A NUMERICAL STUDY OF ELECTRO-MIGRATION VOIDING BY EVOLVING
LEVEL SET FUNCTIONS ON A FIXED CARTESIAN GRID
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Abstract. A numerical method is developed to study migration of voids driven by surface diffusion and electric current
in a metal conducting line. The mathematical model involves moving boundaries governed by a fourth order nonlinear
partial differential equation (PDE) which contains a nonlocal term corresponding to the electrical field and a nonlinear term
corresponding to the curvature. Numerical challenges include efficient computation of the electrical field with an sufficient
accuracy to afford fourth order differentiation along the void boundary and to capture singularities arising in topological
changes. We use modified immersed interface method with a fixed Cartesian grid to solve the electrical field, and the fast
local level set method to update the position of moving voids. Numerical examples are performed to demonstrate the physical
mechanisms by which voids interact under electro-migration.
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1. Introduction. In many physical problems, mass transport along interfaces such as surface diffusion
and grain boundary diffusion becomes increasingly important as the characteristic length scale is reduced.
The diffusional mass transport is governed by a relevant chemical potential along the interface. Converging
or diverging atomic fluxes causes motion or relocation of boundaries. The dynamics of these processes has
been of great interests to material scientists and biologists. There is a large literature on this topic. We
refer to the readers to two recent survey articles by Mullins[11], and Cahn and Taylor[4] and the references
therein. The problem considered in this paper involves interaction of voids under electro-migration in
a conducting metal line where the driving forces for diffusion are the gradient of curvature and electric
potential along the void boundary. The normal velocity of the void surface is given by the partial differential
equation

(].].) Un = AS (01(25—02163),

where A, is surface Laplacian, ¢ is the potential function associated with an applied electric field and k is
the mean curvature along the boundary; The coefficients C;,C> are related to physical constants as

eD QY3 7% _ D3y,

(12) G = kT, 7 kT,

where e is the charge of an electron, Q is the atomic volume, Z* is a phenomenological constant related
to the effective valence of an atom, kg is Boltzmann’s constant, T} is the temperature, v, is the surface
energy; The constant D, is defined as

D*§
L. D, = 2895 o=Qs/knTy
( 3) s kBTke )

where J, is the thickness of the diffusion layer, D*e~%s/k8Tk is the surface diffusion coefficient, @, being the
activation energy for surface diffusion. The electric potential ¢ satisfies the Laplace equation A¢ = 0, with
no-flux boundary condition % = ( at the void boundary as well as other appropriate boundary conditions
at the computation boundary.
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For a void bounded by a closed surface, it can be shown from the divergence theorem that the void
conserves its volume (or area) during surface diffusion. In equation (1.1), the first term As¢ is a nonlocal
driving force which tends to drift the void along with the electric current; The second term Ak is a fourth
order nonlinear term which only depends on the local geometry. Boundary evolution governed by surface
Laplacian of mean curvature, as studied by numerous authors[11, 4, 3, 2], can be regarded as a gradient
flow with H ! inner product for the surface area given by the following equation

A
(1.4) 4 :/Unnds:/nAsnds:—/ |Vsk|*ds.
dt s s s

Such a process tends to minimize the surface area while conserving the volume. Anisotropy can be included
in both the free energy and the above inner product in a variational form [4]. Another type of gradient
flow which minimizes the surface area while conserving the volume with L? inner product is £ — K where &
is the average of the mean curvature along the interface. These two types of gradient flows correspond to
two limiting cases of a combined surface diffusion and growth process. The connection between sharp and
diffuse interface motion laws via gradient flow can be found in [15]. In general, surface diffusion problems
admit few analytical results. Due to the intrinsic nonlinearity and lack of a maximum principle, smooth
solutions only exist locally in time while topological singularities occur in finite time. Surfaces (curves)
can merge or pinch-off in both two and three dimensions. A linear stability analysis [12, 14] often indicates
Rayleigh instability at long wavelength perturbations. It has been shown with a perturbation analysis
[2] that the only stable equilibria are surfaces with constant mean curvature which locally minimize the
surface area. The dynamics and stability of self-similar pinch-off has also been studied [2]. For a closed
plane curve, it can be shown that, following the derivation given in [13], the time evolution equation for
curvature k with respect to the arc length s,

(15) Kt = _KIQKISS — Kssss-

A similar type of equation is discussed in [5] which shows that the close curve will converge to a circle only
if its initial shape does not deviate too much from a circle; Otherwise singularities may occur in finite time.
This phenomenon is also discussed through a modified Kuramoto-Sivashinsky equation for nearly planar
interface motion for phase transition [1].

