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ABSTRACT

Title
ELMRES: an Oblique Projection Method to Solve Sparse Non-Symmetric
Linear Systems

Author
Desmond Stephens

Principal Advisor
Gary Howell, Ph.D.

In this dissertation we present an algorithm called ELeMentary RESidual
(ELMRES). ELMRES constructs m basis vectors for a Krylov subspace of R”

2n — m3/3 flops. In comparison, GMRES requires 2m?n flops for Gram-

in m
Schmidt orthogonalization and 4m?n —4/3m? flops for the Householder method

[15],20].

We give a backward error analysis of the factorization A = L='HL. We
show that ELMRES minimizes ||L7(b — Ax)||2, the elementary residual. It is

also shown that ELMRES cannot breakdown.

We have integrated ELMRES into the numerical package SPARSKITZ2 thus
allowing easy comparisons with such routines as GMRES and BICGSTAB. Us-
ing this package we are able to solve systems in a variety of standard sparse
storage formats. We are also able to experiment with different preconditioners.

iii



By implementing ELMRES in a manner consistent with the other numerical

solvers in the package, we produced a useful routine.

Numerical examples are presented, comparing ELMRES to GMRES and
BiCGSTAB. Typically, ELMRES executes faster than does GMRES and al-
most as quickly as BICGSTAB. ELMRES is more robust than BiICGSTAB and

appears to be about as robust as GMRES.

ELMRES appears to scale well to large problems and to be amenable to

parallel implementation.
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Chapter 1

Introduction

The purpose of this dissertation is to examine solutions of
Az =10 (1.1)

where A is a sparse non-symmetric matrix. We have developed a new algorithm
called ELeMentary RESidual (ELMRES) which solves (1.1) using elementary
similarity transformations while not disturbing the original matrix A. In this
dissertation we will prove a new theorem which shows that in exact arithmetic
ELMRES does not breakdown and will find a solution to (1.1)in at most n steps.
Numerical experiments indicate ELMRES is as robust as currently employed

methods such as Generalized Minimal Residual and BiCGSTAB.



1.1 Direct and Iterative Methods

There are several approaches to solving linear systems. The simplest of these
is those categorized as direct methods. Direct methods solve (1.1) in an exact
number of steps. These methods work well for dense systems of moderate size
or large systems that have predictable patterns. Some of the problems incurred
with these methods are large storage cost, n? for n x n matrices, and unneces-
sary computations for large sparse matrices. Direct methods such as Gaussian

elimination often lose sparsity after relatively few steps.

Much work has been done on direct methods for sparse linear systems [3].
Minimizing fill is a primary concern. This work has increased the size of prob-
lems to which direct methods can be successfully applied. For larger problems,

storage constraints often dictate the use of iterative methods.

In the case of sparse systems, often a class of iterative techniques known
as splitting methods work well. In a splitting method, we take A = M + N,
where M is easily invertible [1],[2],[22]. One problem encountered when using
splitting methods is that parameters must be set carefully to obtain optimal
performance; still convergence may be slow. Slow convergence is magnified if
(1.1) is non-symmetric and is not positive definite. Splitting methods and direct

methods are commonly used as preconditioners for projection methods.



1.2 Projection Methods

Projection methods are a popular class of techniques currently used to solve
indefinite non-symmetric systems. A projection method finds an approximate
solution, € zy + K to (1.1) with zy + K an affine space. This affine space
can be described as the translation of the m dimensional subspace of R", K,,,
by the vector zy. To insure the uniqueness of x, the Petrov-Galerkin condition
must be applied. The Petrov-Galerkin conditions require m constraints to be
imposed on (1.1). Typically this is done by requiring the residual, » = b— AZ, to
be orthogonal to m linearly independent vectors. These vectors form a subspace

of R™ which will be refer to as L.

Projection methods fall into two categories, orthogonal and oblique. For
both categories K is the space being projected on. In orthogonal projection
methods the space £, orthogonal to the residual r = b — AZ, is taken to be the
same as KC while in oblique methods these spaces are different. Many methods

used for solving sparse problems fall into these categories.



1.3 Krylov Subspace Methods

In the previous section we have seen that projection methods are constructed
by choosing Z from an m dimensional subspace K and imposing the Petrov-
Galerkin condition b — Az 1 L. A Krylov subspace method is a method for

which the subspace K = I, is chosen to be the Krylov subspace
Kom(A, 70) = span(rg, Arg, A%rg, ..., A™ 1) (1.2)

where ry = b — Az with zy some initial guess for a solution to (1.1). An
approximate solution z,, can be generated from a linear combination of the
Krylov vectors such that x,, = x¢ + ¢n_1(A)ro where ¢, 1 is a polynomial of

degree m — 1.

1.4 Preconditioners

We will now turn our attention to the subject of preconditioners. Often conver-
gence is extremely slow with Krylov projection methods. When convergence of

a Krylov method is slow or worse, stagnates, preconditioning is helpful.

A preconditioner transforms the original system to one that is more easily
solved using some Krylov subspace method. Left or right preconditioners are
most common although sometimes a combination of both may be desirable.
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Taking a system such as (1.1) we can pre or post multiply by a matrix M such

that
M™'Az = M~'b (1.3)
or
AM tu=1b (1.4)
where
xr = Mtu.

A simple preconditioner is the Jacobi Method. In this case the matrix A is
split so that

A=—-L+D-U.

Our system then becomes

Ar=(-L+D—-U)x=b

giving

Daryy = (L+U)ax+b

Tre1 = D7HLA+ Uz, + D7 (1.5)

If welet M~'=D!' N =(L+U)and f=M"'b then (1.5)becomes

Tha1 = MﬁlN.Tk + f (16)



Clearly A= M — N so

M™7'N = M (M —A)

= [—M'A (1.7)

Inserting (1.7) into (1.6) we get

r=(—-M"1 Az +f. (1.8)

Solving for f we have

[—(I-M"'A)z = f

M~*Ax = M~ 'b.

Another approach to preconditioning is to do an incomplete LU factoriza-
tion of the sparse matrix A. The idea is to factor A into a sparse lower and
upper part, L and U respectively. This can be accomplished by setting two
parameter, 7 and p. As the LU factorization is being performed the algorithm
will want to fill both L and U completely. The value of 7 will be set such that
elements l;;,u;; < 7 are set to zero. The second parameter p is set such that
at most p elements are on any row of L or U during the factorization process.
This is called Incomplete LUD Threshold (GLUT) preconditioning. There exist
many variants on the GLUT preconditioner which adapt different strategies for
pivoting and establishing dropping criteria.

6



The GLUT algorithm will fail if during factorization a zero pivot is en-
countered, underflow or overflow occurs because of exponential growth of the
elements of the factors, or the L and/or U matrices which are calculated are
unstable. Many of the above problems can be avoided if all diagonal elements
are nonzero. This can be accomplished by performing pivots at each step of the
factorization, if necessary. Incomplete LUD Threshold with Pivoting (ILUTP)
adopts a permutation strategy which moves the largest element on row; to the
active position. Other options may be employed which only allow permuting
nondiagonal elements if tol * |a;;| > |a;|. After permutations, elements are dis-

carded or kept using the same criteria as GLUT.

