, 1 < j <n. Then

O ul= I

k=1,k#j Ak = Al

Proof. Denote the first row of the inverse by w* = e;V~1. Instead of using the
known expressions for the elements of an inverse Vandermonde matrix [20, §3], [40,
§4], we apply Cramer’s rule [34, §0.8.3] to V*w = e; because the resulting expressions
are simpler. Let V() be the matrix obtained by replacing row j of V by e*, the first
row of the identity matrix. This corresponds to replacing node A; by 0. Cramer’s
rule implies for the elements of w,

| det (V)| .
| = 1<q3<n.
5] [det(V)] =J=n

The determinant of the Vandermonde V equals [34, §0.9.11]

n

| det(V H H Ak = A

k=j+

Consider the case j = 1. To eliminate common factors from numerator and denomi-
nator in the expression for wq, we extract the factors containing A; from det(V),

|det(V)] = H|/\k—)\1| H H Ak = Ajl-
J=2 k=j+1
Also, since V) contains 0 instead of Ay,

| det(V")) |_H|/\k| H H Ak — Ajl-

J=2k=j+1

Hence

| det(VD)| Il
hotl = Tecom H SEVEYE

Permuting the rows of W and arguing in a similar way yields expressions for the
remaining elements of w. O

REFERENCES

[1] O. AXELSSON, Iterative Solution Methods, Cambridge University Press, Cambridge, 1994.
[2] P. BROWN, A theoretical comparison of the Arnoldi and GMRES algorithms, SIAM J. Sci.
Stat. Comput., 12 (1991), pp. 58-78.



26

P. BROWN AND H. WALKER, GMRES on (nearly) singular systems, SIAM J. Matrix Anal.
Appl., 18 (1997), pp. 37-51.
S. CAMPBELL, I. IPSEN, C. KELLEY, AND C. MEYER, GMRES and the minimal polynomial,
BIT, 36 (1996), pp. 664-75.
Z. CA0, A note on the convergence behaviour of GMRES, Appl. Numer. Math., 25 (1997),
pp. 13-20.
S. CHANDRASEKARAN AND 1. IPSEN, Perturbation theory for the solution of systems of linear
equations, Research Report 866, Department of Computer Science, Yale University, 1991.
, On the sensitivity of solution components in linear systems of equations, SIAM J.
Matrix Anal. Appl., 16 (1995), pp. 93-112.
. COrRDOVA, W. GAUTSCHI, AND S. RUSCHEWEYH, Vandermonde matrices on the circle:
Spectral properties and conditioning, Numer. Math., 57 (1990), pp. 577-91.
. COTTLE, Manifestations of the Schur complement, Linear Algebra Appl., 8 (1974), pp. 189—
211.
. DAvis AND W. KAHAN, Some new bounds on perturbation of subspaces, Bull. Amer. Math.
Soc., 75 (1969), pp. 863-8.
. Davis AND W. KAHAN, The rotation of eigenvectors by a perturbation, III, STAM J. Numer.
Anal., 7 (1970), pp. 1-46.
. DaAvis, Circulant Matrices, John Wiley & Sons, New York, 1979.

DELOSME AND I. IPSEN, From Bareiss’ algorithm to the stable computation of partial cor-
relations, Journal of Computational and Applied Mathematics, 27 (1989), pp. 53-91. Also
in: Parallel Algorithms for Numerical Linear Algebra (Advances in Parallel Computing,
1), H. van der Vorst and P. Van Dooren, eds., North Holland, 1990.

V. FABER, W. JOUBERT, E. KNILL, AND T. MANTEUFFEL, Minimal residual method stronger
than polynomial preconditioning, SIAM J. Matrix Anal. Appl, 17 (1996), pp. 707-29.

D. FASINO AND G. INGLESE, On the spectral condition of rectangular Vandermonde matrices,
Calcolo, 29 (1993), pp. 291-300.

R. FLETCHER, Conjugate Gradient Method for Indefinite Systems, Springer Verlag, Berlin,

R

R

R

“7 o a = »

