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Abstract

Gaussian similarity transformations can be used to alternately elim-
inate rows and columns to reduce a general real square matrix to
a banded Hessenberg form. When multipliers are constrained to be
small, the norm of the backward error is bounded by an expression in-
volving overall conditioning of similarity transformations, size of multi-
pliers, and maximal element size. Numerical testing with the functional
stability analysis program INSTAB indicates good stability properties.
Analysis and numerical experiments indicate that bounds on backward
error increase smoothly with allowable multiplier size.
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1 Introduction

A longstanding question has been whether a stable reduction to similar
small-band form can be achieved. Recently, progress has been made in terms
of look-ahead Lanczos methods and also by direct reduction by a sequence of
similarity transformations. In both cases, a fundamental realization is that a
stable reduction to strictly tridiagonal form is unlikely ([10], [11], [17], [20],
[27]), with a backward error analysis [2] indicating the difficulties.
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Many attempts have been made to improve stability by allowing a banded
as opposed to a tridiagonal matrix. Direct methods that relax the tridiag-
onal constraint are proposed in [10], [11], [12], [23], and [27]. Look-ahead
Lanczos methods have been implemented in [3], [7], [17], [20], and [27].
According to [2], there is as yet no backward error analysis of lookahead
Lanczos methods.

The main purpose of this paper is to give a backward error analysis for
the direct algorithm BHESS proposed in [12]. Numeric examples given
there illustrate that eigenvalues of the banded Hessenberg matrix produced
by BHESS differ only slightly from those produced by EISPACK or LA-
PACK. Here we analyze the BHESS algorithm in terms of backward error
and observed conditioning of the overall similarity transformations. We also
provide a computable estimate of backward error and use the program IN-
STAB to illustrate the rarity of cases that exhibit large backward error.

A primary application of BHESS is in determination of eigenvalues of
sparse matrices. Suppose that a look-ahead Lanczos scheme produces a
small-band Hessenberg matrix. Use of BHESS as an iterative GR bulge-
chasing (BR) iteration is often successful in computing the spectra of the
small-band matrix in O(n?) operations and with O(n) allocated storage [8].
Understanding the stability properties of BHESS is a step toward under-
standing why eigenvalues computed by BR iteration are usually accurately
determined.

The paper is organized as follows. Section 2 briefly describes the BHESS
procedure for reduction to small-band Hessenberg form. Section 3 gives
a backward error analysis. Section 4 details efforts to use the functional
stability analysis code INSTAB to search for an unstable case. Observed
backward errors are discussed in Section 5. Section 6 briefly compares direct
and Lanczos algorithms and describes some practical applications of the
BHESS algorithm.

2 Reduction to Banded Hessenberg Form

Reduction of a general matrix to a similar tridiagonal form is not likely to
be a stable algorithm. After the (1,1) entry of the reduced form is fixed,
similarity dictates the rest of the tridiagonal matrix (to diagonal scaling)
[11]. Uniqueness in exact arithmetic breaks down when the matrix decom-
poses with a zero sub- or superdiagonal entry. Uniqueness and stability in
rounding arithmetic degrades when the product of adjacent sub- and super-



diagonal elements is small, with the incidence of one or more small products
increasingly likely as matrix size increases. The breakdown is exactly anal-
ogous to breakdown in the Lanczos method [27]. It is natural to attempt
to improve stability by relaxing the constraint that a strictly tridiagonal
matrix be returned, and instead constraining each similarity transformation
to be well-conditioned.

We briefly describe here the BHESS algorithm, deferring a discussion
of its stability properties to the next sections. The first through n — 2nd
columns are successively eliminated below the subdiagonal by the following
procedure. Suppose that & — 1 columns have been eliminated below the
diagonal so that a matrix of the form

0
ch VT (1)
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has been obtained with Hj an upper Hessenberg matrix and where at least
one row of V7 is nonzero. Then the kth column is eliminated below the
subdiagonal by multiplication on the left by a Gaussian elementary trans-
formation of the form

Ly = diag(Ir41, Ln—k—1) = In — my11€f4

where the first k 4+ 2 entries of my1 are zero. Nonzero entries of the vector
my41 are the necessary multipliers for the subdiagonal element to zero out
the rest of the column. The inverse is L,;l = I+my1€f, 41+ After elimination
of the kth column, any row ’UZT of VT that has not previously been eliminated
is eligible to have its last n — k — 1 entries zeroed by right multiplication
with an elementary transformation of the form Ry = diag(I1, Rn_k_l) =
I—ek+1rkT+1 with R,;l = I+ek+1r,{+1. Elimination of one such (say the jth
) row is made provided that j is the first row such that sec0/(n—k—1) < tol
where 0 is the angle between the kth column and the jth row and %ol is the
user specified tolerance.