In this paper we are going to address some challenges in numerical implementation of moving boundary
problems arising in electro-migration voiding. The main challenges for the present problem include (a)
constructing an efficient and accurate Poisson solver in arbitrary domain, (b) tracking topological changes
(breaking, merging) along a moving interface, (c) evaluating fourth order derivatives with restrictive time
steps along the interface. We wish to explore the possibility of simulating a moving interface on a fixed
Cartesian grid without having to re-mesh as the interface migrates. For this purpose, we introduce the
modified immersed-interface-method developed (IIM) in [7, 8] to solve the Possion equation for the electric
potential. We show that the system can be precondition so that the convergence is almost independent
of the mesh size. We use the local level set method to update the interface according to equation (1.1).
As discussed in [4], the level set function for a geometric PDE can not be arbitrarily chosen because each
contour of the level set function moves according to its own curvature variation and, due to the lack of
a maximum principle, different contours may cross each other. We adopt a modified level set function
method [18] which allows us to get around this problem by (i) sticking to the signed distance function as
our unique choice of level set function and (ii) extending normal velocity at the interface away to other
contours so that VU, - V¢ = 0 when the level set function is updated. It has been shown [18] that the
extension of normal velocity moves all contours of the level set function according to the zero-level contour
and maintain the normal distance between different contours. This modification renders it straightforward
to use the level function formulation to capture a moving interface. An alternative approach to a moving
interface problem is to use the finite element formulation with adaptive re-meshing [6, 16]. The numerical
algorithm we propose has the advantage of simulating a moving interface on a fixed Cartesian grid, which
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demands a relatively small amount of computational resource and may be desirable as a practical analysis
tool for many applications.

2. Numerical Implementation. We consider a moving boundary with the normal velocity given
by surface diffusion under a linear combination of electrical potential and surface tension:

62

01(25 - CQK?)
where ¢ is the electrical potential which is a solution of the Laplace equation on the domain outside of
voids, see Sec. 3.1; k is the curvature along the boundary of voids which are immersed in a fixed Cartesian
grid over the computational domain.

Below is an outline of our numerical algorithms with reference to the specific sections where more
details are given.

Outline of the method.

e From the level set function at a time level ¢", find necessary interface information such as normal
and tangential directions, projections of irregular grid points, curvature, etc.
Use IIM to solve the electric potential function, see Sec.3.
Find the component of the normal velocity of the surface due to the electric potential, see Sec.4.1.
Find the component of the normal velocity of the surface due to curvature variation, see Sec.4.2.
Find the normal velocity for the level set function.
Update the level set function.
Reinitialize the level set function.
Go to the next time level.

3. A fast algorithm to compute the electrical potential on irregular domains. We need to
solve the Poisson equation

(31) A¢ = f(m;y); (m,y) € Ql;
(5.2 W) = u(e)

on|sq,

defined on a multi-connected domain with given boundary conditions on 09, see Fig. 3.1, s being the
arc-length of the interface Q. There is also a compatibility condition if the boundary conditions are of
Neumann type. In our electro-migration problem, v(s) = 0.

In recent years, the level set method, first proposed in [13], has become a powerful tool for comput-
ing moving boundary /interface problems, especially the problems involve topological changes or in three
dimensions. We intend to present a simple, second order discretization method for solving (3.1) with the
interface described by a level set function. There are variety of methods based on finite difference for this
kind of problems, for example, the capacitance matrix method, and fast method based on the integral
equations. However, many of these methods require explicit information of the boundary of exclusions,
such as spline interpolations or Fourier expansions for closed regions. It is not clear how to implement
these methods if the boundary is described by a two dimensional level set function because the information
is given only at grid points in the level set formulation. Our discretization method is based on the im-
mersed interface method [9, 17], and designed for treating Neumann boundary conditions under the level
set formulation with an efficient preconditioning technique.

To take advantage of a fast Poisson solver, we extend the equation to the entire rectangular region

(33) A¢=f(.%’,y), (w,y) € QIUQQ7
o0

(3.4) o o,

= (s),



4 Z. Li, H. Zhao and H. Gao

99 _
5, =0
921
99
5, =0
8¢ _
an =1 @
9 — 11
on
E_O
%:0 o

F1G. 3.1. A sketch of a computational domain. The regions of 22 are voids. We want to track the motion of their
boundaries.

where f(x,y) is defined as zero in Q2. We use + sign to indicate the limit of a function when approaching
from the exterior of Q5. The solution to the unknown function inside Q2 depends on how the jump
conditions along the interface is specified. If a single layer is introduced, then there is a jump in the normal
derivative. If a double layer is introduced, the function is discontinuous across the interface. Usually,
we can not require both the function and its normal derivative be continuous across the interface at the
same time. Following the idea introduced in [9, 17], we either introduce an unknown jump in the solution
and require the normal derivative to be continuous or vice versa. However, to force the solution to be
continuous may lead to rapid change in the gradient of the function, and an ill-conditioned system for the
unknown jump in the derivative.
Now consider the following functional ¢(g):

A¢ = f(w7y)7 (.Z',y) EQIUQ2,
[¢]|892 (8) = g(s), [¢n]|392 =0.

where the jump across 02, is the difference between the limiting value from the exterior of the voids and
that from the interior. Since the jump conditions always refer to the interface 03, we will omit the explicit
reference to 92y from now on. The solution ¢(g) of the system above is a functional of the jump g(s) with
[u] = g(s). We are interested in the particular g(s) such that 0¢(g)/0n = v(s). This corresponds to a
double layer in the potential theory.

