Regularity and approximation of systems
arising in electromagnetic interrogation of
dielectric materials

H.T. Banks! and Jun Zou?

Abstract

In this paper we are concerned with a mathematical model which
describes the electromagnetic interrogation of dielectric materials. We
address the well-posedness of the system and regularity of solutions.
Then we propose a semi-discrete finite element scheme for approximat-
ing the system and prove weak convergence under very mild regularity
assumptions on the solutions of the original system. We also estab-
lish that the solution has higher regularity in time even though the
input source may be a windowed signal of distributional type. This
regularity is then utilized to show the strong convergence of the finite
element solution.

1 Introduction

We first formulate a mathematical model describing the electromagnetic in-
terrogation of dielectric materials. Let E and H be the intensities of electric
and magnetic field, D and B be the electric and magnetic flux densities, J
the current density. The electric and magnetic polarization are denoted as
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P and M. Then the mathematical model to be discussed in this paper is
formulated as follows:

oD
- H = 1J 1.1
5 TV~ : (1.1)
0B
— E = 1.2
5 TV % 0, (1.2)
V-D = pen, (1.3)
V-B = 0,

along with the basic constitutive relation (Ohm’s law) for a conductive di-
electric material and the the electric and magnetic polarizations:

J = oE, (1.5)
D — :E+P,
B — uoH+M.

Among the media of primary interest to us are biological ones; hence we
choose to ignore the magnetic effect, i.e., we assume M = 0. We will adopt
the following general polarization model in terms of a convolution of the
electric field with an impulse response function ¢ (sometimes called a dis-
placement susceptibility kernel):

t

P(t, ) :/0 gt — s,2)E(s, 2) ds, (1.8)

whose first and second order derivatives with respect to ¢ are given by

P () = g(O)E(t)—I—/OtQ(t—s)E(s)ds, (1.9)
P(t) = ¢0) E(t)—l—fl(0)E(t)+/()téi(t—s)E(s)ds. (1.10)

The above polarization model has been used in the literature on electromag-
netic wave propagation, e.g. in [1, 7, 12]. It includes as special cases systems
with memory (or time delay) and systems with hysteresis as well as the usual
Debye, Lorentz and higher order differential equation polarization laws (see
[3, 4, 8]). We note that for biological media (among others), one should
probably replace Ohm’s law (1.5) with a constitutive law similar to our po-
larization law (1.8), e.g., see [1] or [9] (pp. 14-16). While the resulting model
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would still be amenable to our treatment here, inclusion of a conductivity
susceptibility kernel would add to the technical notation. We have chosen for
the sake of exposition to restrict our formulation to the Ohm’s law version
as given in (1.5).

We assume that there is a special interrogating input signal, namely a
planar electromagnetic wave normaly incident on a slab of material contained
in the interval Q = [Zg, Z;] with faces parallel to the xy-plane, see Fig. 1.
The electric field is polarized with oscillations in the zz-plane only, i.e., E =
E(t,2)1, where 1 is the unit direction in the x-axis.

E(t,2

H(t.2)

Figure 1: Geometry of the physical problem

Under these assumptions, we know that the electric field E(t,x) is parallel
to the z-axis at all points in the region outside the slab domain (), i.e.,
Qo = (0, 2p), which we assume is just air, and that the magnetic field H(#, x)
is always parallel to the y-axis, so we have

E(t,x) = (F(t,2),0,0)", H(t,x)= (0, H(t,2),0)".

Moreover, the electric flux density D and polarization P will inherit this
uniform directional property from E and hence are denoted hereafter by



their scalar magnitudes D and P in the = direction. Using these notations,
the Maxwell’s equations (1.1)-(1.3) reduces to the system

on_or
po ol dz

Eliminating the magnetic field H from the two equations, we obtain the
electric field equation

Ho D Fpo o E —B" = —pug js-

We remark that throughout we adopt the standard notation

orE - 0*E or 0*FE
- - El - E// —
ot’ L o2’ 0z’ 022’
By using (1.6) with ¢ = go(1 + (¢, — 1)xq) (this accounts for instantaneous
effects of polarization, see [3]), and (1.10), we can readily derive the equation

etc.

E=

which will be investigated in this paper:
G (E+v2)E+ B E+GE)—EE =] (1.11)

where ¢ = 1/(go it0), &,(2) = 1 + (e, — 1)xa(z), and

alt2) = —i(tealz)h A= 9002 nale),
We) = (o) + 902 el I(E) ==

G(E)(t,2) = /Otoz(t—s,z)E(s,z) ds.

