TRUNCATED NEWTON METHODS FOR OPTIMIZA TION WITH INACCURATE FUNCTIONS
AND GRADIENTS *

C.T. KELLEYT AND E.W. SACHS

Abstract. We considerunconstrainedninimization problemsthat have functionsandgradientsgiven by “black box” codes
with error control. We discussseveral modificationsof the SteihaugruncatedNewton methodthatcanimprove performancdor
suchproblems We illustratetheideaswith two examples.
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1. Intr oduction. Considetanunconstrainedhinimizationproblem
minf

wherethe objective function f andits gradientV f arecomputednaccuratelywith absoluteerrorsr, s, 744

andrelatve errorsr, ¢, 7., thatcanbe controlled. We askhow the errorsshouldbe setsothata truncated
or inexact Newton iteration[10], [5], [11], [12] suchasNewton-CGor the CG-trustregion methodfrom

[15] will performlike the errorfree algorithmwhile ||V f|| >> 7,4, andcontinueto produceanimproving

sequencef iterationsuntil |V f|| = O(7qy). The caseconsiderechereis differentfrom that considered
in [3] and[4], which assumedully accuratefunction valuesand gradienterrorsthat were O(||V f||), a

condition that is impracticalwhen ||V f|| is small, and usedinformation on the iteration to changethe
accurag to which f andV f werecomputed.

1.1. Motivating Problem. An exampleof sucha situationwhich motivatesthis work is the simple
optimalcontrolproblem:

(1.2) Irhinf

where .

(12) £ = [ Lu@.u.0 d,

whereu € L*°[0,T] is the controlandthe statevariabley is the solutionof theinitial valueproblem(with
y = dy/dt)

(1.3) y(t) = d(y(t),u(t),1),y(0) = yo.

If L and¢ arecontinuoushdifferentiablethenthegradientwith respecto the L2 innerproduct,V £ (u),
canberepresentedsa continuoudunctionof ¢:

(1.4) Vf(u)(t) = p(t)puly(t), u(t),t) + Lu(y(t), u(t), ).
In (1.4)p, theadjointvariable satisfieghefinal-valueproblemon [0, T']
(1.5) —p(t) = p(t) ¢y (y(2), u(t), 1) + Ly(y(t), u(t), t),p(T) = 0.
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If onesolves(1.3) and(1.5) with the explicit Euler method,thenthe discretizedgradientis alsothe
gradientof the discreteproblem. This meanghatapproximatingHessian-ector productsto high accurag
caneasilybe doneby differencingfor the discreteproblem,sinceanalyticgradientsareavailableby com-
putationof the discreteadjointstate. This is not the caseif higherordermethodsareused[8]. If oneuses
variable-ste@ndvariable-ordecodesthat controlthe local truncationerror[13], [2], [1], [14] the errorin
V f will dependon the errorsthatcomefrom the numericalintegrationof (1.3) and(1.5). Moreover, after
(2.3)hasbeensolved,thevaluesof y obtainedwill have to beusedn aninterpolationduringtheintegration
of (1.3). Thatinterpolationerrorwill alsoaffecttheaccurag of V f.

The accurag in V£, in turn, will affect the performanceof a Newton-CG algorithmthat usesfinite
differenceHessian-ectorproducts We will denoteby 7, andr,, theabsoluteerrorsin the computatiorof
thefunctionandgradientsandby 7,.; andT,, therelative errors.Our scenarids thatwhenafunctionvalue
f(u) is requestedhe computedvalue f¢(u) satisfies

(1.6) [F9(w) = fw)] < 7rplf(W)] + Tag

andthe computedgradientwhich we denoteby g, satisfies

(1.7) lg(w) = V()| < 7rg|VF(u)] + 7ag-

For the exampleproblem theerrorsin f areof the sameorderastheerrorsin y. Hencer,; = O(7qy)
andr,; = O(7,y). Thegradienterrorsaredifferent.If 7., and,, aretheabsoluteandrelative errorsin the
computatiorof p then,negglectingproductsof errors,thecomputedyradienty is

(p(1 +0(1rp)) + O(7ap)) bu(y(1 + O(7ry)) + O(7ay), u, 1)

+Ly(y(1 + O(7ry)) + O(7ay), u, t).

