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In 1964, Golub and Kahan proposed two bidiagonalization algorithms. For
dense matrices, they proposed Householder bidiagonalization, for sparse ma-
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Abstract

This paper describes Householder reduction of a rectangular sparse
matrix to small band upper triangular form. Using block Householder
transformations gives good orthogonality, is computationally efficient,
and has good potential for parallelization. The algorithm is similar to
the standard dense Householder reduction used as part of the usual
dense SVD computation. For the sparse algorithm, the original sparse
matrix is accessed only for sparse matrix dense matrix (SMDM) multi-
plications. For a triangular bandwidth of k 4 1, the dense matrices are
the k rows or columns of a block Householder transformation.

Using an initial random block Householder transformation allows re-
liable computation of a collection of largest singular values. Some other
potential applications are in finding low rank matrix approximations
and in solving least squares problems.

Introduction

trices Lanczos bidiagonalzation.

This paper evolved through several realizations. A first realization was that
the usual Householder bidiagonalization can be applied to a sparse matrix,

filling in alternating rows and columns only as they are eliminated. [?].
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A second realization was that, as in the dense case, a reduction to banded
upper triangular form allows the reduction to banded form to be BLAS-3
as opposed to a mixture of BLAS-2 and BLAS-3. BLAS-3 operations are
much faster than BLAS-2 and are more amenable to efficient paralleliza-
tion.references. Similarly, multliplications AX, A'Y, A sparse, perform a
higher rate of computation when the number of columns in X and Y is in-
creased.

Finally, a problem with eliminating alternate rows and columns is that if
these are already zero, then eliminating them converts them to dense storage,
but delivers no new information. Applying initial random Householder block
transformations provides dense column and block eliminations and also ensures
that multiplications of the original sparse matrix are by dense blocks of vectors.

Section 2 gives some examples to show why Lanczos bidiagonalization is
unstable, justifying why Householder bidiagonlization may be appropriate.

Section 3 gives some numeric results justifying the assertion that AX, A’Y
(Sparse matrix dense matrix or SPMD) operations are likely to be faster that
Ax, Aly.

Section 4 gives a bit of theory.

Section 5 shows numeric experiments with the Davis collection of sparse
matrices. Using a couple of GBytes of RAM, most matrices to size 100K allow
computation of at least some singular values.

Section 6 proposes related work.

Householder transformations are scalably stable. Dense QR decomposi-
tions using blocked Householder transformations are predominantly BLAS-3,
hence efficient on a variety of computer architectures, e.g., cache-based multi-
core architectures, GPU processors, and distributed memory parallel architec-
tures.

It’s natural to extend use of blocked Householder decomposition to the
sparse case. Appplications include solving Az = b, finding x to minimize
||Az — b |2, and finding some singular values of a sparse matrix A.

e Householder reductions can be applied to sparse matrices by forgoing
updates of blocks of the original matrix till the step on which a column
or row block is to be eliminated. For reduction to Hessenberg form or
upper triangular form, the idea of deferring updates has been repeatedly
used. Kaufman implemented deferral of updates in sparse Householder
QR factorization [19]. For other applications of this idea, see for example
ARPACK [24], Sosonkina, Allison, and Watson [32], and Dubrulle [8].
For Householder reduction to bidiagonal form, the idea of deferring up-
dates is implicit in the LAPACK reduction _.GEBRD (for the dense case)
[4], with the extension to the sparse case explicitly outlined in Howell,
Demmel, Fulton, Hammarling, and Marmol [15]. The work here is es-



sentially an extension of the dense Grosser and Lang algorithm ( Grosser
and Lang [12] and Lang [20]) to apply in the sparse case.

e Block Householder transformations are BLAS-3 and hence computation-
ally efficient.

On current computer architectures, whether cache-based single or mul-
ticore, GPU or other hardware accelerators connected to general proces-
sors, or for distributed and massively parallel computing, dense BLAS-3
matrix matrix multiplies are significantly faster than BLAS-2 matrix
vector multiplications. In all these cases, BLAS-3 operations run at near
peak predicted performance. So for example, the top 500 computers are
ranked by their performance in dense LU decomposition, accomplished
almost entirely by BLAS-3 operations.

Arguably, sparse matrices are more common than dense ones. Sparse
BLAS-2 operations consisting of sparse matrix dense vector operations
are ubiquitous, for example, in iterative solution of linear equations.
The BLAS-3 operation consisting of multiplying a sparse matrix by a
dense matrix (SMDM) is faster. We make the case explicitly here for
a cache based architecture, but SMDM operations are also likely to be
faster for GPUs and massively parallel distributed computations ([6],[7]).
SMDM operations and other BLAS-3 operations comprise almost all the
operations in the sparse Householder reduction to banded from.

e This paper concentrates on reduction to banded triangular form. We in-
dicate some applications including finding some singular values and find-
ing low rank approximations. We also indicate how to extend the LSQR
algorithm ([25]) for solving least squares problems to use the banded
reduction as a BLAS-3 sparse solver.

Sparse Householder bidiagonalization was proposed in [15], which used the
BLAS 2.5 idea of combining the multiplications multiplications y « ATz and
w <« Ay into one operation. When A is too large to fit in cache memory,
the combined operation reduces the required data movement. The combined
computation can often be accomplished in about the same time as the slower
of ATz or Ay. The combined operation can be used either in Householder
bidiagonalization or in replacing the Lanczos procedures used in LSQR. [25] or
SVDPACK, or in a Lanczos scheme with partial reorthogonalization such as
PROPACK |[23],[22]. Here we replace the multiplications Az and ATy by AX
and ATY (multiple columns in X and Y'). Typically the BLAS-3 operations
AX and ATY, XY with k columns, execute at a higher rate than the BLAS
2.5 operation, motivating reduction to bandwidth k41 as compared to k+1 = 2
for bidiagonalization.