1976, pp. 73-89.
. FREUND, A transpose-free quasi-minimal residual algorithm for non-Hermitian linear sys-
tems, SIAM J. Sci. Comput., 14 (1993), pp. 470-82.
. FREUND, G. GOLUB, AND N. NACHTIGAL, Iterative solution of linear systems, in Acta
Numerica 1992, Cambridge University Press, 1992, pp. 57-100.
. FREUND AND N. NACHTIGAL, QMR: A quasi-minimal residual method for non-Hermitian
linear systems, Numer. Math., 60 (1991), pp. 315-39.
‘W. GAUTSCHI, On inverses of Vandermonde and confluent Vandermonde matrices, Numer.
Math., 4 (1962), pp. 117-23.
, Norm estimates for inverses of Vandermonde matrices, Numer. Math., 23 (1975),
pp. 337-47.
, Optimally conditioned Vandermonde matrices, Numer. Math., 24 (1975), pp. 1-12.
‘W. GAUTSCHI AND G. INGLESE, Lower bounds for the condition number of Vandermonde
matrices, Numer. Math., 52 (1988), pp. 241-50.
G. GOLUB AND C. VAN LOAN, Matriz Computations, The Johns Hopkins University Press,
Baltimore, third ed., 1996.
‘W. GOVAERTS AND J. PRYCE, A singular value inequality for block matrices, Linear Algebra
Appl., 125 (1989), pp. 141-8.
A. GREENBAUM, Iterative Methods for Solving Linear Systems, STAM, Philadelphia, 1997.
A. GREENBAUM AND L. GURVITS, Maz-min properties of matriz factor norms, STAM J. Sci.
Comput., 15 (1994), pp. 348-58.
A. GREENBAUM, V. PTAK, AND Z. STRAKOS, Any nonincreasing convergence curve is possible
for GMRES, SIAM J. Matrix Anal. Appl., 17 (1996), pp. 465-9.
A. GREENBAUM AND L. TREFETHEN, GMRES/CR and Arnoldi/Lanczos as matriz approzi-
M

mation problems, SIAM J. Sci. Comput., 15 (1994), pp. 359-68.
. Gu AND S. EISENSTAT, Efficient algorithms for computing a strong rank-revealing QR

factorization, SIAM J. Sci. Comput., 17 (1996), pp. 848—-69.

P. HENRICI, Bounds for iterates, inverses, spectral variation and fields of values of non-normal
matrices, Numer. Math., 4 (1962), pp. 24-40.

N. HiGHAM, Accuracy and Stability of Numerical Algorithms, SIAM, Philadelphia, 1996.

M. HOCHBRUCK AND C. LUBICH, Error analysis of Krylov methods in a nutshell, STAM J. Sci.
Comput., 19 (1998), pp. 695-701.

R. HORN AND C. JOHNSON, Matriz Analysis, Cambridge University Press, 1985.

, Topics in Matriz Analysis, Cambridge University Press, 1991.




27

[36] I. IPSEN AND C. MEYER, The idea behind Krylov methods, Amer. Math. Monthly. To appear.

I OZ IERQ T < < Q a zZ zZ Z Qq

, The angle between complementary subspaces, Amer. Math. Monthly, 102 (1995),
pp- 904-11.

. KELLEY, [lterative Methods for Linear and Nonlinear Equations, STAM, Philadelphia, 1995.
. LANCZOS, Solution of systems of linear equations by minimzed iteration, J. Res. N1. Bur.

Stand., 49 (1952), pp. 33-53.

. MACON AND A. SPITZBART, Inverses of Vandermonde matrices, Amer. Math. Monthly, 65

(1958), pp. 95-100.

. NACHTIGAL, S. REDDY, AND L. TREFETHEN, How fast are nonsymmetric matriz itera-

tions?, SIAM J. Matrix Anal. Appl., 13 (1992), pp. 778-95.

. NACHTIGAL, L. REICHEL, AND L. TREFETHEN, A hybrid GMRES algorithm for nonsym-

metric linear systems, SIAM J. Matrix Anal. Appl., 13 (1992), pp. 796-825.
PAIGE, B. PARLETT, AND H. VAN DER VORST, Approzimate solutions and eigenvalue
bounds from Krylov subspaces, Numer. Linear Algebra, 2 (1995), pp. 115-33.

. PAIGE AND M. SAUNDERS, Solution of sparse indefinite systems of linear equations, SIAM

J. Numer. Anal., 12 (1975), pp. 617-29.

SAAD, Iterative Methods for Sparse Linear Systems, PWS Publishing Company, Boston,
1996.

SAAD AND M. ScHULTZ, GMRES: A generalized minimal residual algorithm for solving
nonsymmetric linear systems, SIAM Sci. Stat. Comput., 7 (1986), pp. 856—69.
SONNEVELD, CGS, a fast Lanczos-type solver for nonsymmetric linear systems, SIAM J.
Sci. Stat. Comput., 10 (1989), pp. 36-52.

. STEWART, Collinearity and least squares regression, Statist. Sci., 2 (1987), pp. 68-100.
. ToH, GMRES vs. ideal GMRES, STAM J. Matrix Anal. Appl., 18 (1997), pp. 30-6.
. TYRTYSHNIKOV, How bad are Hankel matrices?, Numer. Math., 67 (1994), pp. 261-9.

VAN DER VORST, Bi-CGSTAB: A fast and smoothly converging variant of Bi-CG for
nonsymmetric linear systems, SIAM J. Sci. Comput., 13 (1992), pp. 631-44.

. VAN DER VORST AND C. VUIK, The superlinear convergence behaviour of GMRES, J.

Comput. Appl. Math., 48 (1993), pp. 327-41.

. WALKER AND L. ZHou, A simpler GMRES, Numer. Linear Algebra Appl., 1 (1994), pp. 571—

81.