The essential step of the algorithm is as follows. Suppose that columns
1,...,k—1 have been eliminated and that Hy is of banded upper Hessenberg
form, then for the kth step, consider the rows of V7 of Equation 1 where

V is the matrix of column vectors (vy,v2,...,v;). If v} is the first row such
that .
lvj llollull2 sec®
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then v} will be eliminated. If both a row and a column are to be eliminated
then the kth column is first eliminated, followed by ’U;-‘F , and BHESS uses
Gaussian transformations to eliminate both. Only one pivot is available for
the row-column pair and it is chosen (in advance of zeroing the column)
to minimize the maximal multiplier for the row-column pair. In BHESS
the first nonzero row satisfying Equation 2 is eliminated. If no row of V'
satisfies Equation 2, then no row is eliminated in conjunction with the kth

column, and the pivot is chosen to minimize multipliers for the column.

Observation 2.1 When the last entries of both a column u and a row ’U;-T

are eliminated, v/tol corresponds to the root mean square of allowable multi-
pliers. Note that |UZT’LL| = aff, where « and B are the entries used to eliminate
the rest of the column and row. Then from Equation 2

v ll2lul2 l2@ll2

(n—k—1olfu] n-—k-1

il
— ||UZ < tOl

where 5} = +v] /B and U = +u/a are vectors with leading entries one and
with the remaining entries the multipliers used for eliminating the row and
column respectively. If |07 ||la = ||ull2 then the root mean square of each is
bounded by \/tol. The algorithm chooses the pivot to approzimately equalize

57 lloo and |[t|o.

As is the case for Gaussian elimination or Gaussian reduction to full
Hessenberg form, multipliers can be stored in the location that they were
used to eliminate. If a pivot vector is also stored, then the original matrix
can be reconstructed from the banded matrix by applying the similarity
transformations in reverse.

BHESS results in a banded Hessenberg form with bandwidth depending
on the original matrix and tol. Ideally, we would like both a small bandwidth
and a stable algorithm. In practice, there is a trade-off. A large value of tol
results in a nearly tridiagonal matrix but large allowable multipliers and a
less stable algorithm. Taking a flop as a paired addition and multiplication,
BHESS requires at most 4/3n3 flops compared to 5/6n® flops for reduction
to similar full Hessenberg form by Gaussian transformations or to 5/3n?
flops for reduction to Hessenberg form by Householder transformations.

The current Fortran 77 implementation of BHESS performs four pairs
of multiplications and additions on each column before operating on an-
other column. This allows a row-column paired elimination to be performed
while bringing the remaining part of the matrix into cache only once. This



version of BHESS runs slightly faster than the LAPACK Fortran 77 routine
DGEHRD which reduces a matrix to Hessenberg form by Householder trans-
formations. Those who have tuned BLAS-3 will find LAPACK DGEHRD
to be significantly faster than the current version of BHESS.

A detailed description of the Hessenberg matrix returned by BHESS can
be found in [12]. Numeric experiments given there indicate that in both
well and poorly conditioned cases, loss of digits in computed eigenvalues
from BHESS-QR is larger than but proportional to the loss of digits of the
LAPACK algorithm. In the next sections we consider the extent to which
BHESS is stable in a more general sense.

3 Stability of BHESS Reduction

If A is reduced to Hessenberg form H by an orthogonal similarity transfor-
mation, then

QUA+E)Q"=H (3)

where

IEIe/IIFllF < ¢(n)u

where ¢ is a low degree polynomial in maximal matrix dimension n (Wilkin-
son, [26, page 351]). If A is reduced to Hessenberg form H by Gaussian
transformations with maximal column pivoting, then we have [26, page
364]

N Y A4y—FN YN =H (4)

where Ay is a permutation of A and where ||F|| = O(n) |A| u where |A|
is the maximal element of intermediate forms of A. If | A| is small then F' is
satisfactorily small in norm, but backward error is guaranteed to be small
only if || N~!|| is also reasonably bounded. The EISPACK routine ELMHES
uses maximal column pivoting for Gaussian reduction to similar Hessenberg
form and is considered stable in practice.