1.1 Comparision to Other Sparse Methods

Both the sparse and dense UBk 1V Householder based decompositions are
BLAS-3 algorithms with U and V' scalably orthogonal.

For comparison consider the classic approach to finding a few singular val-
ues of a sparse matrix, so-called Lanczos bidiagonalization !, which Golub and
Kahan proposed as a sparse alternative to Householder bidiagonalization [10].
Lanzcos bidiagonalization can proceed without storing multipliers, relying on
a three term recursion, so that only the last few left and right multpliers are
needed. Storage requirements are minimal. In exact arithmetic the Lanczos
bases would be orthogonal. In rounding arithmetic, there is a rapid loss of
orthogonality, and even of linear independence, as illustrated in Figure (1.1).
A matrix of size a few hundred was randomly generated in octave, the left
and right multipliers were saved, and the numeric rank of the multipliers was
calculated from a computed singular value decomposition.

Loss of Linear Independence of "Orthogonal” Lanczos Basis
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Figure 1: Lanczos bases suffer loss of numeric rank.

As memory per available node grows, using the memory for purposes of bet-
ter stability becomes feasible. In order to preserve orthogonality, the multiplier
vectors are frequently stored, and in a Lanczos algorithm, reorthogonalized.
Table 1 compares condition numbers of various methods for constructing bases
for the columns of Hilbert matrices, illustrating the orthogonality of House-
holder transformations.

'Most usually Golub-Kahan bidiagonalization refers to dense Householder bidiagonaliza-
tion



Sizes 10 20 | 30 40 50
Householder QR | 1.0 1.0 | 1.0 1.0 1.0
L in LU 9.70 | 18.7 [ 46.5 | 53.0 | 72.2
MGS QR 1.001 | 98.5 | 170. | 122.5 | 3631

Table 1: L, Condition Numbers of Bases. Here we factored Hilbert matrices
of various sizes and compared condition numbers of Q for QR factorization or
L for LU decomposition. By working with blocks X we can use BLAS-3 block
Householder as opposed to  and BLLAS-2 Householder (e.g. ARPACK, or the
GMRES algorithm).

Basis | Lanczos | PROPACK ARPACK
UByV UByV GMRES UHUT UBg.1V
Vecs O(1) 2N 2N AN
Basis | Loss of Loss of Keeps Keeps
Rank Orthog Orthog Orthog
BLAS | BLAS-1 | BLAS-1 BLAS-2 BLAS-3
flops 4Nn, 4Nn, 4Nn, 4Nn,
+O(N) +4N?n +4N?n +4(n + m)N?
Scalable

Table 2: Summary Chart Comparing Sparse Decompositions.

If modified Gram-Schmidt as opposed to Householder orthogonalization
is used, the number of flops can be halved. Since modified Gram-Schmidt
is BLAS-1, use of BLAS-3 block Householder transformations is likely to be
faster, as well as more nearly orthogonal. Alternatively, Jalby and Philippe
[17], Vanderstraten [35], Stewart [33], Giraud and Langou [9] and others have
have designed block Gram-Schmidt algorithms to be of comparable stability
to modified Gram-Schmidt, which gives a well-conditioned but not orthogonal
basis for an ill-conditioned set of vectors such as those obtained a Lanczos
method. If used in combination with block Lanczos methods, such as that
proposed by Golub, Lusk, and Overton [11], it is possible that a predominantly
BLAS-3 algorithm with good stability can be obtained.

More usually, Lanczos bidiagonalization with reorthogonalization is used in
SVDPACK [3] and PROPACK [22], with theoretical development in Larsen’s
thesis [23] and work by Simon and Zha [31]. Each of these methods is appropri-
ate for finding a few singular values. Sparse MATLAB instead uses ARPACK
[24].

Table 2 compares some sparse decompositions. The storage requirements
of UBK 1V are seen to be high, but if the speedup >> 2 of Figure 2 is rep-



resentative, U Bk 1V should be competitive in speed with methods entailing
orthogonalization.

1.2 Shared Memory Parallelization

For shared memory (or multi-core processors), we get good speedups with
a few OpenMP calls in the AX and YT A routines — and with a couple of
OpenMP routines to use enable multi-core “long skinny” BLAS-3 operations.

2 Sparse Matrix Full Matrix Products

For many current computer architectures, BLAS-3 computations (matrix ma-
trix multiplies) are much faster than BLAS-2 (e.g. matrix vector multiplica-
tions) and BLAS-1 (vector operations). When a relatively small set of data
can be held in fast access memory, BLAS-3 matrix matrix multiplications al-
low a high ratio of floating point operations to data transfer from the slower
memory. Dense LU and QR matrix decompositions can be blocked so that
almost all operations are BLAS-3. Thus LU and QR decompositions of dense
matrices can be performed at near the peak rate of operation on most current
computer processors. Table 3 compares some dense and sparse BLAS-3 and
BLAS-2 operations on a typical modern processor.

On this machine, multiplication of A and B each of size 2K square runs at
about 70 per cent of the peak speed of 6472 Mflops (2 flops on each clock cycle
on each of 2 cores). Other operations are signicantly slower. When the number
of columns in a “tall skinny” matrix A is less than about 100, computation
rate is roughly proportional to the number of columns.

(Classic iterative schemes for solving systems of sparse linear equations rely
on multiplications Az, yT A, and BLAS-1 (vector vector) operations. In Table
3, sparse Ax, yT A operations are spectacularly slow, as is AB for A dense with
4 columns. These operations run run at less than one per cent as fast as the
2K x 2K BLAS-3, motivating the algorithm presented in this paper.

