
TRUNCATED NEWTON METHODS FOR OPTIMIZA TION WITH INACCURATE FUNCTIONS
AND GRADIENTS

�
C.T. KELLEY

�
AND E.W. SACHS

�
Abstract. We considerunconstrainedminimizationproblemsthat have functionsandgradientsgiven by “black box” codes

with errorcontrol. We discussseveralmodificationsof theSteihaugtruncatedNewton methodthatcanimprove performancefor
suchproblems.Weillustratetheideaswith two examples.

Keywords. Trustregionmethods,inexactNewtonmethods,optimalcontrol

AMS subjectclassifications.49K20,65F10,49M15,65J15,65K10

1. Intr oduction. Consideranunconstrainedminimizationproblem�����	�
wheretheobjective function � andits gradient
 � arecomputedinaccuratelywith absoluteerrors �
������� ���
andrelative errors ��������� ��� thatcanbecontrolled. We askhow theerrorsshouldbesetso thata truncated
or inexact Newton iteration[10], [5], [11], [12] suchasNewton-CGor the CG-trustregion methodfrom
[15] will performlike theerror-freealgorithmwhile ��
 � ������� ��� andcontinueto produceanimproving
sequenceof iterationsuntil ��
 � ������ !� ���#" . The caseconsideredhereis differentfrom that considered
in [3] and [4], which assumedfully accuratefunction valuesand gradienterrorsthat were �� ���
 � � ), a
condition that is impracticalwhen ��
 � � is small, and usedinformation on the iteration to changethe
accuracy to which � and 
 � werecomputed.

1.1. Moti vating Problem. An exampleof sucha situationwhich motivatesthis work is the simple
optimalcontrolproblem: $&%(') �(1.1)

where �  +* " � ,�-.0/  +12 +3 " �4*5 +3 " �43 "�6 37�(1.2)

where*98 /;:�< = �?>A@ is thecontrolandthestatevariable1 is thesolutionof theinitial valueproblem(withB1&� 6 1DC 6 3 ) B1E +3 " �GF5 +12 +3 " �4*5 +3 " �43 " �41H = " �I1 .#J(1.3)

If / and F arecontinuouslydifferentiable,thenthegradientwith respectto the /LK innerproduct,
 �  +* " ,
canberepresentedasacontinuousfunctionof 3 :
 �  +* "  +3 " �NM5 +3 " F )  +12 +3 " �4*5 +3 " �43 "PO / )  +1H +3 " �4*Q +3 " �43 " J(1.4)

In (1.4) M , theadjointvariable,satisfiesthefinal-valueproblemon < = �?>A@R BM5 +3 " �NM5 +3 " FTS� +12 +3 " �4*Q +3 " �43 "QO / S� +1H +3 " �4*Q +3 " �43 " �!M5 U> " � = J(1.5)V
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If onesolves (1.3) and(1.5) with the explicit Euler method,then the discretizedgradientis also the
gradientof thediscreteproblem.This meansthatapproximatingHessian-vectorproductsto high accuracy
caneasilybedoneby differencingfor thediscreteproblem,sinceanalyticgradientsareavailableby com-
putationof thediscreteadjointstate.This is not thecaseif higherordermethodsareused[8]. If oneuses
variable-stepandvariable-ordercodesthatcontrol the local truncationerror [13], [2], [1], [14] theerror in
 � will dependon theerrorsthatcomefrom thenumericalintegrationof (1.3)and(1.5). Moreover, after
(1.3)hasbeensolved,thevaluesof 1 obtainedwill have to beusedin aninterpolationduringtheintegration
of (1.3). Thatinterpolationerrorwill alsoaffect theaccuracy of 
 � .