(3.5)

3.1. Discretization of the interface. In order to construct a fast and convenient numerical algo-
rithm for moving interface problems, we adopt a uniform Cartesian grid with a fast Poisson solver and use
the level set method to update the interface at each time step.

The grid points are divided into two categories: regular grid points are located away from the interface
and irregular ones are those where the interface cuts through the standard five point stencil. The attention
is focused on the irregular grid points.

A two dimensional level set function p(z,y) is introduced where ¢(z,y) = 0 describes the location of
the interface. In the level set formulation, the interface information is only given at grid points. To solve
for the unknown jump function g(s) so that the the solution satisfies the Neumann boundary condition,
we need to discretize g(s) as well. In other words, we need to find values of g(s) at discrete points on the
interface. Too many points often lead to a large and ill-conditioned system which also means more storage.
Too few points often lead to loss of accuracy. Our strategy is to find the projections of irregular grid points
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on the interface. Let X = (@i,y;) is an irregular grid point, its projections X* = (z*,y*) can be found
using the following procedure:

p(z,y) <0 (e.4") p(z,y) >0

(%3, 95) \ (Tiv1,Y5)
e(z,y) =0

FIic. 3.2. Finding the control point X* from an irreqular grid point (i,95), ¢(xi,yj) < 0. It can be chosen as the
projection of the grid point on the interface.

1. Find the unit steepest ascent direction § at X:

. V-p
3.6 P=—"_.
(3.6) [V - ol|

2. Locate the projection of X on the interface along the direction p:
(3.7) X*=X+ap

where « is determined from the following quadratic equation:

(38) o (X)+11V ¢l a+ 3 (THep)R) o* =0,

and He(yp) is the Hessian matrix of ¢

Pyz  Pyy

evaluated at X.

We only define g(s) on those projections from a particular side, for example, ¢(z,y) > 0. We will call
them as Set;. The projections from the other side of the interface are called Setrr. The values of g(s) on
those projections in Setyr can be defined via interpolated using the values defined at those in Set;. The
interpolation scheme will be explained later. Note that we do not order the projections where the unknown
jumps are defined. In other words, the quantities remain local, an very important feature of the level set
formulation compared with the Lagrangian formulation.

3.2. Discretization of the Poisson equation with a jump function. Given jump conditions
across the interface 0Qs:

(3.10) (6] =g(s), [$n] =0, [fl=F"(s)

at all projections, we use the immersed interface method to solve the Poisson equation. The essence of this
method [7, 8, 9] consists of a finite difference scheme with the standard discrete Laplacian plus a correction
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term at the right hand side associated with irregular grid points, leading to a discrete system which can
be solved by a fast Poisson solver. The details can be found in [7, 8, 9]. The interface information such as
the tangential and normal derivatives, and the curvature at projections are obtained from the values of the
level set function at grid points plus a bi-linear interpolation, see [9] for details. A key part is in evaluating
the first and second derivatives of the jump [¢] along the interface.

Evaluate the derivatives of the jump function [¢]. The idea is to use the weighted least squares
igterpolation to approximate the derivatives of the jump along the interface at a given projection at
X* = (z*,y*). We use the local coordinates at (z*,y*) in the tangential and normal directions:

= (x—2x*)cosf+ (y —y*)sind,
(3.11) 3 ( ) (y—vy)
n = —(x—1z*)sind+ (y—y*)cosb,

where 6 is the angle between the z-axis and the normal direction, pointing to the region of ;.

In order to use the weighted least squares interpolation, we take a small circle ® centered at (z*,y*)
with a radius «, usually « is between 1.5h ~ 4h so that at least three projections from the Sety are enclosed.
If we can find the signed arc-length starting from (z*,y*), then we can use an appropriate interpolation
scheme to approximate the derivatives of the jump function with respect to the arc-length. Near (z*,y*),
the interface has the form

(3.12) &(n) = Cn* + Dn® + O(*).