Accessing A to perform multiplications AX is seen to give significantly
better performance, motivating the algorithm developed here. For the partial
UBg4+1VT decomposition, access to A is only for the multiplications AX, YT A.
Essentially all the rest of the operations are BLAS-3 with the block size the
same as the number of columns in X.

Figure 2 indicates the relative of effects of block size vs. matrix storage
in speeding sparse matrix multiplications. Column blocking is effective in
improving performance when nonzero entries are uniformly distributed. For
other sparse matrices, different matrix storages can improve performance of
the AX kernel. See for example, Toledo [34], Angeli, et. al [1] and Im’s
Phd dissertation [16] offer some guidance in arranging storage of A to speed
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Operation Mflops/second | Fraction of Peak
Dense BLAS-3 AB
Fedora-8 default 2K x 2K x 2K 1054 141
ATLAS 2K x 2K x 2K 5246 .70
ATLAS 100K x 96 x 96 2021 27
ATLAS 100K x 64 x 64 1445 .19
ATLAS 100K x 32 x 32 661 .089
ATLAS 100K x 16 x 16 299 .040
ATLAS 100K x 4 x 4 36.3 .0049
Dense BLAS-2 A4K x 4K
ATLAS DGEMV Az 1011 136
A random sparse x dense
100K x 100K
A nonblocked Ax 57 .0077
A nonblocked T A (1 core) 30 .0040
A blocked Ax 115 .0154
A blocked 2T A 188 .025
A random sparse X dense
100K x 100K with 16 columns
A nonblocked AX 390 .052
A nonblocked ATX (1 core) 195 .026
A blocked AX 1570 21
A blocked ATX 1450 19
A random sparse X dense
100K x 100K with 32 columns
A nonblocked AX 568 076
A nonblocked ATX (1 core) 241 032
A blocked AX 1770 .24
A blocked ATX 1721 23

Table 3: The table compares speeds of sparse and dense Ax, AX. SMDM
(sparse matrix dense matrix) multiplication is as much thirty times faster
than sparse matrix dense vector multiplication. The SMDM flop rates are
comparable to BLAS-3 flop rates for “tall skinny” matrices (which correspond
to the BLAS-3 computations in a UBk1V partial decomposition). These
timings are from an Intel Core2 Duo with a clock speed of 1862 MHz,a peak
flop rate of 7448 Mflops/sec, 2 MBytes L2 cache, Fedora-8 32 bit, gfortran
version 4.1.2. Unless otherwise indicated, calculations used both cores. The
sparse matrices matrices have 1 of 200 entries nonzero, randomly distributed.
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Figure 2: Speeding Multiplication of a Randomly Generated Sparse Ma-
trix. Blocking the Matrix and Multiplying by Multiple Vectors Reduce Cache
Misses. The matrix here is 100K by 100K with 500 randomly distributed
nonzeros entries per row. The computation was with a 64 bit 2.4 GHz two
Pentium processor with 512 MByte L2 cache compiled with an Intel Fortran
compiler. Parallelization is provided with one openMP parallel loop for AX,
Az and one also for X7 A, 2T A.

the computation Az. The OSKI package (Vuduc, Demmel, and Yelick [36])
automates the process of choosing storage of A. Nishtala, Vuduc, Demmel,
and Yelick [28] offer some guidance as to when OSKI is likely to be effective.

3 The sparse UB; 1V partial decomposition

We adapt a dense BLAS-3 algorithm for reduction to bandwidth k 4+ 1 us-
ing Householder reductions of block size k. Dense implementations were by
Grosser and Lang, [12], [20]. Using deferred updates to convert a dense to
a sparse algorithm for & = 1 (the bidiagonal case) is discussed in Howell,
Demmel, Fulton, and Marmol [15].



3.1 Pseudo-code for UBi 1V

As given here, the code runs to “completion”, returning an upper triangular
banded matrix, with bandwidth k& + 1 (except see below). In exact arithmetic,
the returned matrix would have the same singular values as the original matrix
and is related to the original matrix by

Aveturn = (I = U)Li(I = U (Aprig —UZ — WV) (3.1)

or by

l -1
Areturn - H(I - UiLiUiT)Aorig (I - ‘/zTEVU (32)
i=1 i=1
where (I — U;L;UF) and (I — V;''T;V;) are block Householder transformations.
On return the blocks U; are stored in the ¢th block of k columns in U (lower
triangular) and the blocks V; are stored in the ith block of & rows in V' (upper
triangular). Similarly, W is lower triangular and Z upper triangular.
Required inputs are

e m number of rows
e 1 number of columns
e K Dblock size

The algorithm proceeds by alternately eliminating blocks of K columns
and K rows. When no more blocks of size K can be made, then the rest of
the columns are eliminated as one block. Hence the last block of L can be up
to twice as large as the others.

For A =UB,V,m = 10,n = 8, K = 3, the returned B, has the following

form

N eoNeoNoNoNoNoNolS
DD DD DD O 8 8
OO OO O8R &8 8
DO OO OO 8R8 &8 8 8
DO OO 8 &8 8 8 O
oo R8 88 8 oo
DO 8R 8 8 8 © o O
O8K8 8 8 8 8 oo

(e]
[aw]
(@]
(a)
(a]
[a]
(@]
o

Capital letters are used below to indicate that variables are matrices (as
opposed to vectors).



Pseudo-Code for UBg 1V
function [B, U, W, V, Z, L, Lieymp, T] = band(m, n, K, A,qg)

Assume m > n
Input Variables
m — number of rows
n — number of columns
k — number of superdiagonals in returned matrix
(also the block size for multiplications by Aold)
Aold — input matrix in sparse storage

|

|

|

|

|

|

|

|

!