The accuracy in 
 � , in turn, will affect the performanceof a Newton-CGalgorithmthat usesfinite
differenceHessian-vectorproducts.Wewill denoteby �
�7� and � ��� theabsoluteerrorsin thecomputationof
thefunctionandgradientsandby ����� and � �?� therelative errors.Our scenariois thatwhena functionvalue�  +* " is requestedthecomputedvalue �HW  +* " satisfiesX � W  +* " R �  +* " X�Y ����� X �  +* " X O �
���(1.6)

andthecomputedgradient,whichwedenoteby Z , satisfies�4ZH +* " R 
 �  +* " � Y � �?� X 
 �  +* " X O � ��� J(1.7)

For theexampleproblem,theerrorsin � areof thesameorderastheerrorsin 1 . Hence�
�7�&�[�& !� � S\"
and ���4�]���& !� � S " . Thegradienterrorsaredifferent.If � �_^ and � �`^ aretheabsoluteandrelative errorsin the
computationof M then,neglectingproductsof errors,thecomputedgradientZ is aMQ ?b O �& !� �`^c"4"dO �� !� �e^f"4" F )  +12 ?b O �& !� � S "4"2O �& !� � S " �4*	�43 "O / )  +12 ?b O �� !� � S "4"dO �& !� � S " �4*P�43 " J
Assumingthat 1 , * , andM areboundedand � and / aresufficiently smoothwehave aMQ ?b O �& !� �`^ "4"dO �� !� �e^ "4" F )  +12 ?b O �& !� � Sg"4"2O �& !� � S\" �4*	�43 "�[ ?b O �� !� �!^f"4" MHF )  +1E�4*	�43 "	O �& !� �e^hO � � S O � � S "
and / )  +12 ?b O �& !� � S "4"	O �& !� � S " �4*	�43 " � / )  +1T�4*P�43 "PO �& !� � S O � � S " J

Sotherelative errorin the / ) termcanbetakento bezero.Hence,ZE +* " �G
 �  +* "  ?b O �& !� �?�i"4"dO �� !� ���#" �
where � �?� ���� !� �`^g" and � ��� �j�& !� �e^hO � � S O � � S " J(1.8)

In additionto the errorsthat arecontrolledby the integrator, interpolationerrorsin * and 1 andinte-
grationerrorsin thecomputationof � mustbe considered.Theseerrorsareindependentof the choiceof
integrator. We illustratetheseerrorswith a simpleexample.Let thediscreteunknown bea vector k[8ml�n
with componentskPo , whichrepresentsthevaluesof * onauniformtemporalmeshpq3�o�rinotsPu with meshwidthv �wbxCy !z R b " . Whenthenumericalintegratorneedsvaluesof * at pointsotherthatoneof the 3 o s,andin-
terpolationneedsto bedone.After thestateequationhasbeensolved,thevaluesof thesolution { at pq3 o r are
storedin avector |}8~l n andthena �  +* " is approximatedby a numericalintegration.If k is smoothand
a cubicsplineinterpolationis used,onemayapproximate� with Simpson’s rule for anintegrationerrorof
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�& vD� " , which is alsotheinterpolationerror. If piecewiselinearinterpolationis usedand � is approximated
by thetrapezoidrule, theintegrationandinterpolationerrorsare �& v K " . k and | mustbeinterpolatedfor
the integrationof theadjointequation.So if � o��#� is the integrationerrorand � o��i� �`^ the interpolationerror,
wehave � �?� ���& !� �`^ O ��o��#� �`^ O ��o��#� " and � ��� ���& !� �_^ O � � S;O � � S;O ��o��#� �!^ O ��o��#� "

In theexperimentsreportedin this paper, thevaluesof � areconsistentwith theinterpolationandinte-
grationerrors.So � �`^ ��� �e^ ��� � S���� � S��j�& v � "
where����� if piecewiselinearinterpolationandtrapezoidrule integrationis usedand ���I� if cubicspline
interpolationandSimpson’s rule integrationis used.

2. Hessian-Vector Products. With theinterpolatoryrelationbetweenthevector k andthefunction *
in mind,wewill no longerdistinguishbetweenthem.

