
1

Development of a Biologically-Based Controlled Growth and
Differentiation Model for Developmental Toxicology
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Abstract

The biologically-based dose-response model for developmental toxicology developed by
Leroux et al. (1996) is extended. The original model had two basic states; precursor cells
and differentiated cells with both states subject to a linear birth-death process.  In this paper,
a mathematical model, which is biologically and statistically based, is developed with a
highly controlled birth and death process for precursor cells. This model limits the number
of replications allowed in the development of a tissue or organ and more closely reflects the
presence of a true stem cell population.  The mathematical formulation of the Leroux et al.
(1996) model was derived from a partial differential equation for the generating function
that limits further expansion into more realistic models of mammalian development.  The
same formulae for the probability of a defect (a system of ordinary differential equations)
can be derived through the Kolmogorov forward equations due to the nature of this Markov
process.  This modified approach is easily amenable to the expansion of more complicated
models of the developmental process such as the one presented here.  Comparisons between
the Leroux et al. (1996) model and the controlled growth and differentiation (CGD) model
as developed in this paper are also discussed.
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1.  Introduction

There has been considerable research into the mechanistic basis through which
environmental exposures can initiate and promote disease processes.  Much of this research
has focused on the molecular and biochemical basis describing the interaction of chemical
and physical agents with healthy tissue. Most environmental health risk assessments are
focused on the rates of morbidity and mortality in human populations following an
environmental exposure.  The linkage between basic biology and disease incidence in
environmental health is best described using a tool which is focused on the incidence of
disease and which can fully utilize the emerging science [1,2].  Disease incidence is generally
described by counting events (e.g. disease prevalence in a population) or by early, functional
failure of an entire organ system (e.g. disease incidence per year).  Data endpoints such as
these require a different mathematical treatment than the mathematical treatment applied to
absorption, distribution and metabolism data endpoints [3].  While the mechanistic basis for
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understanding environmentally induced disease has progressed rapidly, biologically-based
mechanistic models of morbidity and mortality lag far behind.  This gap in development is
partially due to the difficulties in the mathematical treatment of these endpoints and partially
due to gaps in our understanding of how they occur.

The scientific database for a mechanistic understanding of toxic effects following
chemical exposure is probably greatest for the area of carcinogenesis. Several researchers
have published work in the area of multistage models for carcinogenesis. The Armitage-Doll
model [4] is considered the grandfather of the multistage cancer models. This model has been
widely used for the analysis of epidemiological data and for cancer risk assessment. From
the statistical point of view, this model provides a broad class of hazard functions for the
analysis of data.   Armitage and Doll [5] extended this model to use a deterministic linear
birth-death process on the intermediate state in a two-stage model.  Several other researchers
[6-23] have also contributed significant progress to this field. The models developed use
biologically based information and basic stochastic processes (generally interconnected
birth-death processes with immigration and emigration) to reproduce the behavior of cells as
they progress through the stages of cancer. Cancer is viewed as a multi-step process in
which cells move from a controlled and systematic state of growth into a state of
uncontrollable and chaotic growth [24, 25]. The basic assumption – that cancer is a disease of
single cells rather than entire organ systems - on which these models were predicated, makes
the mathematical modeling of carcinogenesis feasible.

To model a disease process with as much precision as possible, it is imperative to first
understand and create a solid foundation for the basic developmental process of a tissue or
organ.  The linkage is critical in that many of the early markers for carcinogenesis relate
back to genes and proteins expressed predominantly during development and cellular
replication [26, 27]. Several authors have attempted to create models for the analysis of data
from developmental toxicity.  Much of this effort has focused on the creation of statistical
likelihoods for handling the nested variance observed from developmental toxicology
studies or for the longitudinal nature of the data [28-35].  Others have developed statistical
models for the probability of a defect focusing on the role of some other form of toxicity
(such as maternal toxicity) in the forms of the equations.  Leroux et al. [36] developed the
first biologically-based, stochastic model of developmental toxicity based on an
interconnected birth-death process and using the first and second moments for the number of
cells in a second stage of the model as an indicator of the probability of toxicity.  The
general view of development as modeled by Leroux et al. [36] is a straightforward approach.
However, their use of an uncontrolled, linear birth-death process for cellular growth is both
biologically unreasonable (for small numbers of cells) and mathematically uncontrollable
allowing for no clear numerical constraints on the size of the resulting organ.