' Output Variables

! Bis an m by n matrix with upper bandwidth k+1
! Umxn), Wmxn),V@nxn),Z(nxn)
! L(mxK), T (Kxn), Len, (2K x 2K)
' where (compare to 3.1,3.2, the extra

' term here is from eliminating all remaining columns

' as a final block, for a large sparse problem, this final

' Dblock will not be eliminated).

! B = (I = Utast LiempUhey) [1;(I = Ui iU ) Aqa [ T,(1 = V' TiVy)
! = (I = Utast LtempULL ) (Apra — UZT — WVT)

' where W = [W|Wh| ... |[W)], U = [Ui|Us] ... |Ul,

! V=MW|Val...|Vil, Z=[Z|Z]...|Z],

! where each of the blocks U;, V;, W;, Z; has K columns

! and Uy, may have up to 2K columns.

|

|

|

Initializations

B— 0pmn ; W =04 5 U= Opy 5
V —0pp 5 Z¢ 0y L= Oy i 5 T Op ¢ 5
bys = floor((n-K)/K) ;
for izliblks,
end
lf(KblkS ':Il)
iy (bigs+1) < k bis + 15 ip(bgs+1) 1 ;

end

Myow < M} Moy < K5

Atemp — Aga( : 1K) ; I Extract first column block of A4
Low < 15 ip K ippr — K41

C«— Aya(: 1K) ; I Extract first row block of A,y
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— qrl returns the QR factorization of the

— of the first column block of A,;; where
R = (I- Uiemp Ltemp Uz;mp) C

[ Utemp? R? Ltemp ] = qu(m, K7 C) )

U(ilow:mu ilow:i}w') — Utemp ) L<ilow: ihia:) — Ltemp )

B(ilow:m, ilow:ihi) — R )

— C will be the update of the first row block of A,y

Lua — (Ltemp Uz;mp) Aold(ilow:myihplzn);

' SPMD multiplication with A4
C« B(ilow:ihia ihplzn) ;
C«— C-U1LK1K)Ly,;

— qlt performs the QL factorization of C so that
Ttemp — C ( I - Vtemp LT Vz;mp)

[Vtempa Lr; Ttemp ] = qlt( K, Il—K, C) )

B(LI:K ,K+1n) « Ly; T(LK, : ) < Temp ;

—  Get the first blocks for U,V,Z,W

Temp — Ttemp Vtemp ;

Z( 1K K+1m) —Luyg— (Lua Vi) Temp ;
Temp2 — th;mthemp )

W(: 1K) «— Ayg( 0 K+1m) Teppo ;
V(1:K ,K+1m) «— Vienp ;

— Now loop through all but the end block
for i=2: blks 5
low < 11(1) 5 ipi = 1n(0) 5 inp1 < In(Q)+1;

To proceed with a reduction to banded form,
we need to multiply the updated A
Aupdated = Aold -UZ-WV
by a block of vectors X. Since Aypgateq is presumed dense,
Aypdatea X is accomplished as

Aga X-U (ZX) - W (VX)

Update the current column block of A

11



C — Aua(iiowm, iiowin) ; I Extract a column block of A,y
C — C - U(ilow:m, Lilow'l) Z(lzilow‘la ilow:ihi) ;
C — C- W(ijpwm, Lijo-1) V(Liijow-1, ljow:ini) ;

qrl performs the QR factorization of the current column block.

[ Utemp7 R7 Ltemp ] — qu(m_ilow+1> K7 C) ;
U(ilow:mv ilow:ihi) — Utemp ; L(ilow:ihia : ) — Ltemp ;

Multiply (L; UT) Aupdate

B(ilow:ma ilow:ihi) — R ;
LUP — Ltemp Uz;mp )

Lua — Lup Aold(ilow:m,ihpl:n) 3 ! SMDM with Aold
Lua < Lua - (Lup U(liow:m, Liijow-1)) Z(1:i160-1,1pp1:m0) ;
Lua «Lua - (Lup W(iiowm, 1:ijp,-1)) V(1:iijpn-1, ipprin) ;

Update the current row block of B

C — Ayja(liowini , ippron) ; I Extract row block of A4
C — C - Ulljowini , Lliow-1) Z(L:ijop-1, ippron) ;
C «— C - W(liowini , Liijow-1) V(Liijon-1, ippr:n) ;
Also need the update from the current column block
C — C - U(ilow:ihi 7ilow:ihi) Lua ;

Having updated the current row block, get its
QL factorization by calling qlt

[Vtempa Lm Ttemp] — qlt< K7 n'ihia C ) )
B(ilow:ihivihpl:n) — Lry T(ilow:ihiaz) — Ttemp ;

Get the next blocks for the U, V, Z, W matrices

Temp — Ttemp Vtemp ;
Z (10w ini » inp1nn) <= Lyg - (Lug Vz;mp) Temp ;
Temp2 — Vg;mp Ttemp ;
Temp3 — Aold<ilow:m ) ih}ol:n) TempZ )
! SMDM with Aold
Temps < Temps = Ulliowm, Liijor-1) (Z(Liljon-1, ipp1:n) Tepmpe) ;
Temps < Temps = W(liowm, Liijon-1) (V(Liljow-1, np1n) Temp2) ;
W(ilow:m 5 ilow:ihi) — TempS ;

12



!

