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Abstract

An electromechanical model for a circular piezoelectric actuator is developed and analyzed. A crit-
ical challenge in certain applications employing piezoceramic actuators is to maximize the displacement
provided by the actuator while minimizing it power consumption. This problem is addressed here by devel-
oping an electromechanical model which can be used to optimize the volume displacement to admittance
ratio for various circular actuator designs. The model includes multiple layers with independent radii which
can be varied to optimize performance. The piezoceramic, bonding, plating, and mounting materials can
be varied to accommodate various design criteria. Similarly, the model incorporates various options for
boundary conditions. A significant advantage of the model lies in the property that for a variety of material
configurations, analytic solutions can be obtained. Numerical examples demonstrating the properties of
the model will be presented.

1 Introduction

This paper focuses on modeling and design issues concerning a thin piezoceramic actuator bonded to an
underlying substrate material. Specifically, we consider a circular piezoceramic patch bonded to a circular
metallic plate of larger radius. The edges of the plate are assumed to be clamped. Unimorph actuators of
this type are commonly employed in applications ranging from micropositioners to precision valves, and in
all cases, the accurate characterization of the displacements in the underlying plate due to applied voltages
to the patch are crucial to the performance of the device.

The characterization of patch inputs to underlying structures, including plates, beams and shells,
has been investigated from several perspectives. In all cases, the active contribution of the patches is
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incorporated through the strains produced by the elongation of dipole moments in response to an applied
field. The models differ in the manner through which these input strains are coupled with the dynamics
of the underlying structures. As detailed in [3], PDE models quantifying the structural dynamics can be
derived by incorporating the generated strains in appropriate energy formulations for the structures. The
success of this approach for obtaining a highly accurate model for a circular plate with surface-mounted
piezoceramic patches is illustrated in [1] with the experimental implementation of a corresponding model-
based controller described in [2]. While this approach provides a highly accurate model, the numerical
solution of the modeling PDE can inhibit certain design considerations. In this paper, we consider a
simplified model which characterizes the displacements of a fixed piezoceramic plate with a surface-mounted
piezoceramic actuator in terms of an ODE which can be solved analytically. This analytic solution can
then be employed to design actuators which provide optimal performance with minimal power input.

We note that aspects of this approach are analogous to those employed by Kim and Jones [4] in their
analysis of patch contributions to thin plates. The approaches differ, however, in the geometries, solution
techniques, and resulting optimality relations.

In Section 2, we derive the model for the composite structure. The derivation is considered in two steps.
In the first, general ODE for the central circular plate/patch composite and outer plate annulus are derived
for unspecified boundary conditions. In the second step, appropriate boundary conditions are derived and
used to determine the unspecified coefficients in the inner and outer components, and hence characterize
the displacement at any point in the plate. Attributes of the model are illustrated in Section 3 through
consideration of design criteria such as the determination of an optimal patch radius and thickness.

2 Structural Model

For the development which follows, we consider a thin circular plate of radius Ry and thickness A having
clamped edges. A circular patch having radius Ry, and thickness hy. is bonded to one side of the plate as
depicted in Figure 1. To simplify the discussion, we assume that the bonding layer is negligible and direct
the reader to [3] for details regarding the inclusion of the bonding layer. The Young’s modulus, flexural
rigidity and Poisson ratio for the plate are respectively denoted by E, D and v while the notation E,., Dy,
and v is used to denoted commensurate characteristics of the patch. The transverse displacement of the
plate is denoted by w. Finally, we assume that the plate is subjected to a uniform pressure q.

The model is developed by quantifying separately the displacements of the circular region composed
of both the piezoceramic patch and plate and the displacement of the outer annular plate region. These
components are then combined through the choice of appropriate boundary conditions.

Figure 1. Thin circular plate with a surface mounted piezoceramic actuator.



2.1 Plate Model

We first consider a general model for the annular region 9 of the structure which composed solely of the
underlying plate. Under standard assumption for linear, thin, uniform plates, force and moment balancing

yield the expression
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where Q,, M, and My respectively denote the radial shear resultant, radial moment result and tangential
moment resultant [3, 5, 6]. Furthermore, it is illustrated in [5] that the moments can be expressed as
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Finally, the force resultant and pressure can be related through the expression
2rrQ, = wriq. (3)
To quantify the displacement due to the pressure, we combine (1)-(3) to obtain the differential equation
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The relation (4) can then be integrated to obtain
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or equivalently,
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where c1,cy and c3 are constants which will ultimately be determined from the boundary conditions and
interface conditions with the circular component 2.