The model proposed in this paper, which is biologically and statistically based, is an
extension of the Leroux et al. [36] model with a highly controlled birth and death process for
the precursor cells. This formulation limits the number of replications allowed in the
development of a tissue or organ and more closely reflects the presence of true stem cell
population. The paper is organized as follows. In Section 2.1, we will re-examine the Leroux
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et al. [36] model. We will show that the same linear first-order system of ordinary differential
equations describing the expectations, squared expectations and the expected cross product
of cells in a two-stage model of developmental toxicology can be derived using,
alternatively, the Kolmogorov forward equations. This model is then extended in Section 2.2
to allow greater emphasis on the control of growth and differentiation (CGD). We
emphasize that the model proposed by Leroux et al. [36] is not a sub-model of the CGD
model since a linear birth process is not assumed. Finally, in Section 3, a comparison
between the Leroux et al. [36] model and the CGD model is made on the prediction of the
effects of methylmercury on brain development in rats and Section 4 contains our
concluding remarks.

2. Materials and Methods

Development consists of a series of states during which cells first replicate, then
differentiate with some loss of cells and then separate into groups of cells for which a
similar function is needed.  This cycle is repeated numerous times; some organs and organ
systems complete development early while others continue to develop even after birth of the
mammal. During the developmental process of a tissue or organ, a cell eventually moves
from an uncommitted state to a committed state.  This simple characterization of
development implies that the rates that drive the formation of a mammal can be classified
into one of three categories: birth, death and transformation.  This crude, cellular level
approach to development can not fully accommodate the subtle biochemical and molecular
events, such as expression of key growth factors and hormones, which are really governing
overall development, but serves as a phenomenological description of the cellular growth of
an organ.  These rates (birth, death and transformation) are likely to be functions of these
subtler biochemical and hormonal signals.

2.1 The Leroux et al. [36] Model
Equation Section 1

In this section, we will review the mathematical model developed by Leroux et al. [36] for
the developmental process for a particular tissue or organ. More specifically, we will show
that the same mathematical model, which is a system of ordinary differential equations
describing the expectations, squared expectations and expected cross product of cells, can
also be derived using the Kolmogorov forward equations. This modified approach is easily
amenable to the expansion of more complicated models of the developmental process
including the development of a biologically-based controlled growth and differentiation
model for developmental toxicology (see Section 2.2).

A schematic diagram of the Leroux et al. model is shown in Figure 1. In this model, the
basic developmental process is divided into two main subpopulations. Type- X cells
represent cells before commitment to differentiation whereas type-Y cells represent cells
that have undergone a transformation and are committed to a phenotype. In addition, the
following specific assumptions were made for the mathematical development of the model:

(i) cells act independently of one another;
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(ii) the probability of more than one event in a single cell in any small time interval t∆
is proportional to ( )o t∆ ;

(iii) transformation is an irreversible process;
(iv) a cell in a particular population can only replicate to produce cells of the same

population; and
(v) a malformation results when the number of committed ( ( )Y t ) cells is less than a

critical number ( cY ) at a specified time, ct  (i.e., ( )c cY t Y< ).

The type- X cell has the option to replicate, die or transform while the type-Y cell may
either replicate or die.  It is noted that the result of a cell replicating is two daughter cells
that are a part of the original population (i.e., the daughter cells are members of the same
population as the parent cell).  The result of a cell dying is either removal of the cell from
the population of properly functioning cells or actual death of a cell. A transformation is the
product of a type-X cell moving from the population of uncommitted cells to the population
of cells committed to differentiation.

The developmental rates are denoted by 1( )tβ  (birth rate in X population), 1( )tδ  (death
rate in X population), 2 ( )tβ  (birth rate in Y population), 2 ( )tδ  (death rate in Y population)
and ( )tµ  (transformation rate from X population to Y population).  The meaning of the rate

1( )tβ , for example, is that for the time interval [ ,  )  t t t+ ∆ where t∆ is small, the probability
of replication for a type- X cell is 1( ) ( ) t t o tβ ∆ + ∆ where

0

( )
lim 0.

t

o t
t∆ →

∆
=

∆
(1.1)

Table 1: Single Cell Event Probabilities in time [ , )t t t+ ∆  for the Leroux et al. [36] Model
Event t t t+ ∆ Single cell transition probability

X birth x-1,y x,y
0 01 , ,0( ) ( -1, , )x yt tP x y tβ  ∆

X death x+1,y x,y
0 01 , ,0( ) ( 1, , )x yt tP x y tδ  ∆ +

Y birth x,y-1 x,y
0 02 , ,0( ) ( , -1, )x yt tP x y tβ  ∆

Y death x,y+1 x,y
0 02 , ,0( ) ( , 1, )x yt tP x y tδ  ∆ +

transformation x+1,y-1 x,y
0 0, ,0( ) ( 1, -1, )x yt tP x y tµ  ∆ +

no change x,y x,y

0 0

1 1

2 2 , ,0

{1- ( ) - ( ) - ( )