V(ilow:ihi 7ihp1:n) — Vtemp ;
end; ! End of loop on blocks

We've eliminated all the "K” wide row blocks
Eliminate the rest of the columns as one block

low = in(biks) + 15 ipg <=1

Update the current column block from Ay

C «— Aold(ilow:m s ilow:ihi) ; Extract block of Aold

C — C - U(ilow:m, Lilow‘l) Z(l:ilow—l 7ilow:ihi) 3

C — C- W(ijpwm, L:ijo-1) V(Liijow-1, liowini ) ;

Call grl to do the QR factorization of the last column block.
[Utempa R, Ltemp] = qu( m‘ilow"’la n'ilow+17 C) )
U(ilow:mailow:ihi) — Utemp ;

L2 = Ltemp 3
B(llow:ma 1low:1hi) — R ;

endfunction

3.2 Notes on the Algorithm

The detailed presentation of the algorithm 2 should allow the reader to verify

the following points.

e Entries of A,y are not changed. The only accesses to A4 are for SMDM

multiplications and extractions of matrix sub-blocks.

e Block Householder transformations can be used for the reduction. The
implementations of glt and qlr used but not specifically detailed use
the algorithms due to Schreiber and Van Loan [30]. Alternately, the
method proposed by Joffrain, Low, Quintana-Orti, Van de Geijn, and
Van Zee [18] or Puglisi [27]could be used. Householder transformations
are reliably orthogonal. Blocking the transformations enables use of

BLAS-3.

2 As presented, and given appropriate qlr and glt functions, the algorithm closely follows

an octave script implementation

13



e Operations updating column and row blocks and in forming the up-
date matrices are are BLAS-3. BLAS-2 operations are only in initializa-
tions and copies, and in the glt and glr formation of block Householder
transformations. Excluding the qlt and qlr functions, the total num-
ber of BLAS-2 operations requiring O(nm) flops in an elimination of all
columns and O(m+n) K| flops for [ eliminations of blocks of K rows and
columns. If the qlt and glr operations are BLAS-2, the total number of
BLAS-2 flops is O(mnK) for elimination of all columns, O(m + n)K?I
for elimination of | K-sized blocks.

As presented, the algorithm “runs to completion”, useful in that the re-
turned matrix B can be observed to have very nearly the same singular values
as the input matrix, enabling a test for correct implementation.

In a more usual sparse case, [ is chosen (either a priori as an input, or from
a convergence criterion) so that the number of blocks [ satistifies | << n/K,
and the algorithm is ended at the “! End of loop on blocks”, the returned
matrix By is then [K x [K with nonzero entries confined to the diagonal
and K superdiagonals, Bx; satisfying

0 0
B K+1 CK 0
0 Aupdated

l

H(I— Ui Li(I = U;)

=1

l
[T -vhT(r-v)| (3.3)

=1

(Apia + E)

In 3.3, Ck is a lower triangular K x K matrix. Denote € as the largest number
satisfying 1 = fI(1+¢€). Due to the use of block Householder transformations,
E satisfies

IEN/[IA]l = Oe). (3.4)

If 3.4 holds, the UBk .1V decomposition is backward stable.

When the algorithm is not run to completion so that A,pdateq in 3.3 exists,
then we typically assume the the E term in (3.3) to be negligible compared to
| Aupdated||. Runtime estimates of || Aypdateal| are discussed below.

3.3 Comparison to the Dense Algorithm

The following section summarizes how the algorithm has been adapted to the
case of sparse matrices.

14



The dense algorithm would proceed by alternately eliminating column and
row blocks. Consider a partitioning of the original sparse matrix where an
initial column block corresponding to the first column block and an initial
column block have been eliminated.

All A12 A13
A= A21 A22 A23 (35)
A31 A32 A33

The elimination of a block of columns corresponding to As; and Asz; and an
inital row corresponding to A2 and A;3 has changed no entries of A. Ay
corresponds to an upper triangular matrix By, Aqo, A13, Asr, and the upper
triangular part of A;5 would have been eliminated in the dense algorithm. Also
the dense algorithm would have updated the trailing matrix

< Agy Ass )
Azy Ass

At this partition we will extract Aoy, A3 as the column block to be elim-
inated, As3 as the row block to be eliminated. The multiplication by the
trailing Asz is accomplished by multiplying AX where X has leading rows of
zeros, YT A where Y has leading columns of zeros.

3.3.1 AX

In the dense algorithm we would be updating the trailing part of the matrix.
But we can’t actually form the updated A = A+ UZ + WV, as it would be
dense and hence exhaust RAM. Instead compute

AX = AX + U(ZX) +W(VX) (3.6)
On the extracted blocks of A

e Perform the sequence of block Householder eliminations which had al-
ready been made to eliminate Asy, A11, A12. For example,

AQB — A23 - U(Qa :) Z<:7 3) - W(27 :) V(:a 3)
These are all BLAS-3.

e Perform a QR (actually since this is the row block an LQ) factorization

of 12123.

Append new blocks to U, V., W, Z To get the new block of W, Z, multiply
the currently produced blocks of dense vectors by the sparse A, e.g.

W(,3)—V(3,:)A

15



with a similar multiplication by U(:, 3).

Reducing an mxn, m > n matrix to upper bandwidth K41 by Householder
transformations requires 4mn? — 4/3n® flops. For the ith elimination of row
and column blocks of size K, the dense algorithm requires 4(m—iK)(n—iK)K
flops for updates and 4(m — iK)(n — iK)K flops for multiplications of A by
blocks of K row and column multipliers where the ith block requires

SK(m — iK)(n — iK) (3.7)

flops for elimination.
The sparse algorithm for reduction differs in that instead of multiplications
of the form AU;, V' A, A dense we instead perform multiplications

AvpdateUi = Agparse Ui + U(GK+1:m,1:iK) Z(1: K, Ki+1: n) U;
+ W(GEK+1:m,1:iK)V(1:iK,Ki+1: n)U; (3.8)

and

VT Aupdate = Vi¥ Agparse Us + VEUGKA1:m, 1:iK) Z(1: iK, Ki+1: n)
+ VIW(@IK+1: m,1:iK)V(1: K, Ki+1: n) (3.9)

Neglecting the sparse matrix dense matrix flops, the flop count for a com-
pleted reduction would be 6mn? — 2n3 with the incremental number of flops
for the ¢th pair of row column blocks being

12K (iK)[m +n — 2iK]. (3.10)

requiring a total of
6(iK)*(m +n) — 8(iK)? (3.11)

flops to eliminate ¢ row and column blocks of size K.