Let X} = (z%,y}) be a projection in Sety but different from (z*,y*). We can determine the constants
C and D using interface information. Denote (n¢,ny) as the unit normal direction of the interface, we have

2Cm + 3Dn}
\/1 + (20, + 3Dp2)’
1
\/1 + (20 + 3Dn3)’?

—Ty,

(3.13)

= nﬁ)

where (£1,m1) is the coordinates under the transformation (3.11). We arrive at the following linear system
of equation for C' and D:

Cni +Dny = &,
2Cm +3DE = -
L3

(3.14)

In other words, the curve is approximated by a Hermite spline interpolation between X* and Xi“. The
arc-length between X* and X7 is determined from

m 2
(3.15) ™ :/ V14 (200 + 3Dn2)%dr.
0

This definite integral can be approximated by the Simpson rule or Gaussian quadrature formula. In this
way, the arc-length is evaluated to third order accuracy which is necessary for the second order scheme
for the Poisson equation. Note that the distance between two points on the interface is only second order
approximation to the arc-length and is not accurate enough for our requirement. Finally, we need to
determine the sign of the arc-length according to the relative position between X* and X i

151 if ()?f —)?*) >0
(3.16) 81 =
—|s1| otherwise,
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where ¢* is the tangential vector at X*.

We use upper case letters to express discrete quantities. For example, G(s) is the discrete form of g(s).
Once we have the signed arc-length between X* and other projections from Sety, it is easy to interpolate
G(s) from Sety to obtain G'(s*) and G"(s*) at any projection on the interface, either in Sety or Setyr
using the following weighted least squares interpolations:

(3.17) Gs") = > axGe(X}),
X:eSetiu®

(3.18) G'(s") = Y BG(X),
X:eSetju®

(3.19) G"(s)= Y. wmG(X}),

X;eSetiu®

where ay, Ok and ~; are the coeflicients of the interpolation which is determined from the following system:

2ok D 1 0 0
(3.20) Yedesk | X=101|, o, | 1], or, | 0],
Y, di S 0 0 1

where dy, is the distance between X & and X*. These are under-determined systems with the same coefficient
matrix of full row-rank. We use the least squares solution from the pseudo-inverse. The solution minimizes
the Euclidean norm among all possible solutions. With the weighted least squares interpolation, the errors
in the interpolation vary smoothly and those points closer to center weight more than other points.

With the scheme discussed above for evaluating the jump [¢] and its first and second derivatives, the
rest of the implementation of the IIM method is straightforward, which involves write ® and G, the discrete
form of ¢(z,y) and g(s), in the form:

(3.21) A® 4+ BG =F.

Here A is the discrete Laplacian using the standard five point stencil, B is the deviation of the difference
scheme due to the jump in the solution, and F' is the source term plus the correction term at irregular grid
points.

3.3. Discretization of the Residual. We want to find g(s) such that ¢(g) satisfies the Neumann
boundary condition

(3.22) &F = v(s).

For an arbitrary [¢], the solution ¢(z,y) usually does not satisfy the equation above. The discrete difference
of the two sides is the residual. An iterative scheme is needed until (3.22) is satisfied to certain accuracy.
Taking into account all of ®;; enclosed in a circle surrounding a projection, the residual can be computed
using the weighted least squares interpolation:

(3.23) OH(G(s)) = D ay®ss + C(s),

where C(s) is a correction term at the projection. Again, we refer the reader to the [9] for the detail.
The matrix-vector form of such interpolation can be written in terms of ® and G as

A B[ @
E D||lc|

F

(3.24) v
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The Schur complement for G then is:

(D-EA'B)G = V-EA"'F
(3.25)

We use the GMRES method to solve the much smaller Schur complement system. Each iteration involves
one fast Poisson solver and an interpolation scheme to evaluate the residual. A preconditioning strategy is
used to accelerate the convergence.

3.4. A Pre-conditioning Strategy. Since homogeneous Neumann condition is prescribed on the
boundary 025, the solution in the interior of the voids can differ by an arbitrary constant. If we do not
impose any restriction on the constant, the solution in 2, has an arbitrary constant which affects the
condition number of the Schur complement. This situation is remedied by setting the solution in €y to
be the average value of the solution at all irregular grid points from the other side of the interface at each
iteration.

The preconditioning techniques discussed above can be justified using the theory of integral equations.
The solution of the Poisson equation can be written as the distribution of sources and dipoles along the
boundaries.

1 = 1 -

(3.26) 0@ = 55 [ (o) 1oglg = (wlds+ 5 [ (o) gl - X

The source strengths py(s) and p2(s) are determined from the boundary conditions on 9€; and 0Qs. A
number of fast Poisson solvers for problems on irregular domains are based on solving the integral equations.
However, for a bounded domain, the number of unknowns usually are more than doubled compared with the
approach described here because of additional unknown source strength along 99;. Note that the source
strength pa(s) corresponds to the jump of the solution across the interface 9€2,. Since the solution inside
the voids can be any arbitrary constant, we need to have an additional condition to uniquely determine
the solution. A convenient condition is to define the constant as the average of the limit solution from (2

side approaching to 025, that is

(3.27) C = ut(X)ds.