Here yq(z) is the characteristic function of Q = [Zy, Z1], and &, > 1 is the
relative dielectric permittivity. Note that &,(z) = 1 for z € [0, Z) and &,(z) =
e, > 1 for z € [Zg, 2] and all the coeflicient functions «, 5 and ~ are only
piecewise smooth, having jumps across the interface z = Z;,. The source
current density function is under our control, and we assume it takes the
form

Ty(t,2) = 8(2) p(t), (1.12)
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with u(t) being a smooth function of ¢ and

1(0) = ££(0) = 0. (1.13)

These assumptions are valid if we have a point source input signal (an an-
tenna) at the location z = 0 for which the power is switched on after a small
time period of delay.

Regarding the boundary conditions, we assume the following physical
situation. At the boundary z = 0 where an input signal originates, we
place an absorbing boundary condition to prevent the reflection of waves.
Mathematically this can be expressed as

E(1,0) = ¢ E'(1,0). (1.14)

We assume the location of the front boundary Zg of the slab material is known
while the back boundary Z; is unknown and presumed to be backed by a
supraconductive material with perfect conductivity, thus the back boundary
conditions are given by ([2], p.26)

Exn=0, Hxn=0, D-n=0, B-n=0 (1.15)

where n is the outward normal to the slab. For our fields E, H and the
constitutive laws (1.6), (1.7) and (1.8), the conditions D-n =0, B-n =10
are automatically satisfied while the other conditions reduce to

E(t, %) = H(t,%) = 0.

Since we have eliminated H from the system (1.11), the only relevant bound-
ary condition for the supraconductive back boundary is E(t,2) = 0.

In many applications, the coefficient functions «, # and v in (1.11) and
the back boundary of the slab domain at z = Z; are unknown. They can
be identified numerically from data and this identification problem has been
investigated in [3, 4, 5] successfully using finite element schemes similar to
that proposed below in Section 3. In this paper we assume that the coefficient
functions «, # and 4 and the back boundary z = Z; are known and we are
interested in the well-posedness and regularity of the forward problem (1.11)
and the convergence analysis of its finite element discretization.

To avoid notational difficulties, we use a piecewise linear transformation
to map the slab domain (2o, 21) into (2, 1) while keeping the external do-
main (0, Zp) invariant. Since the investigation of the transformed system is



principally the same as the study for the original system, we will assume the
original system is defined on the transformed domain [0, 1]. Then summariz-
ing the above derivations, we can formulate the aformentioned model problem
as the following system on the time-space domain Q7 = (0,7") x (0,1):

G (E+v)E+ B E+GE)—EE" = J(t,z) on Qp, (1.16)

E(t,0)=cE'(¢,0) and FE(t,1)=0 on (0,7) (1.17)
to which are added the initial conditions
E(0,z) = ®(z) and E(0,z)=¥(z) on (0,1). (1.18)
Throughout the paper, we will make the following assumptions:

BeL>0,1), ~€lL*0,1) and o€ H'(0,T;L>(0,1)). (1.19)

2 Well-posedness and regularity

In this section we address the well-posedness and regularity for the initial-
boundary value problem (1.16)-(1.18). Due to the piecewise smoothness of
the coefficient functions and the input signal of distributional type, we can
not expect classical solutions for the problem. Instead we will consider its
weak solutions. For this, we introduce the following two Hilbert spaces

H=1*0,1), V=HL0,1)={veH(0,1); v(l)=0}.

We will use V* to denote the dual space of V and (-, ) to denote their duality
pairing, which is assumed to be a continuous extension of the scalar product
(+,-) in H = L?*(0,1). The standard norms in H and V will be written
as || - || and || - |[y. We will also have occasions to use the Sobolev space
HE(0,1) = HL(0,1) 0 H™(0,1) for some positive integer m.

We next present the weak formulation of the problem (1.16)-(1.18). Mul-
tiplying equation (1.16) by a test function ¢ € V and then using integration
by parts we immediately derive the weak form:

Find E € H*(0,T;V*)n H'(0,T; H) N L*(0,7;V) such that

E0,z) =®(z), FE(0,2)=Y(z), z€(0,1) (2.1)
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and for a.e. t € (0,7, the following holds

(& B(t),6) + (7B(1), 0) + (BE(t), 6) + (G(E)(1),6) + & (E'(1), )
e B(£,0)6(0) = (J(),6) + (koE(t),0) Vo€ V. (2.2)

We remark that we have added the term (ko F(%), ¢) in both sides of (2.2) for

later convenience. Here kg is a positive constant chosen such that

B(z)=p(2)+ ko > %, for all z € [0,1].