For the dense algorithm, required storage is independent of the number of
row-column pairs eliminated. Asseen in (3.3.1), inital row-column eliminations
require more flops than later ones.

Conversely, for the sparse algorithm, the number of flops for the next block
eliminated is proportional to i (when iK' << n + m), so that the flop count
is proportional to the square of the total number [ of eliminated blocks. For
m = n, the incremental flop counts for sparse and dense algorithm are equal
for iK = n/4 , so that at n/4 the difference in required flops is maximal. For
iK' > n/4, the dense algorithm becomes more competitive in terms of required
flops.

In the dense serial algorithm, the size of matrix which can be reduced to
small band form (on a single processor) depends on the available how large a
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18 x 10 Flops to Eliminate L Columns, Sparse vs. Dense Algorithms
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+ Sparse Algorithm
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0 2000 4000 6000 8000 10000 12000 14000 16000
Row-Column Pairs Eliminated

Figure 3: Sparse and Dense Flops vs. Columns Eliminated for a Matrix for
Which the Dense Algorithm Requires 2 GBytes Storage

dense matrix will fit in available RAM. For a double precision “in-core” serial
computation, the largest matrix we can expect to reduce with 2 GBytes of
RAM is at most 16K square 3

In the sparse serial algorithm, available storage limits the number of blocks
that can be eliminated. Neglecting the storage of A, eliminating [ rows and
columns requires 2(m + n)l double precision numbers stored in W, U, V and
Z. When K = n/4, the total storage for U, V, W, and Z is nm/2+n?/2 so is
comparable Given a 2 GByte RAM, [ is inversely proportional to m + n. For
m —+n = 100000 (one hundred thousand), at most 1250 row-column pairs can
be eliminated “in-core”; for m + n = 1000000 (one million), at most 125. to
the mn storage required for the dense algorithm.

For large problems, larger shared memory or a distributed memory im-
plementation may be needed to allow enough steps for the partial UBg 1V
factorization to be useful.

4 Some Convergence Theory

If A can be permuted to diagonal blocks (is reducible), it would make more
sense to compute a decomposition of each block independently. Generally, the
UBj.41V partial decomposition will be more likely to reflect A if LUT, VIT,

3K here means 2'°, 16K*16K * 8 = 2Gbytes, with 8 bytes per double precision number.
This assumes that only U, V are stored, overwriting part of A.
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are dense. Else the multiplications
(LUDA, A(VTT) (4.1)

(which are the only access to the trailing part of A) may not pick up all
entries of A, dependent not on the size of entries of A, but only on the sparsity
patterns of VIT and LUT. Permutations of A to expose a diagonal block
structure and to ensure density of U, V' are desirable and will be the subject
of future work.

Nevertheless, we can state some properties of the UBg.1V decomposi-
tion. Using block Householder transformations, we expect the overall condi-
tion number of transformations to be very near one, and expect that if we
compute By, to satisfy A = UBg.1V, then the singular values of By
and A will be closely matched. If only a partial decomposition is carried out
i.e., if for A of m rows and n columns we compute only the first N rows and
columns Bg.1, N < n, how the N x N truncated matrix B useful? The
following subsections address interlacing of singular values as N increases and
also approximation of A by Uy Bg,1Vy in the Frobenius norm.

4.1 Interlacing of Singular Values

In the dense case, singular values are typically found by reducing an m x n
A matrix to a condensed m x n matrix B (upper triangular, or with banded
structure such as bidiagonal) with the same singular values, then finding the
singular values of the condensed form by some iterative procedure.

Adapting the reduction to small band (or upper triangular) form to the
sparse case, obtaining an m x n reduced matrix is impractical if the trans-
formations are stored, unstable if they are not stored (the transformations
must be stored to maintain orthogonality, linear independence, and more gen-
erally to ensure that rank of the transformations continues to increase as more
transformational steps are taken).

It’s natural then to try to use the singular values of an N x N reduced
matrix By obtained after ”eliminating” N columns as approximate singular
values of the original matrix A. The singular values of By are sometimes called
Ritz values of A. Cauchy’s interlacing property relates the the Ritz values to
the singular values of A.

Cauchy’s Interlace Theorem [26]: Let C' be a Hermitian matrix parti-
tioned as

c_ H B* Cisn xn
_[B U }’ HisL xL
where C' has eigenvalues:
o <ay<...o,
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and H has eigenvalues
91 < 92 <... HL

Then for j =1,..., N,
aj <0; < Qjin-r (4.2)

and for [ =1,2,... n,
O—ntr < ap < 0. (4.3)

Supppose A has been transformed to Ay,

| R | Ty
o= |5

Then The Hermitian matrix AT Ay

AT Ay = { RYRy|  RRTy }

TERy \ THTy + Bi, By

has the same eigenvalues as A7 A. For the symmetric matrix A% Ay, Cauchy’s
interlacing theorem implies that the eigenvalues of the symmetric matrix R, Ry
interlace with those of AT A. Since the singular values o; of A have the same
ordering in size as the eigenvalues \; = 02 of AT A, Cauchy’s interlacing value
theorem interlaces the singular values of A and Ry, .