( ) ( ) } ( , , )x y

t t t t t t

t t t t P x y t

β δ µ

β δ

∆ ∆ ∆

− ∆ − ∆

The forward Kolmogorov equation for the transition probability can be expressed generally
as

, , Pr[ ( ) , ( ) | ( ) , ( ) ]( , , )x y t X t t x Y t t y X t x Y t yP x y t t = + ∆ = + ∆ = = =+ ∆% % % % (1.2)
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Since only certain events, which are summarized in Table 1, can occur in a small time
interval t∆ , the transition probability 

0 0, ,0x yP  is given by

0 0 0 0 0 0

0 0

0 0 0 0

, ,0 1 , ,0 1 , ,0

, ,0

2 , ,0 2 , ,0

1 1

( , , ) ( 1) ( ) ( 1, , ) ( 1) ( ) ( 1, , )

( 1) ( ) ( 1, 1, )

( 1) ( ) ( , 1, ) ( 1) ( ) ( , 1, )

[1 ( ) ( ) ( )

x y x y x y

x y

x y x y

P x y t t x t tP x y t x t tP x y t

x t tP x y t

y t tP x y t y t tP x y t

x t t x t t x t t y

β δ

µ

β δ

β δ µ

+ ∆ = − ∆ − + + ∆ +

+ + ∆ + −

+ − ∆ − + + ∆ +

+ − ∆ − ∆ − ∆ −
0 02 2 , ,0( ) ( ) ] ( , , ).x yt t y t t P x y tβ δ∆ − ∆

        (1.3)

We recall that for discrete random variables X and Y, the moment generating function for a
time interval of length t∆  given the initial values x0 and y0 is given by

0 00 0 , ,0[ ( ) ( ) | (0) , (0) ] ( , , ).
y

k p k p
x y

x

E X t t Y t t X x Y y x y P x y t t+ ∆ + ∆ = = = + ∆∑∑ (1.4)

Hence, using equations  (1.3) and (1.4) we obtain the first moment (mean) for X as

0 0
1 0

0 0(0) , (0) ] (0) , (0) ][ ( ) ( ) | [ ( ) |X x Y y X x Y yE X t t Y t t E X t t= = = = =+ ∆ + ∆ + ∆         (1.5)

0 0, ,0 ( , , )
y

x y
x

xP x y t t= + ∆∑∑ (1.6)

0 0 0 0

0 0

0 0 0 0

1 , ,0 1 , ,0

, ,0

2 , ,0 2 , ,0

1 1 2

[ ( 1) ( ) ( 1, , ) ( 1, , )

( 1, 1, )

( , 1, ) ( , 1, )

[1 ( ) ( ) ( ) ( )

( 1) ( )

( 1) ( )

( 1) ( ) ( 1) ( )

y
x y x y

x

x y

x y x y

x x t tP x y t x y t

x y t

x y t x y t

x x t t x t t x t t y t t

x x t tP

x x t tP

x y t tP x y t tP

β

β δ µ β

δ

µ

β δ

− ∆ − + +

+ + −

+ − + +

+ − ∆ − ∆ − ∆ − ∆

= + ∆

+ ∆

− ∆ + ∆

∑∑

0 02 , ,0( ) ] ( , , ).x yy t t x y tPδ− ∆

(1.7)

The first term in equation (1.7) can be simplified by rescaling the summation indices as
follows:

0 0 0 01 1, ,0 , ,0( 1) ( ) ( 1, , ) ( 1) ( ) ( , , )
y y

x y x y
x x

x x t tP x y t x x t tP x y tβ β
′

′ ′ ′− ∆ − = + ∆∑ ∑∑ ∑ (1.8)

0 0 0 01 1
2

, ,0 , ,0( ) ( , , ) ( ) ( , , )
y y

x y x y
x x

x t tP x y t x t tP x y tβ β
′ ′

′ ′ ′ ′= ∆ + ∆∑ ∑∑ ∑ (1.9)

2
1 1[ ( ) ] ( ) [ ( )] ( ) ,E X t t t E X t t tβ β= ∆ + ∆ (1.10)

where we used 2[ ( )]E X t  to denote 2
0 0[ ( ) | (0) , (0) ]E X t X x Y y= = . Proceeding in a similar

manner for the remaining terms in equation (1.7) leads to

{ }1 1[ ( )] ( ) ( ) ( ) 1 [ ( )].E X t t t t t t t t E X tβ δ µ+ ∆ = ∆ − ∆ − ∆ + (1.11)
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Subtracting [ ( )]E X t  from both sides of equation (1.11) and then dividing both sides by t∆
yields