Regarding the existence of a unique solution for the problem (2.1)-(2.2),
we have (see Banks-Buksas [3])

Theorem 2.1 Suppose that J € H(0,T;V*), 3, v € L=(0,1) and a €
HY(0,7;1L°°(0,1)) with o, 3 and « vanishing outside [Z,1]. Then for ® €
V = HEL(0,1) and ¥ € H = L*(0,1) there exists a unique solution E to the
variational problem (2.1)-(2.2) with E(-,0) € H*(0,T).

We note that we can derive the following a priori estimates for any pos-
sible solutions E of problem (2.1)-(2.2):

1Bl 20200 + 1Bl 20, m0) + B, 0) 20, < C(@,0,) (2.3)
with constant C(®, W, .J) given by
C(®,9,J) = Co{l[ Y| + |®[lv + [Tl 000 } (2.4)

and Cy is a constant dependent only on the coefficient functions «, # and
7. The arguments for the above a priori bounds (which are given in [3]) are
very similar to those for obtaining the bound (2.25) in Theorem 2.2 below,
so we will not give details here.

Now note the uniqueness of the solutions follows immediately from the
a priori estimate (2.3)-(2.4) by considering the error equation of the differ-
ence of two possible solutions F; and Fs to (2.1)-(2.2) using the fact that
C(®,V,.J) =0 1in this case. The existence of the solutions, which was estab-
lished in [3], is also a by-product of the weak convergence of the finite element
solutions in Theorem 4.1 below (i.e., the limiting function is the solution of

(2.1)-(2.2)).



For achieving some type of strong convergence of the finite element ap-
proximation to be introduced later, we require additional regularity of the
solution £ in terms of time ¢. This is possible to obtain since the source
and coefficient functions are smooth in terms of ¢, though it is impossible
to have more regularity than H'(0,1) in space due to the source input of
distributional type and the piecewise smoothness of the coefficients in terms
of z.

We are going to establish the following result.

Theorem 2.2 Suppose that J(t,z) = p(t)é(z) with u € H*(0,T) and u(0) =
,U(O) =0,8,v7€ L>0,1) and o € H*(0,T; L*(0,1)) with o, B and ~ vanish-
ing outside [Z9,1]. Moreover we assume that ® € H(0,1), ¥ € H%(0,1) and
they satisfy the consistency conditions W(0) = ¢®'(0) and ¥'(0) = c¢9”(0).
Then the unique solution E of the variational problem (2.1)-(2.2) has the
following regularity

E € H?(0,T:V*)n H*(0,T; HYn H'(0,T; V). (2.5)

Proof. Our approach is to first smooth all the given data and then solve the
smoothed problem to obtain solutions with some added regularity. We then
pass to the limit by letting the smoothing parameter tend to zero and achieve
the desired regularity. Following notational tradition in analysis, we shall use
¢ as our smoothing parameter in this section while warning readers that it
is not related to the dielectric permittivity parameter ¢ (again traditional
notation for the electromagnetic literature) of Section 1.

Let 0 < & < Z be given. Since u € H*(0,T), ® € H3(0,1) and ¥ €
H%(0,1), we can construct u. € H*(0,T), ®. € Hp(0,1) and ¥, € HE(0,1)
such that

p=(0) = p(0), W.(0) =W(0), ®L0)=P(0) (2.6)
pe(0) = p(0), WL(0) = W'(0), ®L(0)="(0) (2.7)
and
| 1= — NHH2(0,T) <e @ - (I)HH2(0,1) A \I’HHl(o,l) <e  (28)
Define an approximating source function

2(e — z)

2

J(t,z) = pe(t) for z € [0,¢];  Jo(t,z) =0 for z € [e,1]. (2.9)

e



It is easy to show that
| = Jlm2 vy — 0 as & — 0. (2.10)

Now consider the following smoothed problem:

Find E. € H*(0,T;V*)n H'(0,T; H) N L*(0,7; V) such that

E.(0,2) = ®.(z), E.(0,2)=W.(z), ze(0,1) (2.11)

and for a.e. t € (0,7, the following holds

(EE(1), ) + (YB-(1), 8) + (BE(1), &) + (G(E)(1), ¢) + S (EL(t),d)
+eE(1,0)$(0) = (J(1), 6) + (ko E:(1),6) Vo€ V. (2.12)