The backward error of BHESS can be estimated from local backward
errors occurring in elimination of a row-column pair and from the overall
conditioning of the similarity transformations used for reduction. As in
Wilkinson’s analysis of reduction to to Hessenberg form, we simplify the
analysis by considering the equivalent calculation for which all permutations
are performed preliminary to eliminations. Lemma 3.1 shows that (as one
might expect) elimination of a row-column pair by small multipliers produces



a small local backward error. Theorem 3.1 assembles the local backward
errors into a global backward error.

Lemma 3.1 Let Ay be the matriz produced by k — 1 steps of BHESS. Then
the first k — 1 columns of Ay, are zero below the subdiagonal. Suppose that
Ajy1 s produced by zeroing the last n—k—2 rows of the column and possibly
the last n — k — 2 columns of the j < k row of a matriz by Gaussian simi-
larity transformations in floating point arithmetic with Gaussian multipliers
satisfying 2. Let u be the machine precision, the largest number satisfying
1= fl(14+u). Then
Apy1 = G (Ag + Ey)Gy

where the local backward error ||Ey|| satisfies
1 Bklla < |Ax[12.08 n ||igi1]l w (5)

where |Ag| is the largest absolute value over all elements of Ay, and of inter-
mediate values produced during the production of Agiq from A and where
Mr+1 18 a vector of length n — k — 1 with first entry 1 and the remaining
entries the multipliers used to zero the kth column.

Proof. The proof is in the appendix.

Observation 3.1 If row and column multipliers are equal in 2-norm, then
lps1ll3 < (n — k) tol and we have

| Ekl2 < 12.08 tol n(n — k)| Ag|u. (6)
Applying Lemma, 3.1 is straightforward.

Theorem 3.1 Let
H = flINAN1)

be the Hessenberg matriz produced by the BHESS algorithm in floating point
arithmetic. Then
H=N(Ay+ E)N~! (7)

where

n—2
IE|l2 <12.08 n conda(N) |A| Y [|litk4113] u, (8)
k=1

u the machine precision, and Ay = PAPT is A with rows and columns
permuted so that the reduction to banded Hessenberg form proceeds without
permutations.



Proof. The overall backward error £ can be given as

E = E+GiEGT'+G1GoEGy Gy + ...
+G1Gs...GpoEn,_2Gr 'y ... G5 'GT. (9)

Denoting Ny = G1Gy... Gy, take condg(]v) = mawkzl___n_gcondg(]vk) and
take || || as the 2-norm. Then

1Bl < 1B+ IGIEIGT
HIG1G 1B GF G |2 + - .
HIG1Ga .. Groal|En—2]IG7L, ... GT'GT|

n—2
< conda(N)[ |1 Bl - (10)
k=1

Letting |A| = mazg=1,...n—2|Ax| and using the result of Lemma 3.1, we have
shown (8). QED.

If we make the obvious assumption that condg(ﬁk) is monotone increas-
ing with k , we can replace Equation 6 by

n—2
IEll2 < conda(N) O(n) |A] D [lltk1]3] (11)
k=1

where N = N, _, is the overall similarity transformation. BHESS is seen to
be backward stable on condition that |N]|, ||N !/, and |A| are small. In
practice, cond(N) and |A| are observable and tend not to be very large.

As in the case of LU decomposition, actual performance of the algo-
rithm is somewhat better than the formal bound. A practical estimate on
backward error seems to be

|E|l2 < ny/conda(N)|H| u (12)

where we take N as the overall similarity transformation and |H| to be the
observed maximal element in the reduced form. LINPACK or LAPACK
estimators of cond(N) allow computation of (12) with computational cost
negligible compared to the overall cost of BHESS reduction. Another rea-
sonable and computable estimate is

IE||2 < tol2|A|O(n?)u. (13)



The cases of LU decomposition of A and Gaussian reduction to Hes-
senberg form by bounded multipliers are similar in that both exhibit good
numeric stability in most cases encountered. They are also similar in that
cases can be devised with exponential growth of |A| and the conditioning of
L (or N ). Businger [4] (1969) adapts Wilkinson’s [26, p. 212] example for
exponential growth of A and of the conditioning of cond(L) in LU decompo-
sition to show exponential growth of |A| and cond(N) in Gaussian reduction
to similar Hessenberg form. Businger’s examples also apply to the BHESS
algorithm.