{ }1 1

[ ( )] [ ( )]
( ) ( ) ( ) [ ()],

E X t t E X t
t t t E X t

t
β δ µ

+ ∆ −
= − −

∆
(1.12)

which, in the limit as t∆ goes to zero, gives

{ }1 1[ ( )] ( ) ( ) ( ) [ ( )].
d

E X t t t t E X t
dt

β δ µ= − − (1.13)

Analogously, the expected value for the random variable Y can be derived along with the
second moments ( 2

0 0[ ( ) | (0) , (0) ] E X t X x Y y= = and 2
0 0[ ( ) |  (0) , (0) ]E Y t X x Y y= = ) and

the correlation ( 0 0[ ( ) ( ) |  (0) , (0) ]E X t Y t X x Y y= = ). The system of ordinary differential
equations describing the means, variances and covariances for the number of cells in states
X  and Y  at any time t  is given by

{ }1 1[ ( )] ( ) ( ) ( ) [ ( )]
d

E X t t t t E X t
dt

β δ µ= − − (1.14)

{ }2 2[ ( )] ( ) ( ) [ ( ) ] ( ) [ ( )]
d

E Y t t t E Y t t E X t
dt

β δ µ= − + (1.15)

{ }

{ }

2 2
1 1

1 1

[ ( ) ] 2 ( ) ( ) ( ) [ ( )]

( ) ( ) ( ) [ ( ) ]

d
E X t t t t E X t

dt
t t t E X t

β δ µ

β δ µ

= − −

+ + +
(1.16)

{ } { }2 2
2 2 2 2[ ( ) ] 2 ( ) ( ) [ ( )] ( ) ( ) [ ( )]

( ) [ ( )] 2 ( ) [ ( ) ( )]

d
E Y t t t E Y t t t E Y t

dt
t E X t t E X t Y t

β δ β δ

µ µ

= − + +

+ +
(1.17)

{ }1 1 2 2

2

[ ( ) ( )] ( ) ( ) ( ) ( ) ( ) [ ( ) ( ) ]

( ) [ ( )] ( ) [ ()].

d
E X t Y t t t t t t E X t Y t

dt
t E X t t E X t

β δ β δ µ

µ µ

= − + − −

− +
(1.18)

The above mathematical model is identical to the one derived by Leroux et al. [36] from
considering a partial differential equation for the generating function for ( )X t  and ( )Y t . In
the case of constant rates, the system of differential equations (1.14)-(1.18) is a linear system
of ordinary differential equations with constant coefficient of the form

( ) ( )y t Ay t′ =r r (1.19)

where 2 2( ) ( [ ( )], [ ( )], [ ( )], [ ( )], [ ( ) ( )])Ty t E X t E Y t E X t E Y t E X t Y t=
r

 and
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1 1

2 2

1 1 1 1

2 2 2 2

1 1 2 2

0 0 0 0
0 0 0

.0 2( ) 0 0
0 2( ) 2

0 0

A

β δ µ
µ β δ

β δ µ β δ µ
µ β δ β δ µ
µ µ β δ µ β δ

− − 
 − 
 = + + − −
 

+ − 
 − − − + − 

   (1.20)

The exact solution can be written in terms of the eigenvalues and eigenvectors of the matrix
A  (see e.g., Braun [37]).

2.2  The Controlled Growth and Differentiation (CGD) Model
Equation Section 2

As already discussed elsewhere in this paper, the mathematical model formulated by
Leroux et al. [36], which is based on a linear birth-death process, is both biologically and
mathematically unreasonable because it allows no constraint on the size of the resulting
organ or tissue. We now describe modifications to the Leroux et al. model that put greater
emphasis on the control of growth and differentiation (CGD). More specifically, we
consider a multistate developmental process with separate growth phases in the type- X
cells and a linear birth-death process on the type- Y cells.  A schematic diagram of the CGD
model is illustrated in Figure 2.  In this system, there are k+1 specific type-X populations
denoted as type- iX , where 0,1,2, ,i k= K . Each of the type- X  cell populations represents
cells prior to commitment to differentiation.  Moreover, as a cell moves from one stage, for
example from iX , to the next stage, 1iX + , it matures in the developmental process. By
setting 0iµ = , for one or more values of i , we allow for greater control in the type- X cells
prior to differentiation. Eventually, the uncommitted cell will undergo a change and join the
population of cells already committed to performing a specific function of a tissue or organ.
This process by which an uncommitted cell becomes a cell committed to differentiation is
termed transformation.  Type-Y cells denote the population of cells committed to
differentiation.