A variant of the general GLUT dropping criteria of GLUT(p, 7) is the Mod-
ified Incomplete LUD (MILU) preconditioner. Instead of simply dropping el-
ements because they are smaller than 7, diagonal compensation is used. This
involves subtracting the sum of all elements to be dropped from the diagonal ele-

ment at step k. In this case all elements make a contribution to the factorization

[15].

The success of Krylov methods hinges on the choice of good preconditioners.
Often convergence requires fewer iterations if the preconditioner allows more
fill. In many cases creative choices have to be made to suit particular problems.

For this reason many still choose to use direct methods whenever possible.



Fortunately, ELMRES and GMRES are less dependent on good preconditioning

than are Krylov methods with short term recurrences.

1.5 Conjugate Gradient (CG)

A short term reccurence method retains a small number of vectors after each
projection step. One of these methods is Conjugate Gradient (CG). CG is a
projection method for solving (1.1) when A is symmetric positive definite [9],

[6]. This method finds # that minimizes

f(z) = %xTAa: — bz

which subsequently is the best solution to (1.1). One must generate A-conjugate

vectors which have the property that p! Ap; = 0 for i = 1,2,...,n and j =

1,2,...,n i+ j. The new approximate is
Tjt1 = opr+ ...+ Qpj
= T;+aq;p;

The residual associated with the new approximate, ;4 is
’I"j+1 = ?"j — OéjApj.

Since r; L rj4q,

(rj7 Tj)

(Apjirj>.

8

O[j:



Table 1.1: Conjugate Gradient Method (CG)

1. Start: Compute ro = b — Axg, po = ro.

2. lterate: For j = 0,1, ...until convergence do:
o (rj,r;)

3 o = —J—J—(Apj’rj).

4. Z’j+1 = .Tj + oszj.

5. Tiy1 =T5 — O[jApj.

: o (i)

6. B="wm

7. Pi+1 = Tjt1+ B;p;.

8. Enddo

Taking the new conjugate direction p;i; = 741 + B;p;, it can be shown that

5 - (rj+1, Ap;)
(pj; Apj)
(7j41,Tj41)
(rj,75)

The above relationships are assembled in Table 1.1.

1.6 Bi-ConjuGate Gradient STA Bilized

Another short term recurrence method for solving (1.1) is BICGSTAB [18],[15].

BiCGSTAB chooses

ri = 1j(A)d;(A)ro.
The polynomial 1;(A) has a "smoothing” or stabilizing effect on the process.
The polynomial ¢; is the residual polynomial while 9; is a new polynomial

9



Table 1.2: BICGSTAB Algorithm

1. Start: Compute ro = b — Axg; ry arbitrary;

2. Po =To

3. [Iterate: For 7 = 0,1,...until convergence do:
_ (T",T*)

Loy =y

5. Sj :’I“j —CYjApj.
 (Asy,s5)

6. Wi = (ASj],A;j)'

7. .Z'j+1 = ZE]‘ + ajpj + u)ij.

8. Tit1 = 85 — ijsj.

(i) ooy

9. ﬂ] - (rj,ra()) X wj"

10.  pjy1 =rjp + Bj(p; — w;Ap;).

11. Enddo

designed to "smooth” the convergence behavior of the method. The algorithm

is described in Table 1.2.

The BiCGSTAB algorithm only needs storage for the vectors s, z,r and p
at each step. In terms of operations, BICGSTAB performs two matrix vector
multiplies, four inner products and 15n flops in vector updates. For problems
in which the number of matrix vector multiplies is low or storage cost for the

Krylov basis vectors is excessive, methods such as BICGSTAB are desirable.

10



1.7 Full Orthogonalization (FOM)

Full Orthogonalization Method (FOM) [15], is an orthogonal projection method

which uses the Arnoldi Method to form an orthonormal basis for Krylov sub-

space K,,. Taking the n x m matrix V,, = {v1,vq,...,v,,}, consider the trans-
. : T _ X _ 7 _
formation V,; AV, = H,, where H,, € R™*™. v, = m where ry = b — Axg

and xg is some initial guess. To satisfy the Galerkin condition, we must have
b— Ax,, L L,
b— A(zo+ Viy) L span{V,,}
where y is an m vector. Therefore,
VE(rg — AV,y) = 0.
If we take 3 = ||7o||2, then VI'ry = VI(Bv,) = (Bey). As a result, the approxi-
mate solution using the above m-dimensional subspace is given by
Tm = To+ Viny (1.9)
y = H,'(Be) (1.10)
It can be shown that the error of FOM can be computed as [15],

Ib— Axllz = by mlebyl. (L11)

Because of the orthogonalization of the vectors in K, this method can be-
come very costly. This led to the development of a restarted FOM algorithm

11



for which m << n is chosen before the process is begun. The idea is to form
an approximate x,, from a linear combination of the first m vectors of K.
One can compute the residual using (1.11). If convergence is satisfied then
stop. Otherwise restart the process with zo = z,,. Variants of FOM such as
Incomplete Orthogonalization Method (IOM) and Direct Incomplete Orthog-
onalization Method (DIOM) expand on the idea that orthogonalizing against
fewer vectors is best. Both of these methods only store & < m Krylov vectors at
any particular time, therefore, each new vector is only orthogonalized against

the previous k vectors.

1.8 Generalized Minimal Residual (GMRES)

A widely used and reliable Krylov subspace method for indefinite nonsymmetric
systems is Generalized Minimal Residual (GMRES) [15],[12]. GMRES is math-
ematically equivalent to Generalized Conjugate Residual method (GCR) and
to ORTHODIR. GCR may breakdown and ORTHODIR may be numerically
unstable. GMRES cannot breakdown unless it has already converged [16]. It
also uses half the storage of GCR and one third fewer floating point operations
than GCR. GMRES is an orthogonal projection method which forms an ortho-

normal basis for the Krylov subspace IC,, while forcing b — Az, L L = AK,,.

12



The procedure for GMRES is as follows [15], [16]. First we construct (1.2) by
letting v; = ﬁ where 1y = b — Az with g some initial solution to (1.1). We
must find an approximate solution x,, such that x,, = ¢ + V,,y where the ma-
trix V, contains the vectors found in (1.2) and y is an m vector. The vectors of
V,, are orthonormalized by the Arnoldi method with Modified Gram-Schmidst.
The coefficients generated during this process are stored in an upper Hessenberg

matrix H,, € RtV Finally, given § = ||ro||2, we can solve
T = o + Viny (1.12)
where y is the least squares solution to
min || Bey — Hyyl.. (1.13)

In exact arithmetic, ||Be; — Hpylla = [|b — Az, |lo. The GMRES algorithm is

summarized in Table 1.3.

The solution to (1.13) is a (m+ 1) x m least squares problem with m << n.
H,, can be reduced to an upper triangular form by using Givens rotations of

the form

@ c S — row 1
g —8; G —row 1+1°

13



Table 1.3: Generalized Minimal RESidual Method (GMRES)

1. Start: Choose zy and compute rq = b — Axg and
v1 =10/ |Iroll2, B = |lroll2.

2. Iterate: For j =1,2,...,k, ..., until satisfied do:
hi,j == (AUj,Ui),i = 1, 2, e ,j,
bjr1 = Avj — 3y hijvi,
Vi1 = Ojy1/hji15.