Assumingthaty, u, andp areboundecand f andL aresuficiently smoothwe have
(p(1 +O0(7rp)) + O(7ap)) bu(y(1 + O(7ry)) + O(7ay), u, 1)

= (14 O(1rp))pPu(y,u, t) + O(Tap + Try + Tay)

and
Lu(y(l + O(Try)) + O(Tay)aua t) = Lu('!/a u,t) + O(Try + Tay)-

Sotherelative errorin the L,, termcanbetakento bezero.Hence,
g(u) = Vf(u)(l + O(Trg)) + O(Tag)a

where
(1.8) Trg = O(Trp) @NATeg = O(Tap + Tay + Try)-

In additionto the errorsthat are controlledby the integrator interpolationerrorsin » andy andinte-
grationerrorsin the computationof f mustbe considered.Theseerrorsareindependenof the choiceof
integrator We illustratetheseerrorswith a simpleexample.Let the discreteunknawn beavectorlU € RY
with componentg/;, whichrepresentthevaluesof » onauniformtemporaimesh{¢; } N, with meshwidth
h =1/(N — 1). Whenthenumericalintegratorneedsvaluesof « at pointsotherthatoneof thet;s, andin-
terpolationneedgo bedone.After thestateequatiorhasbeensolved, thevaluesof thesolutionz at{t;} are
storedin avectorX € R™ andthena f(u) is approximatedy a numericaliintegration. If U is smoothand
acubicsplineinterpolationis used,onemayapproximatef with Simpsons rule for anintegrationerror of
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O(h*), whichis alsotheinterpolationerror If piecavise linearinterpolationis usedandf is approximated
by thetrapezoidrule, theintegrationandinterpolationerrorsare O (h?). U and X mustbeinterpolatedor
the integrationof the adjointequation.Soif 7y, is theintegrationerrorand;y,,, theinterpolationerror,
we have
Trg = O(Trp + Tintrp + Tint) andTag = O(Tap + Tay + Try + Tintrp + Tint)

In the experimentgeportedn this papey the valuesof + areconsistentvith the interpolationandinte-

grationerrors.So
Trp = Tap = Tay = Try = O(R")

wherer = 2 if piecaviselinearinterpolationandtrapezoidule integrationis usedandr = 4 if cubicspline
interpolationand Simpsons rule integrationis used.

2. Hessian-\éctor Products. With theinterpolatoryrelationbetweerthe vectorU andthefunctionu
in mind, we will nolongerdistinguishbetweerthem.

We approximatethe productV? f (u)w by differenceswith a differenceincrementof §. We will scale
thedifferenceincrementy ||w|| whenw # 0

andobtainaforwarddifferenceapproximation:
0 ifw=20

2 . _
(2.1) DAfuswd) =1 ju) gt

0

if w#0

Thefloating pointarithmeticerrorin the computatiorof u + dw is O(ex||u + dw||), wheree,, is machine
roundof. Hencetheerrorin thecomputatiorof the numeratoof the differencequotientin (2.1)is

Eq =Vf(u+dw)—Vf(u)—g(u+dw)+ g(u)

= O(IV £ (u)[|7rg + Tag + €nrllu + dw]])

Therefore . .
V2 f(u)yw — D*(f,u:w,8) = O(|w||*d + || Eqll/d)

= [w]|O(6 + [[Eqll/9),
and,sincee;;r << 1,

||EQ||/5 — O(”Vf(U)HTrg —g Tag + EMHU‘H ) .

Assumingthatthe eys||u|| canbe neglected,which is reasonabldor » of moderatesize, the difference
is first orderaccuratef 7,, = O(6%) andr,,Vf(u) = O(6%). Thisindicatesthatnearoptimality, where
V f (u) is small,onecanallow therelative errorin thegradientto increasesomavhat. A similar obseration
wasmadein [3] and[4], wherelargerelative errorsin the gradienthadfairly benigneffects.

Thesituationis similar with centraldifferencesvhere

0 ifw=20

2 . =
Defruw 00w =3 ¢ ulldw) — gl — Jjulldw)

Y: if u # 0 andw # 0.
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Here

V2f(u) = D*(f,u : w,8) = O(6||w]) + ||w||0<||Vf(U)IITrg + Tag)‘

0

To maintainsecondrderaccurag we musthave 7,, = O(6%) andr,,V f (u) = O(83).
To summarizeandmale the constanin the O-termexplicit, thereis Cy suchthatfor all w € R",

22) IV = D(f 1w, 8)] < Ol (504 L r0 £ 7o)

)
whereg = 1 for forwarddifferencesandg = 2 for centeredlifferences.