The assumptions and the parameters in the model have the same basic definition as
those in the Leroux et al. model (see Section 2.1). More specifically, for each type- iX cell,
one of three outcomes is possible: division of the cell into two type- 1iX +  daughter cells (i.e.,
a birth in the type- iX population), transformation of the cell into the type-Y population or
death of the cell.  Cells of the type-Y population are allowed only one of two outcomes:
division into two type-Y daughter cells or death prior to division.  In the type-Y population
death is understood to include actual death of a cell or removal from the pool of fully
committed cells contributing to the development and function of the tissue or organ in
consideration.
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The developmental rates are again denoted by ( )i tβ  (birth rate in a iX population),
( )i tδ  (death rate in a iX population), ( )y tβ  (birth rate in the Y population), ( )y tδ (death rate

in the Y population) and ( )i tµ  (transformation rate from the iX  population to the Y
population) where 0,1, ,i k= K .  Just as before, it is assumed that the probability of more
than one event occurring during small time interval t∆  is ( )o t∆ , which by the condition
(1.1), is negligible.  Table 2 includes all of the possible events for a single cell in the CGD
developmental system.

Table 2: Single Cell Event Probabilities in time [t, t+∆t )  for the CGD Model
Event t t+∆t Single cell transition probability

birth from iX  to 1iX +

( =0, , -1)i kK
0 +1, , +1, -2, ,i ix x x yK K 0 , , ,kx x yK 0 +1( ( , , +1, -2, , , )i i it tP x x x y tβ ) ∆ K K

   kbirth in state X 0 , ,, -1,kx x yK 0 , , ,kx x yK 0(  ( , ,, -1, , )k kt tP x x y tβ ) ∆ K

death in iX
( =0, , )i kK

0 , , +1, , ,i kx x x yK K 0 , , ,kx x yK 0(  ( , , +1, , , , )i i kt tP x x x y tδ ) ∆ K K

transformation from
iX  to Y ( =0, , )i kK

0 , , +1, , , -1i kx x x yK K 0 , , ,kx x yK 0( ( , , +1, , , -1, )i i kt tP x x x y tµ ) ∆ K K

   birth in state Y
0 , , , -1kx x yK 0 , , ,kx x yK 0( ( , , , -1, ) y kt tP x x y tβ ) ∆ K

   death ins ta teY
0 , , , +1kx x yK 0 , , ,kx x yK

0( ( , , , +1, )y kt tP x x y tδ ) ∆ K

no change
0 , , ,kx x yK 0 , , ,kx x yK

( )
0

0

1- + + +

( , , , , )

k

i i i y y
i

k

t

P x x y t

β δ µ β δ
=

  +  ∆

⋅

  
    

∑
K

Based on the information presented in Table 2, only certain events may occur in a
small time interval, t∆ .  Thus, the transition probability function for a CGD developmental
system is given by
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00 0 0

00 0 0

00 0 0

00 0 0

, , , ,0 0

1

, , , ,0 0 1
0

, , , ,0 0

, , , ,0 0
0

0

( , , , , )

( 1) ( , , 1, 2, , , , )

( 1) ( , , 1, , )

( 1) ( , , 1, , , , )

( 1)

k

k

k

k

x x y k

k

i i x x y i i k
i

k k x x y k

k

i i x x y i k
i

k

i i
i

P x x y t t

x tP x x x x y t

x tP x x y t

x tP x x x y t

x tP

β

β

δ

µ

−

+
=

=

=

+ ∆

= + ∆ + −

+ + ∆ +

+ + ∆ +

+ + ∆

∑

∑

∑

K

K

K

K

K

K K

K

K K

00 0 0

00 0 0

00 0 0

00 0 0

, , , ,0 0

, , , ,0 0

, , , ,0 0

, , , ,0 0
0

( , , 1, , , 1, )

( 1) ( , , , 1, )

( 1) ( , , , 1, )

1 ( ) ( ) ( , , , , ).

k

k

k

k

x x y i k

y x x y k

y x x y k

k

i i i i y y x x y k
i

x x x y t

y tP x x y t

y tP x x y t

x t y t P x x y t

β

δ

β δ µ β δ
=

+ −

+ − ∆ −

+ + ∆ +

 
+ − + + ∆ − + ∆ 

 
∑

K

K

K

K

K K

K

K

K

(2.1)

Since the objective is to estimate the average number of cells that accumulate in stage Y at a
particular time of the developmental process, the expected value (first moment) for each
random variable will be calculated. This will be done in the same manner as for the re-
derivation the Leroux et al. [36] model in Section 2.1.

For discrete random variables jX  and Y, the moments for a time interval of length

t∆ given the initial values 00 10 -1,0 0 0,  , , ,  and  k kx x x x yK is defined to be

( )

00 00
0 1

0 0

1, , , ,0 0 .