We approximatetheproduct 
 K �  +* "_� by differenceswith a differenceincrementof � . We will scale
thedifferenceincrementby � � � when ���� = ����G�#C�� � �
andobtaina forwarddifferenceapproximation:

� K  � �4*~� � ��� " � ����� ���� = if � � =ZE +* O �� ��" R ZH +* "�� if ���� =(2.1)

Thefloatingpointarithmeticerrorin thecomputationof * O �� � is �& `������* O �� � � " , where��� is machine
roundoff. Hencetheerrorin thecomputationof thenumeratorof thedifferencequotientin (2.1) is��� �G
 �  +* O �� ��" R 
 �  +* " R ZH +* O �� ��"dO ZE +* "���� ���
 �  +* " ��� �?�LO � ���;O ������* O �� � � "
Therefore 
 K �  +* "_� R � K  � �4*�� � ��� " ���� �� � � K �� O � � � �7C �� "��� � �7�& `� O � � � �7C\� " �
and,since� � ��� b , � � � �7C\������¡ ��
 �  +* " ��� ���LO � ���;O ������*¢�� £ J

Assumingthat the � � ��*¢� canbeneglected,which is reasonablefor * of moderatesize,thedifference
is first orderaccurateif � ��� �¤�� `� K " and � �?� 
 �  +* " �¤�& `� K " . This indicatesthat nearoptimality, where
 �  +* " is small,onecanallow therelativeerrorin thegradientto increasesomewhat.A similarobservation
wasmadein [3] and[4], wherelargerelative errorsin thegradienthadfairly benigneffects.

Thesituationis similarwith centraldifferenceswhere� K¥  � �4*�� � ��� "_� � ����� ���� = if � � = UZH +* O ��*¦� �� ��" R ZE +* R ��*¦� �� ��"� �� if * �� = and ���� = .
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Here 
 K �  +* " R � K  � �4*§� � ��� " ���� `� K � � � "	O � � �7�9¡ ��
 �  +* " ��� �?�;O � ���� £ J
To maintainsecondorderaccuracy wemusthave � ��� ���& `�i¨ " and � �?� 
 �  +* " ���& `�i¨ " .

To summarizeandmake theconstantin theO-termexplicit, thereis ©«ª suchthatfor all � 8�l � ,��
 K �  +* "_� R � K  � �4*~� � ��� " � Y ©«ª¬� � ��¡��x­ O ��
 �  +* " ��� �?�;O � ���� £ J(2.2)

where®��wb for forwarddifferencesand ®��G� for centereddifferences.

3. Err ors induced by differencing. In this sectionwe illustratefour waysin which differenceerrors
canaffect thealgorithmfrom [15] andproposewaysto addressthem.

Fromnow onwewill assumethat �
�7����� ��� ����������� �?� ���y�
andthat ��
 �  +* " � Y°¯ � throughouttheiteration.In thiscasethereis © � suchthat�4ZE +* " R 
 �  +* " � Y © � �(3.1)

and(2.2)canbewrittenmoresimplyas��
 K �  +* "_� R � K  � �4*~� � ��� " � Y  �© ª±O ¯ � " � � �i `� ­LO ��C\� " J(3.2)

Theright sideof (3.4) is minimizedwhen ����� u_²�³ ­?´ u_µ(3.3)

andwewill enforcethatfor theremainderof thepaper. Hence(3.2)becomes
 K �  +* " R � K  � �4*§� � ��� " ��©«¶�� � ���i­\�(3.4)

where ©«¶·�G�¸ �©«ª O ¯ �i" .
3.1. The Finite Difference-CGIteration. For � 8¹l n we let 6  ��" � 6  `�q� ��" beeithertheforward

or centraldifferenceapproximationof theHessian-vectorproduct.Let p4M�ºgr bethesearchdirectionsformed
by theusualimplementation[9] of CG with eithera forwardor centraldifferenceHessian-vectorproducts.
Let � º»� 6  aM�º " andlet ¼½º»�±M -º � º . Thethefirst ¾ CGiteratesarethesameasthosethatwouldbeobtained
with thematrix ¿�À �

À»Á uÂº s . ¼
Á uº �¢º�� -º J

Thefinite differenceCGiteration(in exactarithmetic)is equivalentto thatfor thematrix

¿ À
. However the

matrix

¿�À
neednotbeagoodapproximationto 
 K �  +* " .