As an example of interlacing consider singular values of of the 4 by 4 upper
triangular matrix

S O =
S W W
(@l (VRN NG V)
— = = O

0 0

Let Ty,T5,T5 be the upper left 1 x 1, 2 x 2, 3 x 3 matrices respectively.
The singular values of T, T5,T3,T are respectively

4 5.3890 6.0959 6.13336
2.2267 2.5356 2.8331
1.5527 1.62131

.85183

Actually, we can do a bit more. When reducing a banded upper triangular
form, we get Ay, of the form

Ry |Ly|0
Av=1|0]B|C (4.4)
0 |D|E
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and we naturally wonder whether singular values of
R=[ R L]0

are related to those of A. The following result of Kahan from P. 196 [26] can
be applied.

The Residual Interlace Theorem. Let F' be a Hermitian matrix of the
form

H|C* |0
F=\|C|V |z
0] Z | W |

where His N x N, Vis j x j, F'isn X n.
Define ) )
H|C*
MEX) = eTx |

where V' — X is assumed to be invertible. Denote the eigenvalues of M (X) as

pr < pe <o S iy N

Then each interval [u;, pirn], i = 1,...,j contains a different eigenvalue a; of
F. Also, outside each open interval (p, jy+5),l =1,..., N, there is a different
eigenvalue ay of F.

The residual interlace theorm applies to AL Ay as it is of the form (sup-
pressing the y subscripts)

RTR RTL 0
AVAv=| L"R|LTL+ BB+ D'D | BTC + D'E
0 C'B+E'D C'C+E'E

Taking X = LTL gives X — V = BTB + DT D. The theorem will apply if
X —V is nonsingular, which will be the case when either the columns of B or
the columns of D are linearly independent.

We conclude that the j + N singular values «; of R taken as the square
roots the eigenvalues of M (LT L) are lower bounds for the top j + N singular
values of A. In particular if oy, i < N is the ith largest singular value of R,
then «; < o0y, where o; is the ith largest singular value of A. Applying the
interlacing theorem to R and R the ith of L largest singular values of R is
larger than the ¢th singular value n; of R.

Since 1; < «; < 0y, the singular values «; of R are better estimates of
singular values of A than are the singular values of 7; of R.

For example take
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O O D =
OO W W

NN
—_ == O

—1

Let Ry, Ry, R3 be the upper left 2 x 2, 2 x 3, 2 X 4 matrices respectively.
The first two singular values of Ry, Ry, R3, A are respectively

5.3890 6.0220 6.0422 6.1452
2.2267 2.3949 2.5479 2.7981

4.2 Approximation of A by Jg; = UKZBKJFIV[%

Take N = KI. In exact arithmetic, U AV)L, = Ak, where Uy, and Vi are
orthogonal. Due to the orthogonality of Ug; and Vi,

lAxillr = |AllF

. Because of the use of block Householder transformations, Ug; and Vi; are
very nearly orthogonal even in rounding arithmetic.
Recalling (3.3), simplify the partitioning as

| Bry1| Ck
N = (4.5)

In practice, Ay is not computed as it would be dense and large and likely
to overflow the RAM. Since

1Al = Il Aalls = 1Brslle + I1Cx M7 + 1 AxallE,

1Awill% = A% = | Brsll7 = 1O 13- (4.6)

Take BKH = [Rk|Ck] as a Kl x K(I 4+ 1) matrix and Jg; = UKBKZV[?
as a rank K[ approximation to A. The accuracy of the approximation can be
gauged by (4.6) with the quantities on the right hand side easily computable.

5 Some Benchmark Problems

As with Householder implementations of GMRES and ARPACK, UBg 1V is
a stable algorithm which in the sparse case is not (due to storage constraints or
convergence) run to completion. Limiting the computation to use 2 GByte of
dimensioned space, we can test a Fortran implementation of UBg 1V against
LAPACK. Comparision can be made for matrices to size around 3000 x 3000
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LAPACK dgesvd gives the same singular values for A and Bk, to high ac-
curacy.

To get some feel for the reliability of the algorithm, we downloaded the
largest matrices from the UF Sparse collection. Compiling Fortran code with
g77, “relocation errors” and “segmentation faults” limited problem size to
about m + n < 800000, (m rows, n columns), so that a few dozen matrices
were too large for this compiler. The other limitation was that the UBg 1V
implementation currently requires conversion of a sparse matrix to a blocked
column form. Conversion from coordinate to blocked column form did not
succeed when a row or column was full.

For bandwidths 2, 6, and 12 we computed singular values for all the un-
symmetric or rectangular matrices with 2 x 10* < m +n < 8 x 10°>. The
results for bandwidth 6 and 12 include integer valueed matrices. In each case,
the number of steps N is calculated so that the 2N (m + n) double precision
numbers allocated for W, U,V, Z plus the nz elements of the sparse matrix
A require less than 2 GBytes of storage (taking 8 bytes of storage per double
precision number). For each matrix the code is recompiled to reset parameters
for matrix dimensioning. For some of the larger matrices, g77 compiled code
suffers “relocation” errors at compile time, or run time “segmentation faults”.
These instances were recompiled to use one GBytes for matrix storage, and
rerun. For each bandwidth K = 2,6, 12 around 300 matrices successfully ran.
In each instance, the Frobenius norm of By, was less than or equal to the
Frobenius norm of A, with near equality in some cases.

Converged Singular Values for Bandwidth 2

Bandwidth = 2, Number of Converged Singular Values
100 T T T T

T T T
O Converged, 2 GBytes Storage
+  Compared
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Converged Singular Values for Bandwidth 6

Bandwidth = 6, Number of Converged Singular Values
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In each computation, singular values computed of BY 41 Wwere computed
by three calls to dgesvd. One call was for the entire N x N matrix. One
call was for the upper left matrix square submatrix By of dimension min(N —
K, N —6). The last call is for the upper left N/2 x N/2 matrix. The largest
L= 2\/ZN )+ 10 (V inversely proportional to m +n ) singular values of were
compared.