3. Errors induced by differencing In this sectionwe illustratefour waysin which differenceerrors
canaffectthealgorithmfrom [15] andproposewvaysto addresshem.
Fromnow onwe will assumehat

Taf = Tag = Trf = Trg = T,
andthat||V f (u)|| < M, throughoutheiteration.In this casethereis C, suchthat
3.1) lg(u) = Vi(u)| < Cyr
and(2.2) canbewritten moresimply as
3.2) IV?f (u)w — D*(f,u: w,8)|| < (C + Mg)|[w]| (67 + 7/6).

Theright sideof (3.4)is minimizedwhen
(3.3) § = rl/lah)

andwe will enforcethatfor theremaindeof the paper Hence(3.2) becomes
(34) sz(u) _Dg(fau I’U),(S) :CD||w||6q7

whereCp = 2(Cy + M,).

3.1. The Finite Difference-CGlteration. Forw € RY weletd(w) = d(8,w) beeitherthe forward
or centraldifferenceapproximatiorof the Hessian-gctorproduct.Let {p; } bethesearchdirectionsformed
by the usualimplementatiorj9] of CG with eitheraforward or centraldifferenceHessian-ectorproducts.
Letw; = d(p;) andleto; = pJw;. Thethefirst K CGiteratesarethe sameasthosethatwould beobtained

with thematrix
K-1

-1 T
A = Z o wiw; .
i=0

Thefinite differenceCG iteration(in exactarithmetic)is equivalentto thatfor thematrix A . Howeverthe
matrix A x neednotbeagoodapproximatiorto V2 f (u).

If o0; < 0thenthe CG-TRalgorithmmovesin thedirectionp; to thetrustregionboundaryandreturnsa
step.Thereforejf theapproximatesolutionto thetrustregion problemis obtainedn K iterationsit is also
theonethatwould be obtainedwith A x asthemodelHessian.
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3.2. Termination of the Linear Iteration. In most Newton-iteratve methodsthe inner iterationis
terminatedvhen

(3.5) IV2F (u)s + V@)l < 0l V()]

wherethe parameten is calledthe forcing term. However, when usingfinite differenceHessian-ector
productsandlow-resolutionfunctionsandgradientsye expectthatthe stepis on thetrustregion boundary
or

(3.6) 1d(s) + gl < nllgll-

Assumingthatthe stepis in the interior of the trustregion, the CG iterationreturns(at leastin exactarith-
metic[7]) when

3.7) [Axs +gll < nllgll-

Neither(3.6) or (3.7)imply (3.5). Moreover, sinced(s) is notlinearin s, (3.6)is notequialentto (3.7).
Following theanalysisin [9] and[10] onecanprove
THEOREM 3.1. Let0 < 0 < 0y, bethesmallesiandlargesteigenvaluesof Ax. Then

(3.8) I(Ak = V2 f(w))2ll = KCpy/ou/od||z],

for all z in the K'th Krylov spacefor A .
Proof. We let {p;} bethe CG searchdirections,which form an A-orthogonalbasisfor the Krylov
spaceBy constructionAxp; = d(p;) = w;. Hence,

I(Ax — V2f()pjll < Cpllp;1|6®

by (3.4).1f z isin the K'th Krylov spacethenwe canexpandz using A -orthogonalityof the basisas

K-1 _ K—-1 _
z= ijo o; (=" Akp))p; = 2]’:0 o; Y(zTw;)p;-

Hence,
K-1 _
Agz—Vf(u)z = ijo o; (2" w;) (Axpj — Vi (u)pj),

andtherefore,

K-1 ZT’LU'
[(Axc = V2f ()2l < Cpo®3= "~ il |~

J
By A -orthogonality

Ty
ZT W

ZTAKpj
P} Akp;

< /(T Ak2)/(pF Axcpj) < \Jou/alllzlIps 1l

gj

which completeghe proof. [

If ox—1 < 0 the trustregion algorithmwill move to the trust region boundaryand no further CG
iterationswill betaken.