( ) | (0) , (0)

( , , , , , )
k

k

k p
j j j

k p
j x x y k

x x x y
y

E X t t Y t t X x Y y

x P x x x y t

  + ∆ + ∆ = =

= ∑∑ ∑∑ KK K (2.2)

Following the same process presented in Section 2.1, the first moment for the random
variable , 0,1, , 1,jX j k= −K  of the CGD model is given by

{ } 1 1[ ( )] ( ) ( ) ( ) [ ( )] 2 ( ) [ ()].j j j j j j j

d
E X t t t t E X t t E X t

dt
β δ µ β − −= − + + + (2.3)

We refer the reader to Section A.1 in the Appendix for a detailed derivation of equation
(2.3).

The remaining first moments and the second moments for the discrete random
variables are calculated in a similar manner. The result is the following system of ordinary
differential equations with time dependent developmental rates (unless otherwise
stated, 0,1,2, , 1j k= −K ):
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{ } 1 1[ ( )] ( ) ( ) ( ) [ ( ) ] 2 ( ) [ ( )]j j j j j j j

d
E X t t t t E X t t E X t

dt
β δ µ β − −= − + + + (2.4)

{ } 1 1[ ( )] ( ) ( ) ( ) [ ( )] 2 ( ) [ ( )]k k k k k k k

d
E X t t t t E X t t E X t

dt
β δ µ β − −= − − + (2.5)

{ }
0

[ ( )] ( ) ( ) [ ( )] ( ) [ ( )]
k

y y i i
i

d
E Y t t t E Y t t E X t

dt
β δ µ

=

= − + ∑ (2.6)

{ }
{ }

2 2

1 1 1 1

[ ( )] 2 ( ) ( ) ( ) [ ( )]

( ) ( ) ( ) [ ( ) ]

4 ( ) [ ( )] 4 ( ) [ ( ) ( )]

j j j j j

j j j j

j j j j j

d
E X t t t t E X t

dt
t t t E X t

t E X t t E X t X t

β δ µ

β δ µ

β β− − − −

= − + +

+ + +

+ +

(2.7)

{ }

{ }

2 2
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3.  Comparison of the Leroux et al. [36] model with the CGD model

In this section, the Leroux et al. [36] model and the CGD model are examined and
compared in an effort to highlight the most useful and biologically realistic model for the
developmental process as it relates to animals. Both models are applied to predict the effects
of methylmercury on brain development in rats. For a description on the experimental
aspects and how the in vitro data were used to estimate cell kinetic rates in both models see
the Leroux et al. paper[36]. In addition, all computations were done using computer codes
written in the MathWorks’ Matlab/Simulink environment.

The two models are not only biologically and mathematically different but the model
proposed by Leroux et al. is not a submodel of the CGD model since a linear birth process is
not assumed.  However, setting a specific birth, death or transformation rate to zero in the
CGD model creates a model that can give similar predictions as those given by the Leroux et
al. model. Specifically, consider the very simple developmental CGD model depicted in
Figure 3. The system of ordinary differential equations describing the means, variances and
covariances for the number of cells in states jX and Y are given in Section A.2 of the
Appendix. Using the parameters given in Table 3, the CGD and the Leroux et al. [36] model
predict similar expectations albeit different variances at the time 5t = (see Figure 4).
Figures 5 and 6 further support the ability of the CGD model to closely parallel the Leroux
et al. model.

Table 3:  Parameters Used to Predict Similar Results Among the Two Models
Leroux et al. Model CGD Model

X Y X0 X1 Y

Initial number of cells
(time t=0)

51.68 10× 0 51.68 10× 0 0

Birth rate, β 0.4 0.4 0.4 0.4 0.4

Death rate, δ 0.01 0.01 0.01 0.01 0.01

Transformation rate, µ 0.15 -- 0.15 0.15 --



12

Expected number of cells
(time t=5)

55.578 10× 56.23 10× 41.022 10× 55.476 10× 56.23 10×

Total number of cells 61.181 10× 61.181 10×

 One major difference between the two models is the ability of the CGD model to
deplete the population of X cells under constant rates while still maintaining the same
distribution of Y cells.  This can be illustrated again using the simple CGD model in Figure
3.  As before, both the Leroux et al. model and the simple CGD model (Figure 3) were
started with the same initial conditions.  The X (Leroux et al.) and 0X (CGD model) type

cells consisted of 81.68 10× cells at time 0t =  while the remaining states started with a cell
population of zero.  The variances and covariances of each random variable were also set
equal to zero at time 0t = .  Each model ran for a total of five time units.  The set of
parameter values used in the models is shown in Table 4.  The only changes are setting 0µ
to zero and increasing 1δ  and 1µ .