The same argument as for Theorem 2.1 leads to the existence of a unique
solution F. to the problem (2.11)-(2.12). We next show this solution has the
following higher regularity:

E. € H?(0,T;V*) N H*(0,T; H)y N H'(0,7T;V). (2.13)

To do so, we formally differentiate both sides of equation (2.12) with respect

to ¢t and introduce a new variable v, for Es to obtain

(&:0:(1), 8) + (Y0e(1), @) + (Boa(t), @) + ¢ (vL(t), ')
—I—Cbs(t,()) qb(())—l—(oz(())/o Ve (s ds—l—/ (t—s / v.(s')ds" ds, @)

0

= (J(1):8) + (kovo(t),6) — ((2a(0) — (1)) ., 0) VSV, (2.14)
We supplement the equation (2.14) with the following initial conditions
v.(0,2) = V.(2), v.(0,2) = Z.(2) (2.15)

with Z, = =& 1(y¥, + pd. — 2 ®”) (note that J.(0) = 0). It is easy to
verify that W, € V and Z. € H, so we can apply the same argument as for
Theorem 2.1 to establish the existence of a unique solution v, to the problem

(2.14)-(2.15) and
v. € H*(0,T; VYN H'(0,T; H)n L*(0,T; V). (2.16)
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We next verify that v, =F.. For this purpose, we define

Clearly we see
ba(t) = at), iB.(8) = 6.(0), (2.17)
w.(0) = ®., w.(0)=W,. (2.18)

By integrating both sides of (2.14) over (0,1) and using (2.15), we obtain

(E0.(1), @) + (yw-(1), ¢) + (Bw.(1), ¢) + ¢* (wl(t), ¢')
b ewn(t,0)6(0) + (/Ot alt — s)w.(s)ds, &)
= (Je(1), 8) + { (8,22, 6) + (4., 6) + (8., 6)
+ (L, ¢) + eV.(0)6(0) — (J(0),8)}, VoV
= (1), + (I),. (2.19)

Using (2.15), integration by parts and the consistency condition, we can
readily show that (I), = 0. Then comparing equations (2.18)-(2.19) with
equations (2.11)-(2.12) and using the uniqueness of solutions to equations

(2.11)-(2.12) we have

w.(t) = E.(t) or wv.(t)= E.(1).

And hence (2.13) follows from the regularity of v. in (2.16).
Again we formally differentiate both sides of equation (2.14) with respect

to t and introduce a variable u. for v. to obtain

(8r11(1), 8) + (u=(t), &) + (Bue(t), 8) + ¢ (ui(t), ¢') + cuc(1,0) 6(0)
(G () (1), 6) = (Jo(t), &) + (kou(t), 8) + (Jo(t),6) Vo€V (2.20)

with

1) :/()t{oz(O)us(s)+d(O) /0 us(r)dr—l-d(t—s)/os /0 u(7)dr ds' }ds
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and

Jo(1) = &(1)®. — a(0)W. — 1 &(0)0. — W, /Ot s &t — s)ds.
By supplementing equation (2.20) with the initial conditions

u(0) = Z., u(0) =Y.
where Y. = =71 (a(0)®. + SV, + 77, — *U”), we can argue in a same way
as we did above that the solution u. of equation (2.20) really equals v., and
E.=v.€ H}0,T; V)N HY0,T; H) N L*0,T; V). (2.21)

Here we need to use the facts that v(0) = o(0) = 5(0) =0, £,(0) = 1 (by
definition) and the consistency condition W' (0) = ¢ ®”(0).
Now we are in a position to give some bounds on F. which are independent

of . Recall v. = F.. Integrating both sides of (2.14) over (0,t) and then
taking ¢ = E. (this is possible by the regularity (2.21)) we obtain

%{(aés(t) Es<t>>+<6Es<t>, )+ NEWY I} + e [ 1, 0)dr
= ot [(0) Bl = [ (Er), o ))dr + Ko [ (7). Eelr))r
+ [ (2a(0) —a<r>>¢>s,Ea<r>>dr - [ By 222)
with
A (CEAVARNT I A SRR

S

Ga(v2)(1) = a(0) /Ot vs(s)ds—l-/otd(t—s)/ va(s') ds’ ds.