As will be seen in the next two sections, conditioning of N in reduction
to similar Hessenberg form is analogous to the conditioning of L in LU
decomposition of A in that it is in practice rather rare to find examples for
which N or L are poorly conditioned (Trefethen [21]). Similarly, element
growth of A is modest in LU decomposition or Gaussian reduction to similar
Hessenberg form. We conclude that the stability properties of Gaussian
reduction to similar Hessenberg or banded Hessenberg form with bounded
multipliers are similar to the stability properties of Gaussian elimination
with bounded multipliers.

4 Experience with BHESS and INSTAB

We tested the stability of BHESS using the program INSTAB (Rowan [18])
to search for problems where instability is exhibited. This technique uses
the relationship between the forward error, the backward error, and the
problem’s condition to estimate a lower bound on the backward error for
any given problem. Since the forward error and the problem’s condition
can be estimated by treating the tested code as a black box, INSTAB can
compute an estimate of the lower bound on the backward error by executing,
as opposed to parsing, the code. The function that maps a problem’s input
to this estimate is maximized by a robust optimizer to search for examples
of instability.

INSTAB has proved to be effective in practice, often discovering exam-
ples of instability on small problems within a few dozen runs of its optimizer.
The functional stability analysis approach of INSTAB cannot prove stability
by failing to find examples of instability, but an extensive optimization-based
search can provide confidence in the stability of the algorithm.

The code INSTAB tested for instability with respect to the solution of
the eigenvalue problem used BHESS for the reduction to upper Hessenberg



form and the LAPACK routine DHSEQR to compute the eigenvalues. The
approximate eigenvalues returned by the LAPACK routines DGEHRD and
DHSEQR were assumed for the purpose of our testing to be the true eigen-
values. All of these routines were implemented in double precision.

INSTAB uses a simple problem model that assumes input and output
are in the form of real vectors. INSTAB communicates with the tested
software and with software capable of generating “true” answers through
two interface routines. Each interface routine takes real vector input from
INSTAB, represents it as actual parameters the software can use, and then
represents the software’s output as a real vector that INSTAB can use to
direct the search for instability.

Although a real n x n matrix is easily represented as a real n’-vector,
representing a complex set (e.g. the eigenvalues returned by by BHESS-
DHSEQR) as a real vector is less straightforward. Given two complex sets
and some vector distance measure, the imposed ordering on the set elements
must yield vectors whose distance is an appropriate measure of the distance
between the corresponding sets. The ordering of the elements of one set
is arbitrary, but the second set must be ordered to minimize the distance
between the vectors.

Finding such an optimal ordering is a network flow problem known as
the assignment problem. Munkres’ algorithm [16] is one well known solu-
tion to the assignment problem, and Silver [19] has published an ALGOL
implementation. For our tests we used a Fortran 77 translation of Silver’s
implementation to obtain appropriate vector representations of the sets of
complex eigenvalues.

For some fixed vector distance measure, let A be the vector representation
of the spectrum of A, using the element ordering returned by DGEHRD-
DHSEQR. Similarly, let A be the vector representation of the spectrum of
A, where A is a perturbation to A. For our tests we use two vector distance
measures for the output space,

1. the vector sense distance measure given by

dU(Aa A) = Wa ||>‘|| 7£ Oa
and
2. the component sense distance measure given by

dC()‘a 5‘) = ||0||a



where _
| i — i |

The function d, is simply the relative error of a vector, whereas d. is the
vector of relative errors in each component. We tested stability both in the
vector sense and in the component sense. These stability senses correspond
roughly to normwise backward stability and componentwise backward sta-
bility, as described in the LAPACK User’s Guide [1]. With these distance
measures defined, we can now describe the steps INSTAB takes to search
for instability.

INSTAB estimates C(A), the condition of computing the eigenvalues of
A, by

d(X, XR)

TR 4y (A, AW))

where & is the number of experimental perturbations to A, d is d, or d.
depending on whether stability is being measured in the vector or the com-
ponent sense, and A®) and X*) are a perturbation to A and its eigenvalues.
Using the Euclidean norm as in our experiments and taking into account
the representation of A as a vector, this condition estimate for the vector
sense analysis becomes

C*(4) =

Ak —
&+ () = m P = /Il
& AT = Al /Al

Let A* be the vector representation of the spectrum computed by BHESS-
DHSEQR, using the element ordering that minimizes the vector distance to
A. INSTAB estimates F'(A), the forward error in the computed eigenvalues
of A, by

F*(A) =d(\\).