Let 01 > 09 > ...0p be the largest \/ZN) singular values of By, and
01 > 09 > ...0p the largest singular values of B;. o; was said to be converged
if R

M| <1078V, 1<j<i
|,
Converged singular values for different bandwidths agreed to high accuracy.

Figures 4 to 6 plot the number of singular values converged for matrices
of sizes (m +n)/2 from 10000 to about 400000. The legend ”.” represents the
number of singular values compared, ”0” represents the number converged for
2 Gbytes of storage. ”x” represents the number of converged singular values for
1 GBytes of storage. For the largest matrices represented only about 40 right
and left basis vector could be computed. The maximal number of computed
basis vectors was 1500 (representing the flat part of the plots).

The isolated ”0”s and ”x”s indicate instances for which few singular values
converged than were compared.

For a high proportion of the test matrices, all the L = 2v/Ni + 10 singular
values converged. For bandwidth 2, for 238 of 250 matrices, all the compared
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Converged Singular Values for Bandwidth 12

Bandwidth = 12, Number of Converged Singular Values
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singular values converged. The minimal number of converged singular values
was 10 of 30 compared. For bandwidth 6, for 278 of 308 matrices, all compared
singular values converged. In one instance there were no converged singular
values of 36 compared. Two other instances of poor convergence were 2 of
36 and 3 of 28. All the worst cases were when only 1 GByte of storage was
used. Also these cases teneded to be the matrices of higher dimension (for
which the size N of B; was relatively small) The next worst was 9 of 53. For a
bandwidth of 12, singular values were computed for 315 matrices. 32 of these
had suffered "relocation” errors or runtime segmentation faults for 2 GBytes of
storage, so were rerun allowing 1 GBytes for storage. For 259 of 315 matrices,
all the compared singular values converged. There were many instances of no
converged singular values, especially for large matrices and in the case that
only 1 GByte of storage could be used.

The plots seem to show that higher bandwidths K may slow convergence
due to having multiplied by A only N/K in constructing a basis size N (lower
degree Krylov subspace). Future work will explore the trade-off between

e high bandwidths allowing faster computations

e and low bandwidths which for a given number of computations and al-
located memory may allow determination of more singular values.

24



6 Solving Least Squares Problems

It’s natural to use a reduction to small band form to solve least squares prob-
lems. A classic and beautiful algorithm for this purpose is LSQR, due to Paige
and Saunders [25]. LSQR uses the sparse Golub-Kahan Lanczos bidiagonal-
ization procedure in a three term recurrence to find x to minimize ||Axz — bl|5.

e LSQR requires minimal storage (3 left and 3 right vectors) and accesses
A only for multiplications Az, y’ A. But as seen in Figure 1.1, there
is a significant loss of rank if the basis is not reorthogonalized, which
can cause convergence to “stall”. Reorthogonalization entails saving the
basis vectors.

e The sparse Ax and ATy operations are rather slow. The rest of the
LSQR operations are BLAS-1.

e Computing Az and ATy in a massively parallel manner may not be
computationally efficient due to the frequent synchronization required.

The development given here corresponds to the development of the LSQR
algorithm from Householder bidiagonalization. We accomplish a partial re-
duction to small-band form of the augmented matrix [b|A], and after [ steps
have

UEA«AVI = H,

H; an upper Hessenberg matrix with bandwidth k£ above the diagonal. and
with Ujy.0e; = b. Given y;, let

T = b— Al'l
ty = Ber — Hyy

Then,
Uittt = Uipa(Ber — Hiyy)
:b—Akak:b—Al’k:Tk

Choose y; to minimize ||¢]|2,

t1 = PBer — Hyy (6.2)

We have U q4t; = 1 = b — Ax; where in exact arithmetic U, 4 is orthogonal
so that |||l = [|ti]|2. In practice, when U4 is determined from Householder
transformations, it is orthogonal to working numeric precision.

Choosing z; from (6.2) and (6.1) results in an algorithm with several valu-
able properties.
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e The only accesses to A are for extractions of blocks and for SMDM
multiplications. Accessing A only for matrix vector multiplications is a
frequently cited virtue for LSQR and also for Krylov based methods, see
for example Saad [29].

e The other operations to produce the U[b|A]VT reduction are almost en-
tirely BLAS-3. In constrast, most Krylov matrix solvers such as GMRES,
are BLAS-2, where typically BLAS-3 algorithms are obtained only by
solving for several RHS simultaneously, as in Langou [21], Guennouni,
Jbilou, and Sakok [13], or Baker, Dennis, and Jessup, [2]. BLAS-3 is
helpful in serial speedup on cache based machines and also in reducing
communication frequency so that the algorithm can efficiently use many
processors, see for example Hernandez, Roman, and Tomas [14].

e If produced by block Householder transformations, the algorithm is scal-
ably stable, independent of block size k and the particular choice of a
matrix. In contrast, methods which attempt to simultaneously compute
Ax, A%z, A3z, ... A*z depend both on properties of A to ensure parallel
computation and on limiting the size of k£ to avoid loss of rank in the
Krylov basis, see for example Demmel, Hoemmen, Mohiyudding, and
Yelick [6], [7] .

A prototype implementation checks the accuracy of the above algorithm by
“running to completion”, i.e., eliminating all n columns via an octave script.
The computing solution z minimizing ||Az — b|| closely matches the octave
QR solution. Current work is in implementing good convergence criteria for a
practical sparse algorithm.
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