0

With integration by parts the second term in the right-hand side of (2.22)
can be written as

[ ) Betr)dr = = [ G Ber))dr + (.00, Bo(1)) = (7:(0), £:(0)).
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This with (2.22) and the Cauchy-Schwarz inequality yields immediately
. . .
BN + Bell (DI +20/0 |E=(7,0)[*dr
< 2+ Py )2 1 300 o2 + O
< 2d. + By +3at[|0:]]" + Cll el 0,

O[B4+ 1)l (223)

where we have used the fact jE(O) = (0 and the constant ' depends only on
ko, T and the bounds 7 = ||7||ze(0,1),

a = max{||allz=@m): [8llr=(@p}, e =min{e®, B}.

Now using the bounds for W., ®. and J. in (2.8) and (2.10) we derive
from (2.23) that

. 6c . t .
HEs(t)H2+3!\Es(t)!\2v+20/0 |E=(7,0)|%dr
< Cl1®lzz0 + N5 0,0 + 112 0,7v+))
t . .
+C/O (lE(r)II* + [1£=()I*)dr

for sufficiently small e. Then applying Gronwall’s inequality gives immedi-
ately the following bound

1Bl ez + 1 Elé oy + 1B Oll2or) < € (2.24)

where the constant C'is independent of . On the other hand, we can similarly
obtain the following bounds for the first order derivative of F£.:

HE&HC(O,T;H) + HEEHC(O,T;V) + HE&('vO)HL2(O,T) S C. (225)

Using these bounds, we conclude there exists a subsequence which we
again denote by E. such that as ¢ tends to zero,

E. — Iy weakly in  L%(0,T;V),

E. — B, weakly in L0, T; H),

E. — Es weakly in ~ L%(0,T;V),
Es('7 0) — FEo weakly in  L*(0,7T).
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Using the simple formula
t .
w(t) = w(0) + / w(r)dr
0
with w = F. and E57 one can readily show that

EOZEI('7O)7 E2:E17 E3:E1'

Now letting ¢ tend to zero in (2.12), we easily see that F; must be the unique
solution F to the problem (2.2). The desired regularity follows from that for
Es.

Remark 2.1 The consistency conditions and reqularity requirement on the
inttial value functions ® and ¥ in Theorem 2.2 are trivially satisfied if there
is no initial electric field .

3 Semi-discrete finite element discretization

This section will be devoted to the finite element discretization of the varia-
tional problem (2.1)-(2.2). For this purpose, we divide the interval [0, 1] into
(N + 1) subintervals of equal size h = 1/(N + 1):

Thi0=z<z2 <<z, <z, =1

N41

Let Vj, be the usual piecewise linear finite element space defined on the par-
tition 7" with all functions vanishing at the boundary node » = 1, and write
Vi, as
Vi =span{¢,, ¢, -+, o1,

where {¢;} is the set of the standard piecewise linear nodal basis functions,
i.e., ¢Z(Z]) = 52]

For our later use, we introduce a quasi-L? projection operator P: V* —
Vi, given by

(Phw,vh)h = <w,vh> YVwe Vv, €V,

where as already noted, (-,-) is the duality pairing between V and V* and
(+,-) is defined by

(up, vp)p = /01 Ln(upvp)(2)de,
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Here 1, is the nodal value interpolation operator associated with the finite
element space Vj,. It is easy to verify that the quasi-L? projection P,w is
well-defined for any function w € V*. We will need the following well known
properties of the operator P, (see Nochetto-Verdi [11], Xu [14]):

[Prl < Cllell,  Jim [l — Pao| =0, Ywe L20,1);  (3.26)
|Pyelly < Cllully.  limllw — Profly =0, Yo € HE(0,1). (3.27)

By definition and some simple manipulations we can express P, as

N
Puw(z) =) i dilx), (3.28)
=1
and the coefficients ¢; are given by
2 1 .
ql:%<w7¢1 >, QZ:%<w7¢Z> for Z7£1 (329)

We see the quasi-L? projection is very readily computed.
With the above notation, the semi-discrete finite element discretization
to the problem (2.1)-(2.2) reads as follows: Find E,(t) € V}, such that

Ey(0) = P,®,  E,(0) = P,V (3.30)

and for ¢t € (0,7'), the following holds
(5, B1(1),0) + (YEA(1), 8) + (BEW(1), ¢) + (G(EW)(1), &) + (E4(1), )
+ ¢ En(t,0)0(0) = (J(1), 8) + (koEn(t),d) ¥V é € Vi (3.31)

Problem (3.30)-(3.31) is a system of ordinary differential equations and
by standard theory we can establish the following theorem.