89
This condition minimizes the jump in the solution which is equivalent to minimizing the condition number
for the Schur complement. If )5 is a circle and the overall rectangular domain is very large, then the
solution is close to be axi-symmetric, we will get the convergence in a couple of iterations.

Our numerical examples indicate that the number of iterations for solving the Schur complement is
small and it is independent of the grid size. It turns out this is also true for the cases where V is not zero,
see the example in section 3.5.

In practice, the matrices and vectors in (3.24) and (3.25) are never formed explicitly. The algorithms
is outlined below:

Outline of the algorithm to evaluate the electrical potential:

1. Initialization: Including setting up the grid and the boundary conditions on 02;; indexing the grid
point; getting projections of irregular grid points as regular or irregular; evaluating the normal
direction and the curvature information of the interface 92 at the projections of irregular grid
points. These data are affordable to store since the number of irregular grid points is usually
one-dimensional lower than the total number of grid grid points.

2. Finding the right hand side of the Schur complement system. This can be done by setting G =0
to get the solution of the Poisson equations. The right hand side is the residual of (3.25) with a
negative sign.
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3. Applying the GMRES iteration with an initial guess of G. The main process of GMRES method
requires only matrix-vector multiplication. This involves essentially two steps in our algorithm.
The first step is to solve the Poisson equation which corresponds to the matrix-vector multiplication
in the GMRES method. The main cost of this stage is to get correction terms at each irregular
grid point due to the jump in the solution. The fast Poisson solver that we employ is the modified
HWSCRT routine from FISH Package. The second step is to interpolate the solution of the Poisson
equation to get the residual.

3.5. Numerical examples for the evaluation of Poisson equations. We provide one example
with different boundary conditions to show the efficiency of the algorithm proposed above. This is the
main part in simulation of electro-migration voids. We want to verify second order accuracy of the solution
procedure, and more importantly, that the number of iterations is nearly independent of mesh size except
a factor of log h.

We construct an exact solution:

1
oz, y) = —5logr+r2, r=+z?+y?
flxy) = 4

The boundary 9 is the rectangle: —1 < z,y, < 1. The interior boundary 9, is an ellipse

(3.28)

Case 1: Dirichlet boundary condition on 9€; and the normal derivative boundary condition on 9
are given using the exact solution. The first part of Table 3.1 shows the grid refinement analysis and other
information with a = 0.5 and b = 0.4.

TABLE 3.1
The grid refinement analysis with a = 0.5 b = 0.4 and b = 0.15. Dirichlet boundary conditions are prescribed on 091,
and Neumann boundary conditions are prescribed on 0Qs. Second order convergence is observed. The number of iterations
is almost independent of the mesh size.

n a b e r n1 o k
40 [ 05] 04| 5.711610~* 100 | 52 | 16
80 | 0.5 ] 0.4 | 1.459110°* | 3.9146 | 204 | 104 | 17
160 | 0.5 | 0.4 | 3.5236 10~° | 4.1408 | 412 | 208 | 19
320 [ 0.5 | 0.4 ] 81638107% | 4.3161 | 820 | 412 | 21

n a b e r n1 o k
32105015 | 44820103 68 | 36 | 13
64 | 0.5 ] 0.15 | 1.1466 10> | 3.9089 | 132 | 68 | 15
32105(015 | 2615910°% | 4.3832 | 68 | 136 | 17
32105[0.15[6.773310°° | 3.8621 | 68 | 268 | 20

In Table 3.1, n is the number of grid lines in z- and y- directions; e is the error of the computed
solution in the infinity norm; n, is the total number of irregular grid points; ns is the number of irregular
grid points on one side, which is also the dimension of the Schur complement; & is the number of iteration
of the GMRES method which is also the number of the fast Poisson solver called. We can observe second
order convergence in the infinity norm. The number of iterations for the GMRES iteration is proportional
to log h. Note that the error may not be reduced exactly by a factor of four but rather be fluctuated as
explained in [9].
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Case 2: Normal derivative condition d¢/0n is prescribed on 0€2; using the exact solution. In this case,
the solution is not unique and the compatibility condition has to be imposed in order to get a reasonable
accurate solution. To get a unique solution, we specify the solution at one corner using the exact solution.
In this way, we can measure the error of the computed solution. Table 3.5 is the result of the grid refinement
analysis. We have similar results as we analyzed above.