3. Form the appropriate solution:
T = Zo + Viy, where y minimizes ||Be; — Hpy||o.

Consider the following example where

h11 h12 hlm 6
h21 h22 : 0
h32 /861 _ 0
0
hmm 0

m—+1,m

Premultiplying by the Givens rotations, Qm = QmQm_1 - . . Q1 we have

ﬂm = Qm(ﬁel) = (71a cee aﬁ)/m)T'

Thus, minimizing (1.13) is the same as min, || G, — Rymyll2. It can be shown that

16— Azplla = [Vmsal

14



A well known fact is that as the size of the Krylov subspace grows larger,
the storage requirements may become excessive. One technique used to speed
convergence is restarting the process after a certain number of vectors have been
orthogonalized. For example, one could orthogonalize k < m vectors against
each other at a time. Unfortunately, this too may lead to very poor convergence
and even stagnation in cases where the full version converges quite well [17]. For
these cases one must have good preconditioners to improve the behavior of the

coefficient matrix in (1.1).

15



Chapter 2

ELeMemtary RESidual

(ELMRES)

Wilkinson presents Hessenberg'’s algorithm as an oblique projection [21] (pp.379-
382). The algorithm without partial pivoting is as follows. Choose [; = e; and
y1 = Al;. We can find ys by subtracting an appropriate multiple of I; from 3,

such that

_ | a
Yo = Y1 — A11€1 = 31

16



and

0
~1

l2 — y2 asy
Q21 :

C~lnl

It is clear that Iy L e;. The first column of H is defined so that hq; is the
multiple of [; needed to satisfy Iy L e; and hyy is the scaling factor used to make

12(1) = 1. This 1mphes h11 = a1 and h21 = a921.

Now that we have I, and hy, we are able to begin the process of constructing
l3. Choose y; = Aly. It is clear that y; does not necessarily have any non-zero
entries. To insure l3 L ej,es we must eliminate y;(1) and y;(2). This will be

done by subtracting the appropriate multiple of [; and I, as follows.

yn = Al
Yy = Aly— ol
0
0
Ys = Alg — (O[lll + O[glg) = y3(3)
ys(n)
We choose a; and as such that the proper multiple of [; and I, are sub-
tracted from ys, insuring the orthogonality of y3 to e; and e;. Now, I3 = y3/3

where 5 = y3(3). The second column of H is created by letting his = ay,

hgg — Qo and h23 — ﬁ

17



This process is continued until at the rth step,

A Alr

Y2 = Al, — agly

Yr = Alr — (O[lll + O[glg + ...+ Ckrfllrfl)

Yry1 = Alr — (04111 + ...+ Odrlr).

Here a; ... «, are the multiples of [y ...[, respectively which annihilate el-

ements of y,41 to insure its orthogonality to (ej,ea, ..., e,—1). It is easily seen
that

0

0

Yr41 = Yr — arlr - yr+1(r + 1)

yr—i—l(n)
The (r+1)st column of L is calculated by I, 11 = Ypi1/Yrr1(r+1) and h,.(1: 1) =

a(l:r) with h,11, = 8. The resulting column of L, [,;4, has zeros in the first

r rows, thus making it perpendicular to each vector in the span(es, e, ..., €,).
The m!" column of H is created by projecting the Krylov subspace
K, = span(ei, Aey, ..., A" tep)

onto £ = span(ey, eg, ..., €py).

18



The aforementioned algorithm can be described in the concise formula

i—1

i=2,....m Yio1 = Alpy — > hil, (2.1)

k=1

where h;, is chosen so that
el yi = €] (Yi-1 — himli) = 0.
As a final step 1, = Ym/hmi1.m-

Wilkinson shows how to use partial pivoting for better stability. The m!"
basis vector augments

span(ey, €y, ...e 1)

by e, where m’ is chosen to maximize hy,1,,. The ELMRES algorithm which

implements the Hessenberg method is described in Table 2.1.

The Hessenberg algorithm is the same as column by column reduction using
elementary similarity transformations. Consider again the case without pivot-
ing. A column by column calculation of H allows matrix vector multiplications
to be performed with the original sparse A . Consider that the m*” column of

H can be written as

19



where
Li=1,—lLel, L7*=1,+lel.
Elimination of columns m + 1...n — 1 does not change H(:,m). Moreover, the

elimination of column k involves adding a multiple of row m + 1 to subsequent

rows which does not influence the first m 4+ 1 rows of H. Thus,
H(:;m)= Ly, ... [iAL* ... LY. L e,
since L; ‘e, =€, i=m+1,...,n—1.

Finally, multiplication of A on the right by L; ' changes only the ith column

of A. Denote H,, = ALT*... L7} Then H,,(:,m) = ALT"...L;'e,, = AL e,
and

H(:;m)= Ly, ... 1AL e, (2.2)

where AL e, = Al,. It should be noted that multiplication on the left by
Ly ... Ly subtracts Y73 Apmle. Comparison with (2.1) shows that column by
column computation of H using elementary similarity transformations results

in the Hessenberg algorithm. From either description of the algorithm we have

n Jj—1
hij = fl(ai; + Z @igly j—1 — Z lLikhk,j—1) (2.3)
h=j+1 k=1

For any of the permutations associated with partial pivoting there is some sim-

ilar A for which (2.3) holds.

20



For sparse matrices, the first m Krylov basis vectors for the subspace K =

2n—m3/3 flops. Getting a basis

span (rg, Arg, ..., A !rg) can be generated in m
for the same subspace by modified Gram-Schmidt orthogonalization requires

2m?n flops. Using Householder transformations, 4m?n — 4/3m? computations

are needed [15],[20].

2.1 Backward Error - Hessenberg Algorithm

We now prove the following theorem.

Theorem 1 Given H produced in floating point arithmetic by the Hessenberg

algorithm

H =LA+ AA)L Y [AA] < 7 (|AJL] + |LIH]) (2.4)

where v, = nu/(1 —nu), u is the smallest number such that 1 = fl(1 +u) and

A is a permutation of A.

Proof A is formed by permuting rows and columns of A so that the Hessenberg
algorithm requires no further permutations. From (2.3) and [10] (p. 154), we

have

n j—1
hij=a;+ Y aglij—1(1+08) =3 liphy (1+609) (2.5)

k=j+1 k=1

21



where |0*)| < ~, for all k. Then
n 7—1 n i—1
hij — aij — Y ale; — Y lichig] <l D2 el + Y lillhus|} (2.6)
k=2 k=2

k=j+1 k=j+1

For zero elements of H,i.e.,i>j+1,

n j+1
0=ay+ > anliy(1+08) = lhiy(1+6) (2.7)
k=j+1 k=1
and hence
n Jj+1 n J+1
| —aiy— Y awli; =D liwhigl <l Do laalllel + D [lallhasl} - (2.8)
k=j+1 k=1 k=j+1 k=2
Equation 2.4 follows from Equations 2.6 and 2.8. O

2.2 Formulation of the ELeMentary RESidual

Method (ELMRES)