The ratio of the estimates to C(A) and F(A) give B}, an estimated lower
bound on the backward error [18]:

Bi(4) = o

INSTAB maximizes Bj(A) over the space of matrices. Any large values
found would be an indication of instability in BHESS-DHSEQR.

We tested for instability under the parameter configurations n = 5, 10,
15 and tol = 1, 10, 100. We ran 100 optimizations, starting from randomly

10



Maximal Vector Sense Backward Errors
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Figure 1: 100 INSTAB searches for large vector-sense backward errors for
n = 15, and tol = 1,10, and 100. Each data point represents a maximal
backward error found in examination of over 20K eigenproblems.

generated problems with entries of the matrix from a uniform distribution
bounded by -1 and 1, for each of these 18 configurations. The problem size
was kept small because each optimization requires roughly 100n? executions
of BHESS-DHSEQR. Small problem size may not be a serious limitation
in drawing general conclusions about stability properties of an algorithm
because instability, if it exists, often manifests itself in small problems pro-
duced by the optimization procedure of INSTAB.

Figure 1 summarizes the vector sense stability tests for n = 15. For
tol = 1, the vector sense backward error estimates are a small multiple of
the machine precision (approximately 107'6). For these cases, therefore,
BHESS exhibited no evidence of instability in the vector sense.

As expected, increasing tol increased the instability of the algorithm.
Loss of stability seems fairly regular with increasing tol . Note that for
tol = 100 backward error estimates greater than 10~2 translate to instability
sufficient to cause worse than single precision results on well-conditioned
problems.
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Maximal Component Sense Backward Errors
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Figure 2: 100 INSTAB searches for large component-sense backward errors
for n = 15, and tol = 1, 10, and 100. Each data point represents a maximal
backward error found in examination of over 20K eigenproblems.

To further study the effects of increasing n on the algorithm’s vector-
sense stability, we also ran tests with n = 30 and tol = 1. Backward error
estimates from approximately 600K eigenproblems appear comparable to
those with the smaller values of n. However, tests covering only a few small
values of n are insufficient for drawing general conclusions about the effect
increasing n has on algorithm stability.

Figure 2 summarizes the component-sense stability tests for n = 15.
Although component-sense stability is a stronger type of stability, most tests
had results comparable to vector-sense tests. In particular, for tol = 1 and
n = 15 only three estimates of a hundred were significantly higher than
a small multiple of the machine precision. This indicates that on well-
conditioned problems BHESS will usually return eigenvalues of high relative
accuracy. Many of the computed forward errors were comparatively large,
indicating that the initially well-conditioned problems were perturbed to be
poorly conditioned in the course of the optimization.

These tests appear to provide strong evidence of BHESS’s stability when

12



small tolerances on the multipliers are used. Further, allowing larger (but
bounded) multipliers does not appear to cause a sudden catastrophic loss of
stability.

5 Numerical Observations of Backward Stability

In previous work (Howell, Geist, Diaa [12]), we described a number of nu-
merical experiments in which a Fortran 77 version of BHESS followed by QR
iteration returned very nearly the same eigenvalues as the EISPACK routine
ELMHES followed by QR iteration. The experiments discussed here are with
a MATLAB version of BHESS. The MATLAB version estimates not only
the extent to which application of BHESS preserves eigenvalues, but also
computes backward error, and other quantities such as overall conditioning
of the similarity transformations and observed element growth.

MATLAB backward errors were computed in several ways. Assume H
is the banded Hessenberg matrix produced by BHESS from A. A first ap-
proach is to apply in reverse the Gaussian transformations used by BHESS
to convert H back to an approximate A. We then take the backward error
as E = A — A and estimate its size as | E||/||A||

We also estimated backward error by the following method. We trans-
formed A to banded Hessenberg H, saving multipliers, took random entries
between minus one and one in all nonzero locations of H, applied a back-
ward similarity transformation, added uniformly distributed random entries
equally likely to be positive or negative to current nonzero locations, applied
the next backward similarity transformation, etc. The resulting backward
error matrix was then normalized by multiplying by © = 1076 and the back-
ward error given as ||E||/||A]| . Computed backward errors by the second
method were somewhat larger than those from the first method but quite
comparable.