TABLE 3.2
The grid refinement analysis for pure Neumann type boundary condition.

n a b e r ni o k
40 1 0.5]0.15 | 4.5064 103 84 | 44 | 14
80 | 0.5 ] 0.15 | 1.2529 1073 | 3.5967 | 164 | 84 | 17
160 | 0.5 | 0.15 | 3.359710~* | 3.7292 | 332 | 168 | 19
320 | 0.5 | 0.15 | 7.940910°° | 4.2309 | 668 | 336 | 21

4. Evaluation of normal velocity of the surface due to variations in electrical potential
and curvature.

4.1. Evaluation of surface velocity due to the electrical potential. The electric potential
function is only defined outside of the voids. However, for the level set formulation, we need the velocity
field in a thin tube surrounding the interface. The difficulty is that we do not have any information inside
the voids and the computed potential is only second order accurate near or on the interface where the error
of the potential is not smooth. As a result, oscillation will be present after second order differentiation.
Such oscillation is also dependent on the choice of time increment and area conservation, see Section 4.3
as well. Our strategy is to use extrapolation to extend the information outside of voids to irregular grid
points inside, extrapolate the information along the normal direction to get the information inside the
computational tube of the level set function and then compute the derivative along the tangential direction
to get the normal velocity of the surface due to variation in electric potential. There are a variety of
choices as when and how to do the extrapolation along the normal direction and differentiating along the
tangential direction. The scheme adopted in our simulation is the following:

e Use the standard central scheme to compute

36 _ 99 ¢

s~ s oy

(4.1) 5

at regular grid points which lie inside the computational tube but outside the voids.

e Use the weight least squares interpolation to get % at all irregular grid points, both inside and
outside the voids by extrapolation and interpolation respectively.

e Extend % along the normal direction n at all irregular grid points as well those points which are

located inside the void within the computational tube using the following formula:

¢ 09\ Vo
4.2 9\ _(¢22).Ye _g
“2) (a> (V3¢) o5
For more information on velocity extension, see also [10].

e Finally we use the standard central scheme to compute the part of the surface velocity due to
electric potential

o (0¢\ 0 [d¢ d (9
(43) o (50) =5 (5)m 5y (52 ) e
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REMARK 4.1. There is a substantial difference between the approach described above and the standard
level set method. We extend the quantity % along the normal direction pointing to the inside of voids
instead of extending the final normal velocity, a commonly used approach in the literature.

For two dimensional surface diffusion problems, the total internal area of voids should remain un-
changed from the following consideration

2
//V-ﬁd:cdy:]{Vnds:]{%(C@—Cg/i)dszo.

However, due to various errors, it is known that the area may not be preserved very well by the level
set method. If we extend the normal velocity after we computed it at or near the interface, the velocity
field may not be area-conservative even if it is before the extension. In our method, the surface velocity
is proportional to the tangential derivative of a function. Theoretically and numerically this approach
preserves the area better compared to the approach that extends the velocity after it is computed at or
near the interface.

4.2. Evaluation of surface velocity due to curvature. It is relatively straightforward to evaluate
the surface velocity due to variation in curvature since the curvature is defined at all grid points. It can be
done by finding the second directional derivative of the curvature, see (4.1) and (4.3). Since the computation
process involves fourth derivatives of the level set, one may be tempted to use a fourth order scheme to
compute the first order derivatives, a third order scheme to compute the second order derivatives, and so
forth. While this approach is sound in principle, it results in larger errors compared with the standard
central difference scheme and requires larger width for the computational tube; the time step size also needs
to be cut to keep stability. Furthermore, with wider support and fourth order derivatives, special care has
to be exerted in accounting for the boundary conditions of the voids. Numerically, high order method
does not usually give better results because large errors can occur at or near the interface. Substantial
differentiation will amplify these errors. We use the WENO scheme to update the level set function and
do the re-initialization process. While these methods are efficient and accurate, the errors may not be
smooth enough due to different polynomial interpolations. We find that the standard central difference
scheme works well. In fact, it can be shown that, if a function is sufficiently smooth, the computed fourth
derivatives using the standard central difference scheme is second order accurate.

4.3. Choosing adaptive time step steps. The CFL condition for surface diffusion is
(4.4) Aty < h/C,.
The CFL condition for the Hamilton-Jacobian equation in updating the velocity is
(4.5) Aty < h/Unaa,

where U4, is the largest magnitude of the normal velocity in the computational domain. Since the
electrical potential is the inversion of Laplacian operator, the CFL condition for its surface diffusion is

(4.6) Atz < h?/Cy.