Table 4:  Parameters Used and Estimates Obtained Among the Two Models
Leroux et al. Model CGD Model

X Y X0 X1 Y

Initial number of cells
(time t=0)

51.68 10× 0 51.68 10× 0 0

Birth rate, β 0.4 0.4 0.4 0.4 0.4

Death rate, δ 0.01 0.01 0.01 0.4 0.01

Transformation rate, µ 0.15 -- 0 0.5174 --

Expected number of cells
(time t=5)

55.58 10× 56.23 10× 42.16 10× 46.69 10× 56.23 10×

Total number of cells 61.181 10× 57.115 10×

Figure 7 shows that the two models have the same basic density shape as before (see
Figure 4) with the variance from the CGD model smaller than the variance from the Leroux
et al. model.  The expected value of Y cells for both models agree at time 5t = as depicted in
Figure 8 but differ slightly at other time points.  This implies that the CGD model can
indeed be tailored to produce the same number of committed (type Y) cells as the Leroux et
al. model.  However, Figure 9 reveals that the models produce different expected numbers
of uncommitted (type X) cells.  As seen from Table 4, both models start out with the same
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number of uncommitted cells and the birth rates in each type X population are the same.
However, due to the structure of the CGD model, the state 1X cells are able to have higher
death and transformation rates.   Biologically, this means that all of the committed (type Y)
cells have type 1X  precursor cells and that the population of uncommitted cells will
eventually die out.  This eventually results in a stable population of committed cells at
greater times, unlike the Leroux et al. model which will continue to grow.

The expected final size of the tissue/organ is simply computed as the total number of
cells present in the system at time 5t = .  The total number of cells, which is defined to be the
sum of all expectations of type X and type Y cells, present in the Leroux et al. model exceeds
the number of cells present in the CGD model.  This implies that, for sufficiently large time,
the size of the tissue/organ might become unrealistically large.  It is also important to note
that in order to reduce the number of cells in the Leroux et al. model, there are a few options
available:

(i) reduce the initial number of type X cells
(ii) reduce the birth rate of the type X and/or type Y cells
(iii) increase the death rate of the type X and/or type Y cells
(iv) use more complicated time-varying rates

In each case, the ability to accurately reflect the biological dynamics of the development
process is compromised.  If options (i) or (iii) are pursued, the experimental data and the
mathematical model may not agree initially.  If options (ii) or (iv) are incorporated, the
cellular kinetics of the system may not be modeled accurately.  In any event, the end result is
that the mathematical model does not realistically duplicate the biological dynamics of the
system.  Option (iv) requires significantly more knowledge of the time-varying nature of the
developmental rates in the system.

On the other hand, the CGD model can be amended to incorporate all of the
biological dynamics of the developmental process with time-constant parameters while also
yielding a feasible number of cells that will ultimately dictate the expected final size of the
tissue/organ.  Even if the birth, death and/or transformation rates are reduced/increased in
one state of the CGD model, a different state may be amended to reflect a different aspect of
the system dynamics.  In essence, the concept of homeostasis can be incorporated into the
CGD model while still yielding biologically accurate prediction at each time step.

4.  Conclusion

The two models discussed in this manuscript were derived with the use of the
Kolmogorov forward equation.  The model originally developed by Leroux et al. [36] was re-
derived without the use of partial differential equations.  This approach was then extended to
develop a controlled growth and differentiation (CGD) model for an unspecified number of
states in the developmental process.
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Due to the generalization of the CGD model, the system may be tailored to fit a host
of simpler or more complicated developmental processes. Growth kinetics may be assumed
to apply to both, none or a combination of the committed and uncommitted cell populations,
which allows controlled growth and differentiation. The objective of such a model is to be
able to predict the number of cells present in a committed state after a specified time of
development.  If the number of cells in the committed state is less than a specified number at
a critical time, then malformation has occurred.  Similarly, it is also unfavorable if there are
too many cells in the committed state at a specified time of development.  The CGD model
has the added benefit of being able to model a biological system with the end result being a
tissue/organ of realistic size.  The CGD model is also able to model a wide variety of
developmental systems whereas the Leroux et al. model is limited in this aspect.
 