We propose a new algorithm called the ELeMentary RESidual method (ELM-
RES). Like GMRES, ELMRES does not breakdown and gives a well conditioned
basis for the Krylov subspace. ELMRES requires half the operations of GM-
RES and converges in approximately the same number of iterations, offering a
robust alternative to Krylov methods based on short term recurrences such as
TQMR or BiCGSTAB (pp. 220-21)[15],[4], [18]. The version presented on the
next several pages does have possible breakdowns as we have, for simplicity’s
sake, neglected pivoting.
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In this method we reduce A to an upper Hessenberg matrix using elementary

transformations. Starting with the system described in (1.1), we construct a

matrix
L=1iLy...L,,.
We define
M:I+&§:<Ohhlik)
and

_ ~ L, | 0
%1:1_m$=<0 —u\hk>

where Zk and —Zk are n — k vectors located in the kth column of L; and L,:l

respectively. Then

1 0 0 0 0
Zl 1 -
lh .
L=+ SR B C o = (L) (2.9)
S0
0 0 1

where L is the n x m matrix formed from the first m columns of L. The first

m columns of L, (I3,1s,...,l,) are the basis vectors for K,,. These vectors are

constructed by the Hessenberg algorithm, , such that

liL{el,eg,...,ei_l} Z:L,m
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Using the above definition of L we have
L' AL(L™'7) = Bey. (2.10)

Ly is chosen so that L7'rg = Be;. If 1o = b — Az with zy some initial guess we
want to choose the approximate solution
xm:x0+ﬁy, yeR™.

Multiplying both sides of the equation by A gives

Az, = Azg + ALy.
It clearly follows that

b— Az, = b— Azg— ALy
= ro— ALy.

Now multiplying by L=t = L 'L 1, ... L,

L7'(b— Azn) = L '(ro— ALy)

() () e

where H,, is m x m, the matrix (0 al,41) is (n —m) x m and al,,4; is an

n — m vector.
If we choose fe; = H,,y then

1 0
L= An) = (gat)
-~ 0
N ( azm-i—lym >
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where y,, is the last entry of the m vector y .

Multiplying on the left by L gives

0
b— Al‘m o L( alm+1ym >

- 0
— (L|[n—m) ( alm+1ym )

0
~ (o) (2.12)
Equation (2.12) is simply the Galerkin conditions

b—A(xo+ Ly) L span{e;} i=1,2,....m

b— Az, L span{e;} i=1,2,...,m.
We have chosen z,, by solving

for an oblique projection method analogous to FOM. See for example (p. 124)

[15].
Suppose we repartition (2.11) as
L7 b— Az,,) = L7 (ro— ALy)
ﬂel ) Hm
= (o) |\ — 2.14
< 0 ()élm+1 Y ( )
and choose
T = 2o + Ly (2.15)
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with y as the least squares solution to || H,,y — Be1 |2, Hm an (m+1) x m matrix
and [,,41 an n— (m+ 1) vector. Let z = Be; — H,,y be such that z is of minimal

norm. Then

le-’-lym

R z
Z =
alm+1ym

is minimal in 2-norm. Choosing y in this fashion minimizes ||L~*(b — Az,,)|2,

L7 (b — Ax,,) = <#>

where

the elementary residual. Thus this choice is called the ELeMentary RESidual
method ELMRES. The ELMRES algorithm without pivoting can be found in

Table 2.1.

2.3 ELMRES with implicit pivoting

For a practical linear solver we want all matrix vector multiplies to be performed
with the original matrix A. This allows the user to use their own storage scheme
for a sparse matrix and require no other access to A by the iterative solver. The
algorithm with implicit pivoting is presented here. For the sake of clarity, we
present a matlab script file. For simplicity we assume the number & of iterations

is given in advance.
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Table 2.1: ELeMentary RESidual Method without pivoting

1. Start: Choose xq and compute rqg = b — Ax,

Iy = 10/Iro(1)] and 8 = [ro(1)].

L=1,H=1,
h(:,1) = Al
L(2:n,2)=h(2:n,1)/h(2,1)
h(3:n,1)=0

2. Iterate: For j = 1,..., m, until satisfied do:
h(,j+1)=AGj+1:n)LG+1:n,5+1),
Fori=1,...,J

hk,j+1)=h(k,j+1) = L(k,i+ Dh(i+1,j+1), k=i+2..

end
LGi+2:nj+2)=h(j+2:n,7+1)/h(j+2,j+1)
h(j+3:n,j+1)=0

end

3. Form the appropriate solution:
T(m) = o + Ly, where y minimizes ||Ge; — H,yl|s.

.n
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ELeMentary RESidual Method with implicit pivoting

% b is the right hand size of Ax=b and is assumed as an input.
% a square matrix A of size n is also input, along with

% k the number of columns of A to be eliminated.

% initialize matrices h and m.

z =1;
y =1
zl = 1;
h = eye(n+1);

m = eye(n);
% reduce b to a multiple of el.
% find the maximal element of b.
p=1; mcol = abs(b(1));
for i=2:n, if(mcol<abs(b(i))),p=1i,mcol=abs(b(i));end; end;
pivnew(l) = p;
% swap rows of a and b and apply rank-one update to b and
% first column of a.
m(1:n,1)=b/b(p);
blold = b(p);
temp = m(1,1); m(1,1) = m(p,1); m(p,1) = temp;
mtemp=m(:,1) ; temp=mtemp (pivnew(1)) ;mtemp(pivnew(1l))=mtemp(1);
mtemp (1)=temp;
h(1:n,1) = a(:,1);
h(l:n,1) = h(l:n,1)*mtemp(l) + a(:,2:n)*mtemp(2:n);
temp = h(1,1); h(1,1) = h(p,1); h(p,1) = temp;
h(2:n,1) = h(2:n,1) - m(2:n,)*h(1,1) ;
% k is the number of columns which will be eliminated.
% k = n-1 means that a matrix similar to the original matrix
% is produced.
k = min(k,n-1);
% Find the maximal element in the first column.
p=2;mcol=abs(a(2,1));
for i=3:n, if(mcol<abs(h(i,1))),p=i;mcol=abs(h(i,1));end; end;
% take the first column of H as the first column of A
% and accomplish the row swap. Columns of A are also swapped.
temp=h(2,1); h(2,1)=h(p,1); h(p,1)=temp;
% Get the multipliers for the first column and store them in M.
% Save the pivot used in pivnew(2).
m(3:n,2) = h(3:n,1)/h(2,1);
h(3:n,1) = zeros(n-2,1);
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pivnew(2)=p;
% Now loop through k columns.
for j=1:k,
% Complete the similarity transformation incrementing the jth
% column of H by the product of A and current multipliers.
if(j<=(n-1)),
mtemp=m(:,j+1);
for kk=j+1:-1:1,
temp=mtemp (pivnew(kk)) ;mtemp (pivnew(kk))=mtemp (kk) ;
mtemp (kk)=temp;
end;
Z = a*mtemp;
h(l:n,j+1) = z;
end;
% Perform rank one updates of column j + 1
% corresponding to previous row eliminations.
for i=0:j,
te = h(pivnew(i+1),j+1); h(pivnew(i+1),j+1) = h(i+1,j+1);
h(i+1,j+1) = te;
h(i+2:n,j+1) = h(i+2:n,j+1) - m(i+2:n,i+1)*h(i+1,j+1);
end;
% Now that the j+1st column of H is up-to-date eliminate it.
%» The entries of the up-to-date column become multipliers.
jmin=min(j+2,n);
if j+1 < n ,
m(j+2:n,j+2) = h(j+2:n,j+1) ;
% Find the largest element in the column.
p=j+2; mcol = abs(m(j+2,j+2));
for i=j+3:n, if mcol < abs(m(i,j+2)),p=i;mcol=abs(m(i,j+2));
end;end;
% Row swap
pivnew(j+2)=p;
temp=m(j+2,j+2); m(j+2,j+2) = m(p,j+2); m(p,j+2) = temp;
h(j+2,j+1) = m(j+2,j+2);
h(j+3:n,j+1) = zeros(n-j-2,1);
m(j+2:n,j+2) = m(j+2:n,j+2)/m(j+2,j+2);