The adaptive time step is chosen form the smallest of the three for the explicit method. Usually C is
relatively small compared with Cy, and the time step is tolerable for most workstations. However, it is
known that the desired level set function is the signed distance function. Such a level set function has kinks
at some points or along a curve when |V¢| is far from the unity, see Fig 4.1. When the computational tube
contains those points, the calculations are not correct at those points since the derivatives do not exist.
The normal velocity has very large magnitude at these points, leading to very small time step size. One
solution to this problem is to add a regularity parameter € to the magnitude of the normal directions. A
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Fi1G. 4.1. Grid points marked as little ’o’s, where |V — 1] > 0 indicating that the grid wither on or close to the kinks
of the signed distance function, the solid dots are projections of irregular grid points on the interface.

more efficient way is to use a cut-off function w(z),

1 ifz <0
(4.7) w(z) =13 (z—-1)*(202® + 102> +4z+1) f0<z<1
0 if1 <a.
The new velocity is defined as:
(el — wr
(48) Ugew =Ww (T Un

In a very thin tube containing the interface, |¢| < w;, the normal velocity is unchanged. It is gradually
leveled down to zero to take care of those troubled points without significant effect on the accuracy. We
choose dw = 3h and w; = 2h in our numerical tests. Notice that the cut-off function used here has up
to third continuous derivatives, in an effort to reduce the oscillations introduced by the cut-off near the
boundary. As we mentioned before, such a cut-off function may affect the area conservation. However,
our numerical experiments indicate that such effects are small since the velocity in a thin tube of width
2h are unchanged. Our approach effectively eliminates the possibility of having velocities with too large a
magnitude near or on kinks.

REMARK 4.2. When topological changes take place, we can not cut off the kinks anymore. The
calculation may loose accuracy at those points. On the other hand, we need some mathematical insights
before we can fix the problem numerically. Some different approaches combining perturbation techniques, the
particle method, and/or the boundary integral method with the level set formulation are under investigation.

5. Numerical Experiment. We perform a series of numerical experiments on the interaction of
voids during electro-migration and attempt to draw some physical insights from these experiments.

In the first two experiments, we try to reproduce the results from [16]. The computational domain
is the rectangle —2.5 < z < 2.5, —0.5 < y < 0.5. The initial void is a circle centered at (—1.5, 0)
with radius r = 0.25. In the first case, the coefficients of the potentials are taken to be C; = 0.625 and
Cy = 0.625 x 6.25 x 1072 corresponding to the parameters chosen in [16]. The computational grid is
300 x 60, or h = 1/60. Fig 5.1 show the evolution of the void with time. For this test problem, the surface
tension is relatively large and the configuration is stable. The relative area change for this case is less than
0.0619%.
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F1G. 5.1. A void evolution with large chemical potential. the motion is relatively stable

In the second case, the coefficient of the chemical potential, Co = 1.875 x 2.08333 x 10~%, is small
compared to that of electrical potential, Cy = 1.875, and the motion is less stable compared to the first
case. The grid spacing is h = 1/100. The area loss is about 6% just before the void breaks up. Our
simulation has gone beyond that was obtained in [16]. The evolution process seems to agree the result in
that paper up to some time. Note that, we used homogeneous Neumann boundary conditions at left and
right edges of the rectangle while they used Dirichlet boundary conditions. Usually it is harder to solve
Poisson equations with Neumann boundary conditions than that of Dirichlet type.

As discussed in [16], the stability of the void shape depends on the ratio between the driving force
associated with the surface energy and that associated with the electro-migration. For fixed line geometry
and void size, this ratio is proportional to C;/Cs. Our first two test cases, which essentially reproduces
the corresponding examples given in [16], demonstrate that a nearly circular void shape is stable when
C>/Cy1 = 6.25 x 1072 and unstable at a smaller ratio when Cs/C; = 2.08333 x 10~*. In the first test
case, and for all cases with larger C2/C1, the nearly circular void shape is stable because the dominating
driving force is the surface energy which tends to resist deviation from the circular shape. In the second
case, and for all cases with smaller Cy/C}, electro-migration forces becomes dominating and causes drastic
deviation from the circular void shape. Fig. 5.3 shows an evolution process with even smaller C>/C;. The
calculation was done with a coarse grid, h = 1/50, while we see more loss in the area, we see similar pattern
in the evolution process. The loss in the area is due to the poor resolution and the large curvatures right
after topological change took place.