The model for the composite material, comprised of the plate and piezoceramic patch and denoted by
Q1 in Figure 1, differs only in the expression of the flexural rigidity D.. To specify D,, it is necessary to first
compute the height z,; of the neutral surface for the composite. This is accomplished by balancing forces
and noting that the neutral surface denotes the locus of points which exhibit no strain under the action
of a pure applied bending moment. If we let o,(z) denote the radial stress at height z, then summation of
forces over a differential element of the plate yields
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where A is the cross-sectional area for the composite. Under the assumption that the plate is axisymmetric,
and letting R denote the radius of curvature for the neutral surface, the formulation in terms of strains
yields
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Integration then yields the expression

L _ Bpehpe(hpe/2 + 1) + Eh?*/2
" Epchype + Eh

for the neutral surface.
A homogenized flexural rigidity for the composite material is then given by
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It is noted that D. depends on both the material properties and dimensions of the component materials.
It is also observed that for the region of the plate devoid of patch material (hp, = 0 and z,, = h/2), the
expression (6) reduces to the familiar relation
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for a homogeneous plate.
The displacement @ for the composite is then specified by the differential equation (4) with the flexural
rigidity specified by (6). This then yields the general solution
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where the constants ¢4, c5 and cg are specified by the boundary and interface conditions.

2.2 Boundary Conditions

The relations (5) and (7) specify the displacements of the circular composite and annular plate region in
terms of constants ci-cg which are dependent upon the boundary conditions and interface conditions be-
tween the regions. To ensure compatibility between the two components and enforce mechanical boundary
conditions, we enforce the following constraints.

To accommodate the clamp around the edge of the disk, we consider the fixed boundary conditions

w(Ry) = w'(Ry) = 0. (8)
A third constraint is provided by the implicit condition
@'(0) =0 (9)

which is used to enforce axial symmetry at the center of the disk. The remaining three constraints arise
when enforcing compatibility between the composite disk and outer annular region. We first enforce equal
displacements and slopes through the constraints
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The third interface condition is the moment constraint
MT(Rpe) = Mr(Rpe) (11)



which ensures that the radial moment in the annulus is equal and opposite when summed with the total
moment for the composite. The former is defined in (2). The total moment for the composite is given by

Mr = Mr _Mpe

where M, denotes the moment generated by the piezoceramic patch when it strains in response to an
applied voltage.

To specify My, we first note that the free strains generated by the patch, for an input voltage V, are
approximately linear and given by

v
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The piezoelectric constant ds; is typically estimated through a least squares fit to data, especially for
patches which have aged or been repoled. The active moment generated by the patch is then
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The enforcement of the constraints (8)-(11) yields the expressions
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for the constants of integration. When employed in the displacement relations (5) and (7), this provides
the capability for computing the displacement at any point which is due to the uniform pressure field and
applied voltage to the patch. Representative results are provided in the next section.



3 Model Attributes

The examples of this section illustrate various aspects about the model. The ultimate goal in these examples
is the determination of parameters such the thickness of the underlying plate (mounting layer) h, the patch
radius Ry, and the patch thickness hpe.

Example 1. Variation of Plate Thickness and Patch Radius

The radius of the plate was held constant at 4.0 mm and the thickness of the piezoelectric patch was
held constant at 200 microns. We then varied the thickness of the plate and the radius of the piezoceramic
patch in order to find the maximum deflection to voltage ratio as illustrated in Figures 2 and 3. We
observed the optimal thickness of the mounting layer to be 49.85 microns and the optimal radius of the
piezoceramic layer to be 3.67 mm.

Example 2. Constant Plate Thickness

Once the optimal thickness of the plate was determined, we investigated the effect of varying the radius
of the piezoceramic patch. Figure 4 shows a cross section of deflection to voltage ratio versus radius of the
piezoceramic patch with the constant plate thickness set at the optimal value of 49.85 microns. Note that
the deflection drastically decreases when the radius extends beyond the optimal value of 3.67 mm.
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Figure 2. Relationship between plate thickness and patch radius.
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Figure 3. Relationship between plate thickness and patch radius.
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Figure 4. Deflection as a function of radius at the optimal patch thickness.

Example 3. Constant Radius of Piezoceramic Patch

Figure 5 illustrates a cross section of deflection to voltage ratio versus plate thickness with the radius of
the piezoceramic held constant at its optimal value of 3.67 mm. Note the optimal thickness is approximately
49 microns. The amount of deflection will decrease if the thickness is allowed to become too small.

We found the deflection for the optimal design to be -22.54 nm as illustrated in Figure 6. This is within
the range of values observed by Battelle Memorial Institute in their applications.
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Figure 5. Deflection as a function of thickness at the optimal patch radius.
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Figure 6. Optimal deflection at one volt



4 Concluding Remarks

In this paper, we have considered the modeling of a circular plate with a surface-mounted circular piezoce-
ramic patch in the center. By considering the structure to be composed of two regions which are radially
and tangentially homogeneous (the inner composite comprised of the patch and substrate and the outer
substrate annulus), analytic displacement relations were obtained. Constants of integration in the expres-
sions were computed by enforcing boundary conditions for the plate along with compatibility relations
between the two regions. We point out that the external moments generated by the patch in response to
an applied voltage provide a component of the general moments which are balanced to provide one of the
interface constraints.

The ease with which the model can be formulated and modified to accommodate changing material
parameters or geometrical conditions makes it highly amenable to parametric studies or optimization
investigations to determine optimal configurations. The effects of substrate thickness, patch radius and
patch thickness on plate displacement for a fixed input voltage were illustrated in the examples.
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