end;
end;
kp2 = min(k+2,n);
kpl = min(k+1,n);

h = h(1:kp2,1:kpl);
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m =m(l:n,1:n);
% Least squares solution of H*zl =y = V*b
y = zeros(kp2,1); y(1) = blold; =zl = h\y ;
nrm = norm(h*zl-y)
z(1:n) = zeros(n,1);
z(1:kpl) = z1 ;
kmax=min(k,n-2) ;
% Compute solution of V *x z =y
for i=kmax:-1:0,
z(i+2:n) = z(i+2:n) + m(i+2:n,i+1)*z(i+1);
te = z(pivnew(i+1)); z(pivnew(i+1)) = z(i+1);
z(i+1) = te;
end;

2.4 ELMRES cannot breakdown

As seen in [16], GMRES cannot breakdown. ELMRES also does not breakdown
i.e. ELMRES does not terminate execution due to division by zero unless it has

already converged.

Theorem 2 Given the (m + 1) x m matriz H,, generated by the ELMRES

algorithm using the method of Hessenberg, one of the following is true:

1. If hjy1; # 0 fori=1,..., then there exists § such that ||Be; — H,,.i|2 is

of minimal 2 norm or

2. Zf hj+1’j =0 then ||ﬁel - ngHQ = 0.
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Proof

1. Consider the factorization of the first k& columns of H as

where )}, is formed by the accumulation of Givens rotations. Suppose the
first k£ Arnoldi vectors can be constructed. This will be the case if the
entries hji1; # 0,7 = 1,2,..., k. Assuming h;2;4+1 # 0 then the entry

Ti41,5+1 of Rj+1 satisfies

_ 2 2
risnger = /(W3 a1+ h2s40) > 0.

Thus for 5 =1,...,k, 7r;; #0,

|Ber — Hyylla = ||Qr[Ber — Hiylll2 = ||QrBer — Riylla

can be uniquely solved therefore ELMRES cannot breakdown if hj 4 ; #

2. Suppose that hji;; = 0. Then

1Ber — Hyyll2 = |Q;[Ber — Hylll2 = |Q;8e1 — Ryyll2 = 0. O

The above case for which hj;q ; = 0 can be restated as

L'AL = (H;|L7A(, 5 + 1 n))(%) = Hyy+ A(,j+1:n)0=Fe; (2.16)
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where y is a j vector and g = (§) is an n vector. Since L' AL is nonsingular, § is
uniquely determined. Therefore z is uniquely determined where L='Az = L=1b

and Az = b.

Due to rounding arithmetic, exact equalities are not obtained. In practice
the ELMRES Krylov basis L is well conditioned and the GMRES Krylov basis
V obtained by modified Gram-Schmidt orthogonalization is near orthogonal. In

either case the algorithm converges in at most n steps.
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Chapter 3

Numerical Results

3.1 Numerical Experiments

In this section, results and analysis are given for various numerical experiments.
In most cases, ELMRES and GMRES require fewer matrix vector multiplies for
convergence than are needed for the short term recurrence method BiCGSTAB.

In some cases ELMRES and GMRES converge while BICGSTAB does not.

ELMRES and GMRES typically converge in almost the same number of
iterations. If convergence is very fast, GMRES may be slightly faster because
ELMRES performs an extra matrix vector multiply to pick out the first col-

umn of A. More typically, ELMRES is significantly faster as it requires fewer
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operations and these execute more efficiently.

For BiCGSTAB the residual r; is computed at each step. Theoretically the
GMRES residual || H,,y — Bei||2 = ||b— Az||o. In practice equality does not hold.
For ELMRES, we have residual || H,,y—Be; |2 = || L~ (b—A#)]|5. At a given step
we can calculate x,, = x¢ + I:y and then r,, = b — Ax,, but the computational
cost is significant. In order to insure convergence in terms of the ||r,,|2 we

calculate r, only after convergence is achieved in terms of || H,,y — Be1ll2. We

| Hmy—Berllz

then compute the ratio p A=t

and adjust the convergence tolerance by
a = %. Achieving the adjusted tolerance often requires a few additional steps

for ELMRES beyond the number required by GMRES.

For numeric tests, matrices were selected from MATRIX MARKET [13].
Some of the problems were generated by RITERS.F and are simply 3-D ver-

sions of (A.1).

A comparison of the number of iterations of BICGSTAB, GMRES, and
ELMRES with a variety of Krylov subspace sizes and level of fill for the precon-
ditioner ILUT is done. The [fil parameter in the Incomplete LU factorization
allows at most [ fil nonzero entries in a row of L and also [fil nonzero entries

in a row of U. Entries of size less than 1077 in L or U are dropped.

34



The tolerance is calculated as in SPARSKIT?2

residual = reltol||b — Axl|2 + abstol. (3.1)

The parameters reltol and abstol may be set by the user. In Figures 3.1-3.7
we are plotting log(residual) vs number of matrix vector multiplies where the

residual is calculate by (3.1).

These experiments were performed with a Pentium I computer with 48
MEG of RAM running at 133 MHz under Linux. The g77 Fortran compiler with
tuned BLAS [8] was used. It should be noted that for all of these experiments

the solution is known as the right hand side of the system is generated by

T _
A(l,...., )" =0b
RESIDUALS FOR F3D WITH GAMMAX AND GAMMAY =1 AND LFIL = 6
2 T T T T T T T T T
® B x .
o BiCGSTAB
1 0 GMRES
° x ELMRES
[a G|
(0] 8 o
ot
o o
(0]
g_l X . 0 o o
2 “x oo
%]
g [0}
_2 X
é o B 8O
o x
—
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- x O oo
x O 0O o
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NUMBER OF MATRIX-VECTOR MULTIPLIES

Figure 3.1: F3D with [fil = 6, stopping tol = 10~° and Krylov basis size 80.

35



As a first example (see Figure 3.1), consider F3D from SPARSKIT which
we took as the 3-D finite difference problem,

APy + g—uewy + ?e‘my =0
< Y

with size 4096 where [ fil = 6 and tol = 1.e —5. BICGSTAB required 19 matrix
vector multiplies and 1.01 seconds, obtaining ||z — || = 4.75¢ — 5. GMRES
required 14 matrix vector multiplies and 1.12 seconds, obtaining ||z — Z||; =
1.82e — 4 and ELMRES required 15 matrix vector multiplies and 1.03 seconds

with || — Z||; = 3.71e — 4.

Next consider the slightly modified case (Figure 3.2),

A2y + 100@&“9 + 100@6—9@ =0.
or oy

BiCGSTAB required 127 matrix vector multiplies and 6.31 seconds, obtaining
|z — &|]2 = .00630. GMRES required 98 matrix vector multiplies and 16.1
seconds, obtaining ||z — Z||z = 8.50e — 15 and ELMRES required 104 matrix

vector multiplies and 7.82 seconds with ||z — || = 7.97e — 15.