If ¼½º Y = thentheCG-TRalgorithmmovesin thedirectionM�º to thetrustregionboundaryandreturnsa
step.Therefore,if theapproximatesolutionto thetrustregionproblemis obtainedin ¾ iterations,it is also
theonethatwouldbeobtainedwith

¿ À
asthemodelHessian.
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3.2. Termination of the Linear Iteration. In most Newton-iterative methodsthe inner iteration is
terminatedwhen ��
 K �  +* "?ÃLO 
 �  +* " � YÅÄ ��
 �  +* " �q�(3.5)

wherethe parameter
Ä

is called the forcing term. However, whenusingfinite differenceHessian-vector
productsandlow-resolutionfunctionsandgradients,weexpectthatthestepis on thetrustregionboundary
or � 6  Ã\"dO Zd� YÅÄ �4Zd� J(3.6)

Assumingthat thestepis in the interior of thetrustregion, theCG iterationreturns(at leastin exactarith-
metic[7]) when � ¿ À Ã«O Zd� YÅÄ �4Z	� J(3.7)

Neither(3.6)or (3.7) imply (3.5).Moreover, since6  Ã\" is not linearin Ã , (3.6)is notequivalentto (3.7).
Following theanalysisin [9] and[10] onecanprove
THEOREM 3.1. Let = � ¼TÆ Y ¼ ) bethesmallestandlargesteigenvaluesof

¿�À
. Then�i ¿ À R 
 K �  +* "4"�Ç �È��¾�©«¶»É ¼ ) C#¼TÆÊ�i­f� Ç �q�(3.8)

for all Ç in the ¾ th Krylov spacefor

¿ À
.

Proof. We let p4M�º#r be the CG searchdirections,which form an

¿ À
-orthogonalbasisfor the Krylov

space.By construction,

¿�À M º � 6  aM ºx" � �¢º . Hence,�i ¿�À R 
 K �  +* "4" M º � Y © ¶ �`M º ��� ­
by (3.4). If Ç is in the ¾ th Krylov space,thenwecanexpandÇ using

¿ À
-orthogonalityof thebasisasÇ � Â À»Á uº s . ¼ Á uº  Ç - ¿ À M�º " M�º�� Â À»Á uº s . ¼ Á uº  Ç - � º " Myº J

Hence,
¿ À Ç R 
 K �  +* "�Ç � Â

À»Á uº s . ¼ Á uº  Ç - � º "  ¿ À M�º R 
 K �  +* " M�º " �
andtherefore, �i ¿ À R 
 K �  +* "4"�Ç � Y ©«¶«�i­ Â

À»Á uº s . �`M�ºy�¦ËËËËË Ç
- � º¼½º ËËËËË JBy

¿ À
-orthogonality,ËËËËË Ç

- � º¼½º ËËËËË ��ËËËËË Ç
- ¿ À M�ºM -º ¿ À M�º ËËËËË Y É  Ç -

¿ À Ç�" Cy aM -º ¿ À Myº " Y É ¼ ) C#¼TÆ?� Ç �g�`M�ºD�q�
whichcompletestheproof.

If ¼ À»Á u Y = the trust region algorithm will move to the trust region boundaryand no further CG
iterationswill betaken.