Theorem 3.1 Under the assumptions of Theorem 2.1, for each fized h > 0,
the finite element approvimation (3.30)-(3.51) has a unique solution F €
H?(0,T; V).
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4 Stability estimates and weak convergence

In this section we shall present some stability estimates for the finite element
approximation (3.30)-(3.31) and show the weak convergence of the approxi-
mation. First we have

Lemma 4.1 Let Fy(t) be the finite element solution to the system (3.50)-
(3.31). Then under the assumptions of Theorem 2.1, we have

| Enllew,rsan + 1En ooz + B4 0) o, < C. (4.32)

Proof. The proof is very standard (e.g., see [3]). It can be carried out by

taking ¢ —[), as a test function in equation (3.31), integrating both sides of
the resultant equation, using properties (3.26)-(3.27) of the quasi-L?* operator
Py, and invoking Gronwall’s inequality.

Using Lemma 4.1 and standard arguments similar in spirit to those in [3],
[6] (pp. 100-101), [10] (pp. 272-278) and [13] (pp. 439-442), we can readily

prove the following weak convergence.

Theorem 4.1 Under the assumptions of Theorem 2.1, the finite element
solution Ey to (3.30)-(3.31) converges weakly to a limiting function FE in

L*(0,T;V), which is the unique solution to (2.1)-(2.2). Moreover, Eh(-,())
converges weakly to (,0) in L*(0,T).

Proof. By the boundedness of Ej guaranteed in Lemma 4.1, we know
immediately that there exists a subsequence, which we again denote by { £} },
such that when A tends to zero,

L, - FE weakly in  L%(0,T;V),
E, — B weakly in L0, T; H),
Eh(-, 0) — Ko weakly in  L*(0,7T).

Using the simple formula

w(t) = w(0) + /Otw(r)dr

15



with w = E), and E), and the approximation properties of P, one can readily
show that . .
FEo=E(-,0), FEi=E.

What remains is to prove the limiting function £ is a solution to (2.1)-(2.2).
For any ¢ € V, we take ¢, = P,¢ € V, as a test function in (3.31) and
then multiply both sides of the equation by a function £(¢) € C*[0,T] with
E(T) = 0 and integrate over (0,7") to obtain

[ 1), o0~ En(0), 060) + [ (1n(e), (1)t
+ [ Bm.onends [[([ - B ds, oend
v OB e+ e [ En(n,0) 6u(0)e()dr

_ /()T<J(t),¢h>§(t)dt Vée V. (4.33)

Now using the weak convergence of £} and the strong convergence of ¢, =

Pr¢, we obtain by taking & — 0 in (4.33) that

—/ (& B(1), O)E()dt — (2,0, 8)¢ +/ (VB (1), )E(H)dt
v [LB. o+ ([ ot 5B ds, gle(
e | T(E'(t) e+ e [ i00,0) 6(0)e(0)ds

_ /()T<J(t),q$>§(t)dt VeV (4.34)

To see (4.34), let us examine more closely, for example, the convergence of
the first and the last terms in the left of (4.33). We have

/0 1), Pad)E()dt + c/OT En(t,0) £(t) Puo(0)dt
= [MEhm. ot + e [ 20 s
_/0 {(gTEh(t) — 5 B(1),6) + (&, (1), Pud — ) (1)t
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— — [ Bt + ¢ [ E(.0) o(0)E(t)dr.

0

by means of the stability bounds of Ej, in (4.32), weak convergence of E

to J and strong convergence of ¢, = Pr¢ to ¢. Now rewriting the first two
terms of (4.34) using integration by parts as

[ ). 0) €0t + {(2,(0).6) — (5. 6))€(0),

we see immediately from (4.34) and the arbitrariness of ¢ € C'[0,7T] that

FE(0) = ¥ and FE satisfies equation (2.2). That is, £ is the unique solution
of (2.1)-(2.2).