LEMMA 3.2. Let0 < o; < o0, bethesmallestandlargesteigervaluesof A x. Assumé3.8) holds.Then
(3.7)implies
(3.9) IV2f(u)s + V()| < mlV @)+ &,

and(3.5)implies
(3.10) [Aks+gll < M2llgll + &2,
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whee, forj = 1, 2,
fj = n+ 0(67) and¢; = O(r).

Proof. We prove that(3.7)implies(3.9). Theotherhalf of the proofis similar. By (3.8)and(3.1)

IV2f(u)s + Vi)l = Axs —gll + O(&s]| +7)
< nllgll + O(d?||s|| + 7)
<nl[VF + 0@ sl + 7).

(3.7)impliesthat
Isll < o' (1 +n)llg]

andhence
IV2f(u)s + Vi (u)|| < (n+ OE)IVf ()] + O(r)

whichis (3.9)0

Terminationof the CG iterationwhen(3.8) holdsimpliesthat (3.5) holdsfor a slightly largern (ie the
stepis a usefulstepfor the f, if
(3.11) T+ 8%gl < plIV S]]

andp << 1 —n. Since

,
r+8%all = (o + ) 1]

(3.12)will holdif, for example
lgll > CT

for asuficiently large C and
(3.12) n = max(6?, 7/||g(u)|).-

In summaryto guaranteghatthe inexactNewton iterationwill behae correctly the terminationcrite-
rion for the nonlineariteration,say
lgll < C,

for someC > 0, mustbe connectedo theforcingterms in theinexactNewtoniterationandto theerrorin
thenumericaldifferencing.Onewayto dothisis to use(3.12).
Evenlargerchoicedor n canbemoreefficientin the earlierphase®f theiteration[6].

3.3. Accuracy of the Quadratic Model. Having generateda steps the next stagein CG-TRis to
testthe stepfor acceptabilityand adjustthe trust region radius. Thesedecisionsare basedon comparing
the predictedreductionpred (the reductionin the quadraticmodel)with the actualreductionared. In the
presentasepothcomputationganbein error

To computepred, thereductionin the quadratianodel,oneapproximates

predigea = s° Vf(u) + 557 V2f(u)s
with
(3.13) pred = s g+ .5sTd(s).
If theidealquadraticmodelis usedpred < 0 is guaranteedh TR methodssuchasCG-TR,thatenforce
Cauchydecrease As mentionedabore, we do not usethe ideal quadraticmodel, but one basedon Ag.

However,
v Agv # vTd(v).
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unlessv = p; for somej. Hencethevalueof pred we computeis neithertheideal quadratiomodelor the
onebasedn Ak . Theerrorin pred canbe estimated:

lpred — predigearl = O(||s|IT + [|s[|*89).
Usingthechoiced = 71/(¢+1) we obtain
(3.14) lpred — predigeall = O(lls|i7 + ||s|*7%/%H1).
Nearoptimality, thereis ¢ > 0 suchthat
prediea > o(|1sllllell + 1Is]1%)

andthiswill dominatetheerrorin (3.14)while |le|| > T, i. e. until corvergence.

Farfrom thesolution,however, V2 f (u) canhave smallor negative eigevalues ascanAg. In thiscase,
whenl||s|| canbelarge. A detectiorof negative cunaturefrom the CG iterationmay notbe confirmedwhen
pred is computedusing(3.13). Simply reducingthe TR radiuswhenpred > 0 will solwe this problem,as
theerroris entirelyin thequadraticderm.

3.4. Measurementof Decrease.If 7,y = 7.y = 7y and7,y = 7,4 = 74, thenared, asobseredwith
errorstakeninto accountjs

ared = ((uc + 5) — f(ue)) (L + O(ry)) + O(ry).

The relative errorswill not affect the high-orderbits of ared and are thereforeharmless. However, the
absolutearrorcanmale ared uselesslf, now, u, is hearu®, then

fluc+s) — flue) =sTVf(ue) +.58"V2f(uc)s + O(|s|®)
= O([Is]lllell)-

If ||s|| = O(Jlg||) and|le]| = O(]|g||) thenassoonas||g|| = O(,/77), ared will have noaccurag atall and
canmisleadthetrustregionalgorithm.
In thecasewherery = 7, = 7, acceptancef aninexactNewton stepnearu* impliesthat

llg(u)ll = O(nllg(ue)ll + 7).