The F3D example is typical of the relative performance of BiCGSTAB,
GMRES, and ELMRES for a relatively well-behaved problem, with ELMRES
faster than GMRES and slower than BICGSTAB. Also, ELMRES and GMRES
typically require almost the same number of matrix vector multiplies and return
comparable errors.
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RESIDUALS FOR F3D WITH GAMMAX AND GAMMAY = 100 AND LFIL = 6
15 T T T T T T

BiCGSTAB
GMRES
ELMRES

LOG10 OF RESIDUAL

Il Il Il Il
20 40 60 80 100 120 140
NUMBER OF MATRIX-VECTOR MULTIPLIES

Figure 3.2: F3D with [fil = 6, stopping tol = 107" and Krylov basis size 80.
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Figure 3.3: Saylr4 with [fil = 10, stopping tol = 1072 and Krylov basis size
120.
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The Saylr4 oil reservoir simulation problem is difficult without precondi-
tioning. This is a 3564 by 3564 matrix with at most 7 nonzero elements per
row. It arises from 3D simulation of reservoirs for which shale poses verti-
cal barriers. There is a nearly random heterogeneity in the coefficient ma-
trix. Additionally, there are enormous local contrasts in the transmissibil-
ity of the differential equation. The condition number of the matrix is es-
timated to be 1.3e4. Without preconditioning, BiCGSTAB, GMRES, and
ELMRES fail to converge within 560 matrix vector multiplies. In Figure 3.3,
right preconditioning using ILUT with [fil = 10 is used and all converged.
BiCGSTAB required 51 matrix vector multiplies and 2.87 seconds, obtaining
|z — 2|2 = 1.78¢ — 9. GMRES required 37 matrix vector multiplies and 3.95
seconds, obtaining ||z —z||2 = 1.39e—9 and ELMRES required 39 matrix vector

multiplies and 2.93 seconds with ||z — Z|| = 1.85e — 9.

In Figure 3.4, the AF23560 matrix is used which is a 23560 by 23560 ma-
trix from discretizing the Navier-Stokes equation. It has 484256 nonzero entries.
We used right preconditioning with ILUT having [ fil = 10. Restarts were done
every 50 steps. BICGSTAB required 235 matrix vector multiplies and 117 sec-
onds, obtaining ||z — Z|ls = 1.96e — 6. GMRES required 241 matrix vector
multiplies and 229 seconds, obtaining ||z — 2|2 = 3.28¢ — 6. ELMRES required

256 matrix vector multiplies and 163 seconds with ||z — || = 6.18¢ — 6.
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RESIDUALS FOR AF23560 WITH KRYLOV SUBSPACE =50 AND LFIL = 10
6 T T T T T
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Figure 3.4: AF23560 with [fil = 10, stopping tol = 10~® and Krylov basis size
50.

RESIDUALS FOR AF23560 WITH KRYLOV SUBSPACE = 70 AND LFIL = 10
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Figure 3.5: AF23560 with [fil = 10, stopping tol = 10~" and Krylov basis size
70.
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As seen in Figure 3.5, increasing the size of the Krylov subspace to 70 does
not change BICGSTAB. GMRES then requires only 197 matrix vector multiplies
and 219 seconds with ||z —2||; = 3.89¢e —6. ELMRES required 209 matrix vector
multiplies and 141 seconds with ||z — Z||» = 9.08e — 6. This problem is typical

of relatively easy problems in which BICGSTAB is somewhat superior in time

of convergence and requires little storage.

Next a harder problem is considered, a matrix from Matrix Market, Fid036
(adapted from SPARSKIT). This matrix is of size 3079 by 3079 with 53107
nonzero entries. It has an average of 17 nonzero entries and the maximal number

of nonzero entries on a row is 37. The matrix has condition number 2.17e + 06.

RESIDUALS FOR FID36 WITH KRYLOV SUBSPACE SIZE =100 AND LFIL =90
15 T

= BICGSTAB
o GMRES
x ELMRES

®
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Figure 3.6: FID36 with [fil = 90, stopping tol = 10~ and Krylov basis size
100.
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When [fil = 90 and GMRES and ELMRES are restarted after 100 matrix
vector multiplies (see Figure 3.6), BICGSTAB required 6.90 seconds and 41
matrix vector multiplies, GMRES 62.8 seconds and 226 matrix vector multiplies,
and ELMRES 6.23 seconds and 34 matrix vector multiplies. The actual error

norm ||z — || for GMRES is 5.90e4 and for ELMRES is 5.17e3.

RESIDUALS FOR FID36 WITH KRYLOV SUBSPACE = 100 AND LFIL =40
35 T T T T T
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Figure 3.7: FID36 with [fil = 40, stopping tol = 10~ and Krylov basis size 40.

When [fil = 60 and GMRES and ELMRES are restarted after 100 matrix
vector multiplies, BICGSTAB required 20.1 seconds and 137 matrix vector mul-
tiplies, GMRES 63.5 seconds and 233 matrix vector multiplies, and ELMRES
5.79 seconds and 35 matrix vector multiplies. The actual error for GMRES was

9.1e7, for ELMRES 4.1e5.

Figure 3.7 shows that when [fil = 40 and GMRES and ELMRES are
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restarted after 100 matrix vector multiplies, BICGSTAB diverged. ELMRES
and GMRES eventually converged, GMRES required 450 matrix vector multi-
plies and 111 seconds. ELMRES required 446 matrix vector multiplies and 66.6
seconds. In this case, the actual error of GMRES was 50.41 and the error for

ELMRES was .0243.

The next set of experiments were performed on a Pentium II running at
450MHz under Linux using the g77 compiler and the tuned BLAS. The size
of the Krylov subspace (number of matrix vector multiplies between restarts)
is varied for ELMRES and GMRES and convergence times are compared. As
with our first set of experiments the solution to all of the systems is (1,...,1)%.

In Figures 3.9 and 3.12 the log(error) on the vertical axis represents the true

residual error ||z — Z||2 and ||b — AZ|]; for ELMRES and GMRES.

The first matrix FID001, is shown in Figures 3.8, 3.9 and 3.10. Its dimen-
sion is 216 by 216. It has 4734 nonzero entries and 20 nonzero entries per row.
Its condition number is 6.5e4. Restarting every 20 iterations causes ELMRES
to take .7 seconds and GMRES .6 seconds. If restarts are performed less fre-
quently convergence is quicker, .30 seconds for GMRES and .25 for ELMRES.
ELMRES residuals and errors are slightly better than those for GMRES. When
ELMRES and GMRES are restarted after every 20 matrix vector multiplies,

ELMRES requires a total of 141 matrix vector multiplies to 113 for GMRES.
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When restarts are performed only every forty steps, ELMRES requires 42 ma-

trix vector multiplies to 39 for GMRES.