LEMMA 3.2. Let = � ¼TÆ Y ¼ ) bethesmallestandlargesteigenvaluesof

¿ À
. Assume(3.8)holds.Then

(3.7) implies ��
 K �  +* "?Ã«O 
 �  +* " � YÍÌÄ u\��
 �  +* " � OÏÎ u��(3.9)

and(3.5) implies � ¿ À ÃLO Z	� YÍÌÄ K �4Zd� O±Î K �(3.10)
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where, for ÐÑ�wb\��� , ÌÄ º»� Ä O �& `� ­q" and Î º»���& !� " J
Proof. Weprove that(3.7) implies(3.9).Theotherhalf of theproof is similar. By (3.8)and(3.1)��
 K �  +* "?Ã;O 
 �  +* " �Ò��� ¿ À Ã R Zd� O �& `� ­ � Ã � O � "YÅÄ �4Zd� O �� `� ­ � Ã � O � "YÅÄ ��
 � � O �� `� ­ � Ã � O � " J

(3.7) impliesthat � Ã � Y ¼ Á uÆ  ?b O Ä " �4Zd�
andhence ��
 K �  +* "?Ã«O 
 �  +* " � Y  Ä O �& `� ­q"4" ��
 �  +* " � O �& !� "
which is (3.9)

Terminationof theCG iterationwhen(3.8) holdsimpliesthat(3.5) holdsfor a slightly larger
Ä

(ie the
stepis ausefulstepfor the � , if � O � ­ �4Zd� YÅÓ ��
 � �(3.11)

and
Ó ��� b R Ä . Since � O � ­ �4Zd�È�Ô¡ ��4Zd� O � ­ £ � � �

(3.11)will hold if, for example �4Zd���I©��
for asufficiently large © and Ä � $&Õ#Ö  `� ­ ����C��4ZE +* " � " J(3.12)

In summary, to guaranteethattheinexactNewton iterationwill behave correctly, theterminationcrite-
rion for thenonlineariteration,say, �4Zd� Y ©��y�
for some©w� = , mustbeconnectedto theforcing term

Ä
in theinexactNewton iterationandto theerrorin

thenumericaldifferencing.Oneway to do this is to use(3.12).
Evenlargerchoicesfor

Ä
canbemoreefficient in theearlierphasesof theiteration[6].

3.3. Accuracy of the Quadratic Model. Having generateda step Ã the next stagein CG-TR is to
testthe stepfor acceptabilityandadjustthe trust region radius. Thesedecisionsarebasedon comparing
thepredictedreductionM��c× 6 (thereductionin thequadraticmodel)with theactualreductionØ½�c× 6 . In the
presentcase,bothcomputationscanbein error.

To computeM��c× 6 , thereductionin thequadraticmodel,oneapproximatesM��c× 6 o�Ù�Ú ��ÆE� Ã - 
 �  +* "2O JÜÛ Ã - 
 K �  +* "?Ã
with M��c× 6 � Ã - Z O JÜÛ Ã - 6  Ã\" J(3.13)

If the idealquadraticmodelis used,M��c× 6m� = is guaranteedin TR methods,suchasCG-TR,thatenforce
Cauchydecrease.As mentionedabove, we do not usethe ideal quadraticmodel,but onebasedon

¿ À
.

However, Ý - ¿ À Ý �� Ý - 6  Ý " J
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unless
Ý �ÞM�º for someÐ . Hencethevalueof M��c× 6 we computeis neithertheidealquadraticmodelor the

onebasedon

¿ À
. Theerrorin MT�g× 6 canbeestimated:X M��c× 6 R M��c× 6 otÙ�Ú ��Æ X ���& �� Ã ��� O � Ã � K �i­ " J

Usingthechoice����� u_²�³ ­4´ u_µ , weobtainX M��c× 6 R M��c× 6 otÙ�Ú ��Æ X ���� �� Ã ��� O � Ã � K � ­ ² ­4´ u " J(3.14)

Nearoptimality, thereis ß�� = suchthatM��c× 6 otÙ�Ú ��Ædà°ß\ �� Ã �g��×y� O � Ã � K "
andthiswill dominatetheerrorin (3.14)while ��×¸�»àÞ� , i. e. until convergence.