In Figure 3, we plot MATLAB computed conditioning of ||N|| when
BHESS is applied to matrices with entries drawn from a uniform distribution
between -1 and 1, taking the variance of multipliers to be bounded by 1
(tol = 1) and 100 (tol = 100) respectively . For either case, the slope of
the curve on the log-log plot is about two, indicating that the condz(N)
increases proportionally to n? .

In Figure 4, computed backward error A— NHN~! is plotted for tol = 1
and tol = 100 and goes as the square of matrix size. Typically, increasing
tol allows backward error and condition numbers to increase.
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Log 10 of Double Precision Backward Error

Matrix size vs. Conditioning of Overall Similarity Transformations
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Figure 3: Conditioning of Similarity Transformations

Matrix size vs. Double Precision Backward Error
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Figure 4: Computed Backward Error
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Computed Backward Error, Observed Error, and an Inexpensive Estimate
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Figure 5: Error, Backward Error, and an Inexpensive Estimate

Figure 5 plots the maximal difference between eigenvalues as computed
by MATLAB from the original matrix and eigenvalues computed by MAT-
LAB from a matrix returned by BHESS. It also plots backward errors and
the the error estimate (Equation 12)

en = ny/conda(N)|H|u

where |H| is the largest entry in absolute value of the matrix returned by
BHESS and  is the machine precision. e, is seen to be (at least in this case)
a good predictor of the maximal eigenvalue error. A more sophisticated esti-
mator of accuracy could also take into account eigenvalue condition number.
Since the matrix returned by BHESS is low bandwidth, Rayleigh quotient
iteration usually returns refined eigenvalues and eigenvectors and their con-
dition numbers quickly and accurately. If condition of the transformation is
estimated by LAPACK or LINPACK, e, can be estimated in O(n?) opera-
tions. Comparable plots to 3 and 4 for Gaussian elimination with threshold
pivoting are given in [21].

The Businger [4] examples show that as in the case of Gaussian elimina-
tion, examples exist for which BHESS exhibits large backward error through

15



exponential growth of conditioning and/or element size. Such examples do
not seem to be common. For instance, we tried several different sizes for
each of the available test matrices from Higham’s MATLAB Matrix tool-
box [9] and highly nonnormal matrices suggested by S. Lee [13] . None of
Higham’s or Lee’s examples caused large backward error for BHESS.

6 Comparison to Lanczos methods and Applica-
tions

We have presented a form of direct reduction to small-band Hessenberg
form and explored its stability properties. Direct reduction to small-band
form has a good deal in common with Lanczos methods, which involve a
three-term recurrence of biorthogonal vectors. See for example, Parlett [17],
Freund, Gutknecht, and Nachtigal [7], Ye [27], Bai, Day, and Ye [3]. Advan-
tages to the Lanczos method for sparse matrices are that the original matrix
is accessed only to form a matrix vector product, thus there is no “fill-in”.
Also, if only a three term recurrence is used, then previous vectors can be
discarded, minimizing storage.

Reduction to tridiagonal form shares the potential for breakdown and
poor conditioning with Lanczos methods. In many look-ahead Lanczos
methods, 2 X 2 , or more generally k X k pivots are used to restore the
three-term recurrence (tridiagonal bandwidth) after a k x k bump has been
formed [17], [7]. Conditioning for a Lanczos step may be allowed to be
as high as y/u where u is the machine precision. In contrast, the Lanczos
variant due to Ye [27] and also BHESS can enforce a much more stringent
control on conditioning of a given step but pay a price of relatively wide
bandwidths. In the Lanczos method, the widened bandwidth corresponds
to a longer recurrence.

Some explicit comparisons between Ye’s algorithm and direct algorithms
can be made. The tolerance used by Ye when determining breakdown is
the same as that used in Howell ([1994, [10]) in the preliminary version of
BHESS, i.e., a tolerance on the cosine of the angle between two vectors.
Also the form of the banded Hessenberg matrix returned by Ye’s algorithm
is the same as the form of the banded Hessenberg matrix in [10], for which
only the topmost nonzero row is eliminated with a given column elimination.
Two differences of BHESS are that tolerance is adjusted for length of the
current row, and that since more rows than the topmost are eligible for
elimination the resulting matrix has a more jagged profile. In numeric tests,
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the algorithm of [10] often gives bandwidth proportional to n while BHESS
gives numerically more stable performance with bandwidth O(y/n) on the
same cases.