For the FID_036 matrix (see Figures 3.11, 3.12 and 3.13), we again compared
the frequency of restarts to the time for convergence. Here we took [fil = 90
with a range of Krylov basis size between 15 and 30. The fastest convergence
for GMRES was GMRES(19) with convergence in 4.5 seconds. ELMRES(19)
convergence was the slowest requiring 16 seconds. GMRES(21) took 23 seconds
while the quickest ELMRES was ELMRES(21) requiring 3 seconds. For basis
size larger than 21, ELMRES was consistently around 40 to 50 per cent faster
than GMRES . The minimal number of matrix vector multiplies for GMRES was
97 for GMRES(19). ELMRES(19) was 365, the largest attained. The number
of iterations for GMRES(21) was 520. ELMRES(21) took only 65 matrix vector
multiplies. When restarts are less frequent, GMRES required around 150 matrix

vector multiplies to about 75 for ELMRES.

ELMRES errors were typically a bit smaller than the GMRES errors. The
smaller errors for ELMRES are due to ELMRES taking an extra matrix vector

multiply or two to ensure it is under the required bound on ||Be; — Hyy||2.
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Figure 3.8: FID001 matrix graph of Krylov subspace size vs Time(sec).
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Figure 3.9: FID001 matrix Krylov subspace size vs log(error).
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Figure 3.10: FID001 matrix Krylov subspace size vs Matrix vector multiplica-
tions.
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Figure 3.11: FID36 matrix graph of Krylov subspace size vs Time(sec).
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Figure 3.12: FID36 matrix Krylov subspace size vs log(error).
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SIZE OF KRYLOV SUBSPACE VS. NUMBER OF ITERATIONS
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Figure 3.13: FID36 matrix Krylov subspace size vs Matrix vector multiplica-
tions.
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Chapter 4

Conclusions and Future Work

In this dissertation we given a formulation of the ELeMentary RESidual method.

We have shown that given a system Az = b we can find an approximate solution
T = To + [:my

which minimizes

18er — Huylla = IL71 (b — Azy)|2

A

where y is an m vector, H,, is an (m + 1) X m matrix , L, is an n X m matrix
of the basis vectors for (1.2) and ||[L™'(b — Ax,,)]|2 is the elementary residual.
Backward error analysis has been given showing that the reduction to similar

Hessenberg form of the matrix A, namely,

H = L(A+ AA)L™ |AA] < yu(|AlL] + | LI H])
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where 7, = nu/(1 —nu), u is the smallest number such that 1 = fI(1+ u). This

result indicates that for most problems the backward error is small.

Finally, we have proven that ELMRES does not breakdown through the

following theorem:

Theorem 2 Given the (m + 1) x m matriz H,, generated by the ELMRES

algorithm using the method of Hessenbery, one of the following is true:

1. If hjp1,; # 0 fori=1,..., then there exist y such that ||Be; — H, |2 is

of minimal 2 norm or

2. if hjt1; =0 then ||Be; — Hy g2 = 0.

The numerical results suggest that ELMRES is usually preferable to GM-
RES in terms of execution time. When a large Krylov basis is required for
convergence, ELMRES is significantly faster than GMRES. Both GMRES and
ELMRES are more robust than BICGSTAB as they are less dependent on good

preconditioners to ensure convergence.

Greenbaum recommends that when matrix vector multiplies are extremely
expensive, GMRES is preferable to short term recurrence methods because it
requires fewer matrix-vector multiplies to reduce the residual to its desired

level. Under conditions where matrix-vector multiplies are not expensive and if
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storage becomes a problem for ELMRES and GMRES, then methods such as
BiCGSTAB are recommended [7]. We often see that ELMRES is competitive

with BICGSTAB in execution time.

In the future we would like to exploit additional storage gained when per-
forming computations in parallel. For GMRES, the number of messages to be
passed per matrix vector multiply is proportional to basis size, while for ELM-
RES the number of messages passed is almost independent of Krylov basis size.
Thus ELMRES should be relatively efficient in parallel. Robust convergence

without good preconditioning is likely to be helpful in parallel computation.

One difficulty of parallel computations is that parallel preconditioning is
not as reliable as serial preconditioning. The ability of ELMRES to converge
without particularly good preconditioning may thus be helpful in parallel com-

putation.
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Appendix A

SPARSKIT2 and Related Topics

In the early 90’s with the advent of a growing interest in solving large sparse
systems, Y. Saad developed a FORTRAN 77 software package SPARSKIT? .

The structure of the package [14] is as shown in the following figure.

SPARSKIT

BLASSM FORMATS INFO [INOUT ITSOL MATGEN ORDERINGS UNSUPP DOC

FDIF FEM MISC MATEXP PLOTS

Figure A.1: General organization of SPARSKIT.

SPARSKITZ2 is made up of 9 major modules:
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BLASSM

FORMATS

INFO

INOUT

contains some of the BLASS subroutines.

contains the subroutines necessary to change matrices

from one storage scheme to another.

contains elementary information on a given sparse ma-
trix, specifically matrices in Harwell-Boeing format. This
module will also output matrix information when the ma-
trix has been stored in Harwell-Boeing format. Many of
the matrix storage schemes can be converted to this for-

mat using FORMATS.

contains subroutines that read matrices into the pack-
age that have been stored in a variety of formats such
as Compressed Sparse Row (CSR) and Harwell-Boeing
(HB) etc. This subroutine also outputs matrices in dif-

ferent formats including postscript.

52



ITSOL

MATGEN

ORDERINGS

UNSUPP

DOC

contains several iterative solvers to include the variants
of GMRES and CG along with ELMRES. This module
also contains subroutines for many of the well know pre-
conditioners such as variants of ILU and MILU. All of

the necessary driver programs and batch files can also be

found in this module.

generates sparse matrices including those stemming from
finite difference and finite element computations. This
module also contains matrix generating software for ran-

dom walks and some statistical applications.

contains some subroutines used to reorder matrices.

contains additional subroutines for preconditioning plot-
ting, etc. that may not be completely reliable but may

nevertheless be useful.

contains documentation for SPARSKIT?2.
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A.1 Storage Schemes

One of the main motivations behind SPARSKIT?2 was a need for a centralized
way to tackle sparse linear systems in a way that could accommodate many
different storage schemes. One of the most popular storage schemes is the
Harwell-Boeing format (HB)[13]. We will briefly describe the structure of the
Harwell-Boeing and Compressed Sparse Row formats. It should be noted that
all internal operations of SPARSKITZ2 are done using Compressed Sparse Row
format. The subroutine READMT located in the INOUT module performs
the conversion. The reader will find a complete explanation of these formats in

[15] and [11].

A.1.1 Harwell-Boeing Format

The HB format requires matrix data be held in an 80-column, fixed-length
format for portability. Each matrix begins with a multiple line header block,
which is followed by two, three, or four data blocks. The header block contains
summary information on the storage formats and space requirements. From the
header block alone, the user can determine how much space will be required to
store the matrix. Information on the size of the representation in lines is given

for ease in skipping past unwanted data.
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If there are no right-hand-side vectors, the matrix has a four-line header
block followed by two or three data blocks containing, in order, the column
start pointers, the row indices, and the numerical values. If right-hand sides
are present, there is a fifth line in the header block and a fourth data block
containing the right-hand side(s). The blocks containing the numerical values
and right-hand side(s) are optional. The right-hand side(s) can be present only
when the numerical values are present. If right-hand sides are present, then
vectors for starting guesses and the solution can also be present. If they are
present, they appear as separate full arrays in the right-hand side block following

the right-hand side vector(s).