Farfrom thesolution,however, 
 K �  +* " canhavesmallor negativeeigenvalues,ascan

¿�À
. In thiscase,

when � Ã � canbelarge.A detectionof negativecurvaturefrom theCGiterationmaynotbeconfirmedwhenM��c× 6 is computedusing(3.13). Simply reducingtheTR radiuswhen M��c× 6 � = will solve this problem,as
theerroris entirelyin thequadraticterm.

3.4. Measurementof Decrease. If �
�7�&�á�����Ñ�á�q� and � ��� �á� �?� �á� � , then Ø½�c× 6 , asobservedwith
errorstakeninto account,is Ø½�g× 6 �[ �  +* W O·Ã\" R �  +* W "4"  ?b O �& !�q� "4"2O �� !�q� " J
The relative errorswill not affect the high-orderbits of Øf�c× 6 andare thereforeharmless.However, the
absoluteerrorcanmake Øf�c× 6 useless.If, now, * W is near* � , then�  +* W OÏÃ#" R �  +* W " � Ã - 
 �  +* W "dO JÜÛ Ã - 
 K �  +* W "?ÃÈO �& �� Ã ��¨ "�j�& �� Ã �g��×y� " J
If � Ã �A�j�� ��4Zd� " and ��×y�h�â�� ��4Zd� " thenassoonas �4Zd�»�j�& _ã �q� " , Ø½�g× 6 will have noaccuracy at all and
canmisleadthetrustregionalgorithm.

In thecasewhere�q�]��� � ��� , acceptanceof aninexactNewtonstepnear* � impliesthat�4ZE +* ´ " �È���& Ä �4ZE +* W " � O � " J
Soif

Ä
is sufficiently smallandif Ø½�g× 6 hasonly oneor two digitsof accuracy, thestepwill beacceptedand

agoodreductionobtained.If
Ä

is large,on theotherhand,inaccuracy in Øf�c× 6 mayresultin stagnation.
Two possiblesolutionsare to make surethat �
���Ï�ä�& !� K� " or to abandonthe test for decreaseonce�4Zd� becomessufficiently smallor when Ø½�c× 6æå � . This meansthat theoptimizationalgorithmbecomesa

Newton-CGiterationandonly seeksto find a rootof Z .
4. Changesto the Trust RegionAlgorithm. Thepreviousdiscussionsuggestsseveralmodifications

of thealgorithmin [15]:ç TerminateiterationwhenTR radiusis below � . This is consistentwith a morestandardpracticeof
terminatingwhentoo many reductionsin theTR radiushave beentaken. We implementthis in all
theexperiments.ç Modificationpred: ReduceTR radiusif M��c× 6 à = .ç Modification

Ä
: Enforce �4ZE +* " �7C#� and � ­ aslower boundsfor

Ä
.



8 C. T. KELLEY AND E. W. SACHSç Modificationared: Switch to anequationsalgorithm(currentlyNewton-CG)when �4Zd� � ã � orØ½�g× 6 ���� !� " .
The trust region-CGcodefrom [10] wasmodifiedto incorporatethesechanges.The trust region pa-

rameterswereleft unchanged.Bothexampleshave tolerancesthatcanbecontrolled,exactly for thesimple
examplein è 4.1.1andapproximatelyin è 4.1.2.In all theexamplesweset�
�7������������� ��� ��� �?� ���y�
usecentereddifferenceswith adifferenceincrementof  ?b = � " u_² ¨ , andterminatetheiterationwhen ��
 �  +* " �
wassmallor whenthetrustregionradiushasbeendecreasedmorethat20times,thelatteranindicationthat
thelimit of resolutionof thefunctionhasbeenreached.