5 Strong convergence of the finite element
solution

In the preceding section we have proved the weak convergence of the finite
element solution Fj, defined by (3.30)-(3.31) to the solution £ of (2.1)-(2.2)
under very mild regularity properties for £ that are guaranteed by the exis-
tence results in Theorem 2.1. However we note in Theorem 2.2 that we can
gain additional regularity of solutions in the time variable by using the special
structure of the input source function. This structure permits us to assume
that it is reasonablly smooth in the time variable although it is a distribution
in the space variable. Using this higher regularity in the time variable we
are able to prove strong convergence of the finite element solution Fj. For
this purpose, it suffices to show the strong convergence of ¢, = P, E — Ej, by
using the relation

E(t,2) — Ey(t,2) = {E(t,2) — PuB(t,2)} + {PyE(t, 2) — Ep(t,2)} (5.35)

and the approximation properties of the quasi-L? projection operator Pj in
(3.26)-(3.27).

Our next aim is to show the strong convergence of ¢, under the assump-
tions of Theorem 2.2. For this purpose we subtract equation (3.31) from

17



equation (2.2) with a ¢ € V}, as a test function to obtain

(En(E = E1),0) + (1(E = En, 6) + (B(E — Ey, )
H([ alt = $)(B(s) = Buls))ds, 6)+ (B = B¢
(B —Ent0)6(0) = ko (E— En, é) Yo € Vi, (5.36)

which can be written by some simple arrangements as

(8,64(1),0) + (BEu (1), 0) + (& (1), &) + c&,(1,0) $(0)
= (B~ E)1).9) + ([ alt = 5)(B, — E)(s)ds, 9)

kol B — E)t),0) + (6, PE(t) — £.E(t), ) + c(PaE— E)(t,0)¢(0)
H(BPE() — BE(t),6) + A(PE — EY(1),¢)}

6

SO (1), (5.37)

=1

Taking ¢ = {}h in (5.37), we find that the left side of (5.37) equals

1d

57 LEGLE0) + (B (0), 61) + NGO} + elé(1,0)

Thus integrating (5.37) over (0,1) we obtain
: 2 2 " 2 o
€I + Bllen(®) I +2¢ [ 16,(r0)Pdr <23 [ ()dr (5.39)
=1

where we have used the facts that £, > 1, £,(0) = £,(0) = 0. We next derive
bounds for each of the terms f; (II), dr in (5.38).

First, by the definition of &, and the Cauchy-Schwarz inequality along
with bounds ¥, & and ¢, for v, a and &, we obtain

[nar = = [Gé L&+ [P - B)(0).E(m)dr

< 377/; 1€, (7)][%dr + %/Ot I(E — PuE)(r)||2dr, (5.39)
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[ranar < [ [ alBats) — B 1é ) ldsdr
gagguarummm+mE—&><m@w
< ta [ GO+ 6P + 5 [IE = PE) @I

t

(1), dr

IA

bo [ U+ eI + 2 [ (8~ P,
Wydr < L[ feriPar + 5 [ 1P - B
(Wydr < 5 [ 16 0)fdr+5 [ 155 = B)(r,0)

< S Hmorart o [ AL - DR (640)

where we have used the continuous embedding of H'(0,1) into C'[0,1] in the
last inequality. Finally for the term fj (II); dr, we have by integration by
parts

[ dr = [(GREG) = BB, E ) = & [P = BY (7). 6(r)dr
FE(PE - EW)&(D—zdﬂE—EW®£M®)

t

t

S—— o >—.

< 2 [UPEE) - B+ IRk - B0
+%AW£H“W@ W + Ze o)

4

+%W&E—EMWP

with 3. = max{c?, HBHLOO(O71)}. Substituting all the bounds for f; (II), d7 into
equation (5.38), we have

s+ E el + ¢ [t 0)ar

<ot O [ 61 + eI +lgnIe Gy
with 65, given by

5= G [ (IE = PB4 (B = PEYOI + 1) — B0
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(Pl = EYDIE)dt + | PiE — Bl o) }-

We know that ¢, tends to zero by means of the approximation properties
(3.26)-(3.27). Thus applying Gronwall’s inequality to (5.41) we finally obtain

1€lleo.r:m) + [[€nllervy + 16,0 0)ll2or) = 0 as b — 0.

This along with (5.35) and the approximation properties (3.26)-(3.27) again
yields

Theorem 5.1 Let E and FEj, be the solutions to (2.1)-(2.2) and (3.30)-(3.31)
respectively. Then under the assumptions of Theorem 2.2, K converges to E
strongly in spaces H*(0,T; H) and C(0,T;V), and E\(+,0) converges strongly
to E(-,0) in HY(0,T).
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