Determining the number of states to include in the model and which states should
have growth kinetics are not trivial.  Once the specifications and details of a model have
been adopted, the ultimate test of the model lies in the validation of the model using
experimental data. Ultimately, the insight gained from the CGD model may be used to aid in
the discussion of toxic agents that pose a threat to the proper development of a tissue or
organ.
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Appendix

A.1  Development of the CGD model

In this section, we provide detailed calculations of the expected value of jX , for
0,1, , 1j k= −K . The following process can be repeated to obtain the expectations of type-Y

cells, squared expectations and the expected cross products.
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(A.1)

We now rescale all the probability density functions and denote 0( , , , , )kP x x y t…  simply by

( , , ).P x y tv (A.2)

Thus, equation (A.1) becomes



16

( )
1

1 1
0

1

1 1
0

1

( , , ) ( 2) ( , , )

( 1) ( , , ) ( , , )

( , , ) ( 1) ( , , )

( 1) ( , , )

{
k

j j i i j j j
x y i

i j
i j

j j j j k k

k

j i i j j j
i
i j
i j

j j j

j i

E X t t x x tP x y t x x tP x y t

x x tP x y t x x tP x y t

x x tP x y t x x tP x y t

x x tP x y t

x x

β β

β β

δ δ

δ

−

− −
=
≠ −
≠

− −
=
≠ −
≠

 + ∆ = ∆ + + ∆ 

+ − ∆ + ∆

+ ∆ + − ∆

+ − ∆

+

∑∑ ∑

∑

v

v v

v v

v v

v

1 1
0

1

0

( , , ) ( , , ) ( 1) ( , , )

( , , ) ( , , )

( , , ) ( ) ( , , ) ( ) ( , , ) .}

k

i j j j j j j
i
i j
i j

j y j y

k

j j i i i i j y y
i

tP x y t x x tP x y t x x tP x y t

x y tP x y t x y tP x y t

x P x y t x x tP x y t x y tP x y t

µ µ µ

β δ

β δ µ β δ

− −
=
≠ −
≠

=

∆ + ∆ + − ∆

+ ∆ + ∆

+ − + + ∆ − + ∆

∑

∑

v v v

v v

v v v

 (A.3)

Further simplifications reduce to
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Recall the mathematical definition of the moments and correlations of the discrete random
variables jX and Y at time t is given by

( )

00 10 01,0 0
0 1

0 0

1, , , , , ,0 0

( ) | (0) , (0)

( , , , , , ).
k k

k

n p
j j j

n p
j x x x x y k

x x x y
y

E X t t Y t t X x Y y

x P x x x y t t
−

  + ∆ + ∆ = =

= + ∆∑∑ ∑∑ KK K (A.5)

(with 1n = , 0p = ).  Thus, equation (A.4) reduces to

1 1[ ( )] 2 [ ( )]

( ) [ ( )] [ ( )].
j j j

j j j j j

E X t t t E X t

t E X t E X t

β

β δ µ
− −+ ∆ = ∆

− + + ∆ +
(A.6)

Finally, subtracting [ ( )]jE X t  from both sides of equation (A.6), dividing by t∆ and letting
t∆ approaches zero to obtain
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17

or
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A.2  Mathematical model for the CGD system shown in Figure 3
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Figure 1: Developmental process of a tissue or organ as described by Leroux et al. [36].  The
developmental parameters are birth ( ( )i tβ  for i=1,2), death  ( ( )i tδ  for i=1,2) and
transformation ( ( )tµ ).

Figure 2: A general CGD system with k+2 states.  This system allows the cells to go
through various levels of maturation before committing to the differentiation process.
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Figure 3: The specific case of the CGD model when k=1.  In this example, the
transformation rate for the 0X  state is set equal to zero; thus, only cells from the 1X state
transform to the Y state.  Table 3 lists all of the developmental rates associated with this
particular CGD model.

Figure 4: Distribution of type Y cells at t=5 for the Leroux et al. model and the CGD model
assuming a normal density with mean and variance from the first and second moments using
the parameters in Table 3.
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Figure 5: Expected number of type Y cells as predicted by the Leroux et al. model and the
CGD model using parameters in Table 3.

Figure 6: Expected number of type X cells as predicted by the Leroux et al. model and the
CGD model ( [ ]1 2( ) ( )E X t X t+ ) using parameters in Table 3.
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Figure 7: Distribution of type Y cells at t=5 for the Leroux et al. model and the CGD model
assuming a normal density with mean and variance derived from the first and second
moments using parameters in Table 4.

Figure 8: Expected number of type Y cells as predicted by the Leroux et al. model and the
CGD model using parameters in Table 4.

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
0

1

2

3

4

5

6

7
x 10

5

Time (days)

E
[Y

(t)
]

 CGD
(fig. 3) 

Leroux et al.
    (fig. 1) 

6.1 6.15 6.2 6.25 6.3 6.35

x 10
5

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2
x 10

-4

Number of Cells

D
en

si
ty

 CGD
(fig. 3) 

Leroux et al.
    (fig. 1) 



25

Figure 9: Expected number of type X cells as predicted by the Leroux et al. model and the
CGD model using parameters in Table 4.
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