In contrast to the well-behaved vectors of multipliers of BHESS, the lo-
cally biorthogonal vectors produced by Lanczos methods tend to become
very nearly linearly dependent over twenty or thirty steps. The available
explicit backward error analysis indicates difficulties [2] with the unsym-
metric (non-lookahead) Lanczos algorithm. Storage and reorthogonalization
of Lanczos vectors is sometimes combined with look-ahead techniques to im-
prove the accuracy of the computation [3].

Both BHESS and look-ahead Lanczos methods reduce the problem of
finding eigenvalues of a general matrix to that of finding eigenvalues of a
small-band matrix. In either case, we are left with the question of finding
the eigenvalues of such a matrix.

BHESS can iteratively chase bulges of the small-band Hessenberg matrix
in an implicit GR or so-called BR iteration [8]. Well-known GR iterations
are QR and LR with pivoting [25, 24]. Unfortunately, QR or LR iteration
with pivoting converts a small-band Hessenberg matrix to full Hessenberg
form. LR without pivoting preserves the small-band Hessenberg form, but is
unstable to the extent that (in our experience with using exceptional shifts
to attempt to avoid poor multipliers) arithmetic of precision higher than
double is needed for most problems of size greater than 400.

Using BHESS iteratively as a GR iteration constricts bandwidth, allow-
ing (often) a speedy computation with bounded multipliers [8]. For exam-
ple, we applied look-ahead Lanczos to a Tolosa matrix of size 20K to form a
10K small-band matrix and determined eigenvalues of the small-band ma-
trix on a DEC workstation. QR determination of eigenvalues of this matrix
would require 800MB of memory and about 60 times as many computations
as iterative BHESS (BR iteration).

BR iteration can also be used on the matrices returned by BHESS. In
this case, the reduction costs O(n?®) computations, so that overall computa-
tional costs are proportional to those of LAPACK. Since the computation
with BHESS is inherently somewhat less accurate than LAPACK, the use-
fulness of BHESS is not as clear cut. For BR iteration to be effective, small
bandwidths (tol > 15 for BHESS) are typically required. For such high val-
ues of tol, accuracy of the spectra suffers but the refinement scheme [5] can
be used to obtain higher accuracy. Users who do not have tuned BLAS-3
will find that BHESS-BR is about twice as fast as LAPACK. Users with
access to tuned BLAS-3 will enjoy rather less speedup.
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L. Zeng proposes to use BHESS with lower tolerances to get a relatively
fat matrix for a homotopy based method of finding a spectra [15], via New-
ton’s method on the determinant of the matrix. The cost of iteration is
proportional to the number of nonzeros in the Hessenberg matrix. Poten-
tially, the use of low tol for BHESS followed by a homotopy method offers
nearly the accuracy of LAPACK with a substantial speedup.

Another possible application is to ADI solution of the Sylvester equation
AX 4+ XB =C. If A and B are reduced to similar small-band Hessenberg
forms A and B , we get an equivalent equation AY +YB = C~‘, where ADI
iterations on the reduced forms are relatively inexpensive so that the main
expense is in the conversion to reduced form. See Levenberg and Reichel [14],
Ellner and Wachspresss [6], and Wachspress [22].
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Appendix

Proof of Lemma 3.1. If both a row and column elimination are performed
Aj41 is produced from Ay as

Agy1 = fUR; 'Ly ALy ' Ry)

= Ry ' Ii[Ap + BV + L EQ L)L Ry,

where E ,(cl) satisfies
AP = 1 O,

and E,(CQ) satisfies
2 2)\ p—
Apir = Re(AY + EPVR;
If no row elimination is performed we can consider E,(f) to be the zero matrix.
In words, E,(Cl) is the backward error matrix of the similarity transformation

eliminating the kth column below the subdiagonal and E,(CQ) is the backward
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error matrix for the similarity transformation eliminating the last n — k — 2
entries of some row m, m < k . Then

B, =B + LB I,

and . \
1Bkll2 < 1Bz + 125 I B ol Lo

We are assuming that L is an elementary Gaussian matrix of the form
I, + mk+1ef+1 where the n-vector my,1 has a leading k + 2 zeros so that
Ly is an identity matrix plus a column of multipliers in the k£ + 1st column
below the diagonal. Then