The first line contains the 72-character title and the 8-character identifier
by which the matrix is referenced. The second line contains the number of
lines for each of the following data blocks as well as the total number of lines,
excluding the header block. The third line contains a three character string
denoting the matrix type as well as the number of rows, columns and entries.
The fourth line contains the variable Fortran formats for the following data
blocks. The fifth line is present only if there are right-hand sides. It contains a
one character string denoting the storage format for the right-hand sides as well
as the number of right-hand sides, and the number of row index entries. The

exact format is given by the following, where the names of the Fortran variables
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in the subsequent programs are given in parenthesis:

Line 1

Col. 73 - 80
Line 2

Col. 15 - 28
Col. 29 - 42
Col. 43 - 56
Col. 57 - 70
Line 3

Col. 15 - 28
Col. 29 - 42

(AT2,A8) Col. 1 - 72 Title (TITLE)

Key (KEY)
(5114) Col. 1 - 14 Total number of lines excluding header

(TOTCRD)
Number of lines for pointers (PTRCRD)
Number of lines for row (or variable) indices (INDCRD)

Number of lines for numerical values (VALCRD)
Number of lines for right-hand sides (RHSCRD) (including

starting guesses and solution vectors if present) (zero indicates

no right-hand side data is present)
(A3, 11X, 4I14) Col. 1 - 3 Matrix type (see Table A.1)

(MXTYPE)

Number of rows (or variables) (NROW)

F for full storage or

M for same format as matrix

Number of columns (or elements) (NCOL)
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Col. 43 - 56
Col. 57 - 70
Line 4
Col. 17 - 32
Col. 33 - 52
Col. 53 - 72
Line 5
Col. 2
Col. 3
Col. 15 - 28
Col. 29 - 42

Number of row (or variable) indices (NNZERO) (equal to num-

ber of entries for assembled matrices)
Number of elemental matrix entries (NELTVL) (zero in the

case of assembled matrices)

(2A16, 2A20) Col. 1 - 16 Format for pointers (PTRFMT)
Format for row (or variable) indices (INDFMT)

Format for numerical values of coefficient matrix (VALFMT)

Format for numerical values of right-hand sides (RHSFMT)
(A3, 11X, 2I114) Ouly present if there are right-hand sides

present Col. 1 Right-hand side type:
G if a starting vector(s) (Guess) is supplied. (RHSTYP)
X if an exact solution vector(s) is supplied.

Number of right-hand sides (NRHS)

Number of row indices (NRHSIX) (ignored in case of unassem-

bled matrices)

The three character type field on line 3 describes the matrix type. The

following table lists the permitted values for each of the three characters. As an

example of the type field, RUA denotes that the matrix is real, unsymmetric,

and assembled.

Although the standard for transporting matrices is the HB format, they
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Table A.1: Matrix Types
First Character: Real matrix, Complex matrix and Pattern only (no
numerical values supplied).
Second Character: Symmetric , Unsymmetric , Hermitian , (Z) Skew
symmetric and Rectangular.
Third Character:  Assembled and Elemental matrices (unassembled).

can be more efficiently used if we convert them into a series of vectors which

take up less storage space and can be easily manipulated.

A.1.2 Compressed Sparse Row

One of these simpler storage schemes is Compressed Sparse Row (CSR) [14].

When using CSR format there are three vectors which must be stored:

(i) A real array a containing the real nonzero elements of the matrix A. The
elements a;; are stored row by row from 1...n. The vector a has length

n, where n, = the number of nonzero elements of the matrix A.

(ii) An integer array ja containing the column indices for the elements a;;.

The vector ja has length n,.

(iii) An integer array ia containing pointers to the element that begins each
row of the arrays a and ja. For example the element ia(j) points to the

element of a and ja that begins the 7% row. The vector ia is of length
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n + 1 with ia(n + 1) = ia(1) + n, . This position contains the location of

the fictitious (n + 1)* row of the matrix A.

When using CSR the storage cost is 16n. compared to n? for normal matrix

storage.

Many variations on (CSR) are available in this package such as Compressed
Sparse Column (CSC) and Modified Sparse Row (MSR). These formats may be

generated in Matlab without much difficulty.

A.2 Driver programs and Solvers

In this section we will discuss the three driver programs RITERS.F, RITER2.F
and RITER3.F. We will also discuss the structure of the solver subroutines that

are available in the package.

A.2.1 Driver Programs

There are three basic driver programs available in SPARSKIT2. The first is

RITERS.F. This driver generates a finite difference matrix for

0 0
—A*u+ exp(my)a—z + 72 exp(—xy)a—z + au = 0. (A.1)
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with boundary conditions

Ou

on

a— + fu = 1.

The constants o, y; and v, may be set in the driver or generated with the matrix
elements. The driver can accommodate 1-, 2- and 3-D problems with the grid
being determined by input variables nz, ny and nz (for 3-D problem). The user
can also set values for the size of the Krylov subspace, relative and absolute
error and the level of fill for the preconditioner. The only preconditioner used
in this driver is I T which will be discussed in detail in subsequent sections.

Upon compilation an executable file RITERS.E is generated.

RITER2.F is a driver which allows the user to input a matrix stored in
HB format (although any format can be accommodated if the proper input sub-
routines are called [14].) Values for errors and level of fill for the preconditioner

can be adjusted. Again the only preconditioner available is I~ T.

RITERS3.F is quite similar to RITER2.F in structure. We have made
changes so that solutions can be generated using a variety of preconditioners

suchasI T,I T andI D.

All of the above driver programs call a subroutine R~ R which is found
in ITERS.F. The iterative solvers available in this routine are listed in Table

A2
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Table A.2: Basic Iterati e Sol ers ith Re erse Comm nication

CG Conjugate Gradient method
CGNR Conjugate Gradient method (Normal Residual equation)
BCG Bi-Conjugate Gradient method
DBCG BCG with partial pivoting
BCGSTAB BCG stabilized
TF MR Transpose-Free uasi-Minimum Residual method
FOM Full Orthogonalization method
GMRES Generalized Minimum RESidual method
ELMRES ELeMentary RESidual method
FGMRES Flexible version of Generalized Minimum RESidual
method

A.2.2 Solvers

The solvers in Table A.2 all have the following calling sequence:

subroutine solver(n, rhs, sol, ipar, fpar, w)
integer n, ipar(16)

real 8 rhs(n), sol(n), fpar(16), w( )

where

n is the size of the linear system,

rhs is the right-hand side of the linear system,

sol is the solution to the linear system,
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ipar is an integer parameter array for the reverse, communication protocol,

par is an floating-point parameter array storing, information to and from the

iterative solvers,

is the work space (size is specified in ipar).

The solver routines are written such that the elements of the matrix A are
never changed. All of the values needed for the reduction of A are stored in
the vector . All matrix vector multiplications are done using reverse com-
munication. The user must choose their own storage scheme and provide their
own matrix vector multiplication routine for A. Fach time a subroutine needs
a multiplication, it returns to the calling routine, performs the multiplication
and then returns to the first line in the solver routine following the request for
matrix vector multiplication. Ipar(10) gives the appropriate location to return
to after the matrix vector multiply while ipar(1) indicates the type of matrix

vector multiplication requested. An example is as follows:
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20

30

goto(10, 20, 30, 40, 50) ipar(10)
continue

doi=1nmn

enddo
ipar(1) =3
ipar(10) = 3
return

continue.
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