4.1. Examples.

4.1.1. Perturbed Quadratic. Thepurposeof thisexampleis to show thatM��c× 6 � = is possibleandcan
leadto failureof theoptimization.Themodificationpred solvesthis problemandtheothermodifications
leadto amoreefficientalgorithm.

Theerror-freeproblemis aquadratic�  +* " � JÜÛ  +* R �g× " -Pé  +* R �g× "dO b
where×»�Í ?b\� J
J
J �qb " - andthediagonalHessianis givenbyé o�o �wb R  !¾ R b "  � R b "¾Ï !z R b " J
TheHessianhasconditionnumber¾ .

We designedperturbationsthat vary rapidly with * in the following way. The perturbationfor the
functionwas �d !Ø��D +* "dO �i�¸ +* " �  +* "4"
where Ø��D +* " ��ê�ëcìx `� =g=gí Ç�" �4�i�H +* " �Iì %Ê'  `� =g=gí Ç½" �
and Ç � nÂ o(sPu ß�î Ã  ?b =g= *�o " J
Theperturbationfor thegradient �d !Ø �  +* "	O � �  +* " �Dïgð Õgñ �  +* " � : "
wasconstructedsimilarly. HereØ �  +* " o	��ê�ëcì# `� =g=gí ê�ëcìx +*To "4" and � �  +* " oP�Gì %('  `� =g=gí ê�ëcì# +*�o "4" J

In thecomputationsreportedin this sectiontheforcing term
Ä

in (3.5)wassetto J b whenmodificationÄ
wasinactive.

In thecomputationreportedin Figure4.1 zò�G� =g= , �ó� J = b , and ¾ò��� =g= . Weterminatedtheiteration
when �4Z	� � J � . Fromtheplotsonecanseetheincreasein thefunctionvalueif thesignof M��c× 6 is nottested,
thesignificantreductionin thenumberof CGiterationsif modification

Ä
is enforced.Thearedmodification

did notbecomeactive in thisexample.
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FIG. 4.1. Quadratic Example

0 10 20 30
10

−2

10
0

10
2

10
4

Unmodified

G
ra

di
en

t N
or

m

0 50 100 150 200 250
10

0

10
2

10
4

10
6

F
un

ct
io

n 
V

al
ue

Unmodified

0 2 4 6 8
10

−1

10
0

10
1

10
2

pred change

G
ra

di
en

t N
or

m

0 50 100 150
10

0

10
2

10
4

F
un

ct
io

n 
V

al
ue

pred change

0 2 4 6 8
10

−1

10
0

10
1

10
2

Fully Modified

G
ra

di
en

t N
or

m

Iterations
0 5 10 15 20

10
0

10
2

10
4

F
un

ct
io

n 
V

al
ue

Cumulative CG Iterations

Fully Modified



10 C. T. KELLEY AND E. W. SACHS

4.1.2. Optimal Control Problem. In thisexampleweset/  +1E�4*	�43 " �[ +1 RNô " K O J = b�* K
in (1.2)and F5 +1T�4*P�43 " �I1½* O 3 K � and 1 . � =
in (1.3).

Thediscretizedcontrol * wasapiecewiselinearsplinewith 10nodesandtheunknownswerethevalues
at thenodes,which wereequallyspacedon < = �?>A@Q� < = �qb7@ . In view of theexpectedsecondorderaccuracy,
wesettherelative andabsoluteerrortolerancesin theODEintegratorto

v K . Wesolved(1.3)and(1.5)with
theode15s stiff integratorin MATLAB. Thesolutionof (1.3)wasreportedat thenodesby theintegrator
and { wasextendedto all of < = �?>h@ with piecewiselinearinterpolation.

In thecomputationsreportedin thissectiontheforcing term
Ä

in (3.5)wassetto J = b whenmodificationÄ
wasinactive, ��� J = b , andtheiterationwasterminatedwhen �4Zd� � J = b .

FIG. 4.2. Control Problem
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