Soif 7 is suficiently smallandif ared hasonly oneor two digits of accurayg, the stepwill beacceptedind
agoodreductionobtained If 7 is large,ontheotherhand,inaccurag in ared mayresultin stagnation.

Two possiblesolutionsareto malke surethat 7,y = O('r;) or to abandorthe testfor decreasence
|lg|| becomessuficiently smallor whenared ~ 7. This meanghatthe optimizationalgorithmbecomes
Newton-CGiterationandonly seekgo find arootof g.

4. Changesto the Trust RegionAlgorithm. The previous discussiorsuggestseseral modifications
of thealgorithmin [15]:

e TerminatdterationwhenTR radiusis belav 7. Thisis consistentwith a morestandardgracticeof
terminatingwhentoo mary reductiondn the TR radiushave beentaken. We implementthisin all
theexperiments.

¢ Modificationpred: ReduceTR radiusif pred > 0.

¢ Modificationn: Enforce||g(u)||/7 andd? aslower boundsfor 7.
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e Modificationared: Switchto anequationsalgorithm(currentlyNewton-CG)when||g|| < /7 or
ared = O(T).

Thetrust region-CG codefrom [10] was modifiedto incorporatethesechanges.The trust region pa-
rameteravereleft unchangedBoth exampleshave toleranceshatcanbe controlled exactly for the simple
examplein § 4.1.1andapproximatelyin § 4.1.2.1n all theexampleswe set

Taf = Trf = Tag = Trg = T,

usecenteredlifferencesvith adifferenceincremenif (107)!/3, andterminatetheiterationwhen||V f (u) ||
wassmallor whenthetrustregionradiushasbeendecreasetorethat20times,thelatteranindicationthat
thelimit of resolutionof thefunctionhasbeenreached.

4.1. Examples.

4.1.1. Perturbed Quadratic. Thepurposeof thisexampleis to shav thatpred > 0 is possibleandcan
leadto failure of the optimization. The modificationpred solvesthis problemandthe othermodifications
leadto a moreefficientalgorithm.

Theerrorfree problemis aquadratic

f(u) =.5(u—2e)T H(u —2e) + 1

wheree = (1,...,1)T andthediagonaHessiaris givenby
. E-DE-1)
Hi=1 K(N —1)

TheHessiarhasconditionnumberkK.
We designedperturbationghat vary rapidly with « in the following way. The perturbationfor the
functionwas
(ay(u) +rp(u)f(u))
where
ap(u) = cos(200mz), ¢ (u) = sin(2007z),

and

N

z= Z c0s(100u;).

i=1

Theperturbatiorfor thegradient

7(ag(u) + 19(u)| grad f(u)] o)
wasconstructedimilarly. Here
ag(u); = cos(2007 cos(u;)) andrg(u); = sin(2007 cos(u;)).

In the computationseportedn this sectiontheforcingtermgn in (3.5) wassetto .1 whenmodification
n wasinactive.

In thecomputatiorreportedn Figure4.1 N = 200, 7 = .01, andK = 200. We terminatedheiteration
when||g|| < .2. Fromtheplotsonecanseetheincreasen thefunctionvalueif thesignof pred is nottested,
thesignificantreductionin thenumberof CGiterationsif maodificationy is enforced.Theared modification
did notbecomeactive in this example.
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4.1.2. Optimal Control Problem. In this examplewe set
L(y,u,t) = (y — 3)* + .01u”

in (1.2)and
d(y,u,t) = yu + t2, andyy, =0

in (1.3).

Thediscretizedcontrolu wasa piecaviselinearsplinewith 10 nodesandthe unknavnswerethevalues
atthenodeswhich wereequallyspacecdn [0, 7] = [0, 1]. In view of the expectedseconddrderaccurag,
we settherelative andabsoluteerrortolerancesn the ODE integratorto h2. We solved (1.3)and(1.5)with
theodel5s stiff integratorin MATLAB. The solutionof (1.3) wasreportedat the nodesby the integrator
andz wasextendedo all of [0, 7] with piecaviselinearinterpolation.

In thecomputationseportedn this sectiontheforcingtermn in (3.5) wassetto .01 whenmodification
n wasinactive, 7 = .01, andtheiterationwasterminatedvhen||g|| < .01.
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