0
I,(1 . m?
= | MOFEm) (14)
0 mpq1 Ik

Using diagonal rescaling to convert the k + 1st column into ones, the k +
1st row has each element squared. By Gershgorin’s Theorem, the largest
eigenvalue associated with the k + 1st diagonal entry is bounded by 1 +
2

2% ;mj. Thus . o

1Zkll2 < (1 + 2mf s 1my0) /2.
Since L,;l = I, — my41€},,, we also have 1L 2 < (1+ 2mf+1mk+1)1/2.
Taking k41 = [1,mf, ] gives

condg(Ly) < 2|1 |3 — 1.

We estimate ||E,(cl)||2. Take

AY = fI(LeAy) (15)
and 2 1 1 1,1
AP = Al ) = (A + B Ly (16)

where producing Agf) from A,(Cl) is performed by adding multiples of the

successive columns to the k + 1st column of A,(cl), ie.,

n
k,2 k,1 k1
a’z(',lc—|—)1 = fl(az(,kj& + ) MjkG;; ). (17)
j=k+2
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Then
k1 k1
Fial; + migokalyy)
, k2 k,2
= @ik + M2kl iy (1+ ey )| (L+ i), (18)

and forl=k+3,...,n

fi(a 51221 + Zy =k+2 mykaff 1)) =

Flal), + S5 maral™) 4 mpalfD (@ + €51+ D) (19)

For the /th entry eglk’l) of the ith row ofE,(cl’l) we can take |7]£cl’2)| . Z(lk 2)| <

u and thus assign

eV < {] filadel + Z mjgalsV) |+ 2myaly ) [H(LO1 w).  (20)

j=k+2
Define
Icl k,1
1a®2)| = maz{ |f1(al%)) + Z myral )] lmakal V). (21)
j=k+2
Then
D] < 3.03 || w. (22)
We want
= fl(LyAyg)

and also that
Al(cl) + El(cl’l) = Ly (Ax + EIE:I))'

Denoting entries of E,(Cl’l) as ez(lk’l) and of E,(Cl) as ez(lk) then for j = k +

1,...,nandi=k+2,...,n

£ —migal), )+ e = (@ + ) —ma(al) v el ) (23)

or on converting the expression on the left to an equivalent expression in
exact arithmetic

[alf) — maxa), (1 + N +nlPY) + el =

(M) 4 ) m,k(agfglﬁegfgm) (24)

20



where i . N
mix = (ay) fal) ) (1 +€Y) (25)
(k)

so that the exact zeroing of the kth column requires a backward error e;;’ =
fgk)ag?l,k for the (i,k) entry . We have |e§f)|, |7]Z(]k)| , |§Z(k)| < u. Assigning

61(9121, ; to be zero, we can uniquely determine the rest of the backward error

matrix £ ,(cl) by

k k1) (k k k,1 k,1 k1) (k,1 k,1
e,(j)Zm% )“z('j)—mikaiﬁ,j(”’(j )+6§j )+77§j )65]- ))+ez('j ) (26)

Recall again that A,(cl) = fl(LyAg) and denote

k k
0| = maa{ o], lmaals) 5|}

Then for rows k + 2 to n and columns k£ + 1 ton
€] < (3.01) u [a®D| + |elPV)]
< {(3.01)]a® V] + (3.03)[a®?) | }u (27)

so that backward errors from multiplication on the left by L; and on the
right by L,;l are seen to be additive and of roughly the same size. Take

|A§€1)| = maz{|a®D|,|a®?|}. Since the entries of E,(Cl) are bounded by
6.04 \A,(Cl)| u, it is not hard to see that

IEM )2 <6.04 n AV |u.
Recasting the same arguments gives
IEP 5 < 6.04 n |AP] u

with |A1(f)| = maz{|a®?)|, |a®Y|}. Take

1 2
|Agl = maz{| 4], |AD|}.
Recalling that Ej = E,(cl) + L,;lE,(CQ)Lk, we have

1 —_ 2
1Bl < IEM2 + 17 2 1B N2 1Ll

<
< 6.04n |[Aglu + 6.04n |Ag|u (2|1l — 1)
< 12.08 7 |Ag] [|g41][3- (28)

This concludes the proof of Lemma 3.1.
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