The algorithm developed here can be used to study interaction of multiple voids in an electro-migration
line. Fig. 5.4 shows the evolution process of two voids. The first one is a circle centered at (—2.1, 0) with
radius 0.15. The second circle is centered at (—1.55, 0) with radius 0.3. The coefficient of the chemical
potential is chosen as Co = 3.9062 x 10~5 and the coefficient of the electrical potential 1.875, with the ratio
Co/Cy = 2.08 x 1075 in the range of instability. The electrical potential is dominant and the motion is
towards more unstable pattern with the creation of a number of small voids from the bigger voids through
shape instabilities. In this case, h = 0.01 and the area change is less than 2.7%. Most of the loss in the
area happens after small voids are produced. The large curvature of the small voids compensates the small
chemical potential coefficient Cy relative to the electro-migration coefficient C;. This is not unexpected
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F1G. 5.3. A void evolution with very small chemical potential on o coarse grid.

because small C5/C; indicates shape instability of large voids which tend to break up to into smaller voids
in order to seek a balance between driving force associated with the surface energy and that associate with
the electro-migration. The same argument would indicate that conditions of small C5/C; tend to prevent
merge of voids into larger ones, in consistency with our observations. In this simulation, we see also that
small voids move faster than large ones.

It appears that the interaction of voids evolves toward an energetic balance between the surface tension
and electro-migration. We have already seen that larger voids tend to break up into smaller ones. If the
surface tension force is sufficiently large, two or more smaller voids may merge to form larger voids, as is
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F1G. 5.4. An evolution process of two voids with small chemical potentials.

demonstrated in Fig. 5.5 where we take C5 = 0.0391 and C; = 1.875. In the simulation, h = 1/60. Initially
the voids are two ellipses: The first one is centered at (0.35,0.5) with a = 0.2 and b = 0.14, where a is the
major axis and b is minor. The ellipse to the right is centered at (0.65,0.5) with a = 0.24 and b = 0.12.
The area change is about 10%. It is much worse compared with previous cases. We believe there are two
factors which affect the loss of the area: The major cause is the larger h. The first one is lack of resolution
in the simulation. For the problems involving fourth order derivatives, we find that a reasonable revolution
is necessary to preserve the area. The second fact is the singularity before or after the topological changes,
the merging, where some parts of level set have very large curvatures.

Fig. 5.6 shows the interaction of two voids under relatively large C2/Cy ratio. The first one is an
ellipse centered at (—2.1,0) with major axis 0.3 and minor axis 0.2. The force coefficients are C; = 1.875
and Cy = 0.007324. The void to the right is a circle centered at (—1.5,0) with radius 0.2. The electric
field becomes concentrated between the boundary of the conducting line and the larger void. Due to this
concentration, the upper and lower tips of the larger void are driven faster than the medium portion and
the smaller void is shielded from the electric field by the presence of the large void. As a result, the large
void wraps around the small void without breaking up into smaller voids. The case demonstrates the strong
shielding effect of larger voids when they are relatively stable.

As a final example, we investigate the effect of initial shape of a void. Fig. 5.7 shows the evolution
process of an ellipse centered at (—1.8,0) with major axes 0.4 and minor axes 0.2. The coefficients are
Ci = 1.875 and Cy = 0.3.90625 10~3. The surface tension force tends to smooth the void shape into a
circle. The effect of electrical potential, on the other hand, causes a protrusion of void with a relatively
large curvature at the frontal tip of the void. This sharp tip moves rapidly under electromigration forces
and drags the rest of the void along. Such a worm-like motion of void is another delicate balance between
surface tension and electromigration forces.

5.1. Conclusion. In this paper, we describe a numerical method for simulation of moving interface
problems which arise in electro-migration voiding in integrated circuts. In comparison with a conventional
finite element or boundary element based numerical methods with adaptive meshing, our method has the
advantage of employing a fixed cartesian grid without the need of adaptive remeshing at each time step.
A fast iterative method using GMRES iteration has been adopted to solve Laplace equations associated
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with electric potential on the exterior of voids. The evolution of void boundaries are described by a two
dimensional level set function which are updated at each time step according to surface diffusion equations
giverned by combined driving forces associated with surface tension and electric potential. The level set
method is used to efficiently update the motion of voids and is capable of capturing complex topological
changes of voids such as void merging and void break-up. Our numerical examples have reproduced some
test cases in the literature using finite element based simulation method. We have also performed a series
of numerical experiments to elucidate the mechanisms by which electromigration voids interact. It appears
that the interaction of multiple voids tends to evolve the shape and size of the voids into a state in which
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F1G. 5.7. An evolution process of two voids with large chemical potentials.

the surface tension is better balanced with the electromigration force. This is demonstrated in examples
where small voids dominated by surface tension tend to merge into larger voids while large voids dominated
by electromigration forces tend to undergo an instability and break up into smaller voids. Also, the motion
of small voids could be significantly retarded by large voids in their vicinity as the electric field at small
voids is shielded by the large voids, especially when the size of the voids are on the order of the conducting
line width. The method we propose does not require sophisticated meshing technique and has a relatively
low demand on computational resources. All the simulations involve interaction of multiple voids and can
be done rapidly on common workstations. It is also relatively straightforward to generalize the method
to three dimensional simulations where the computational saving on meshing is expected to be even more
significant.
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